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Overview and Summary

Overview and Summary

The Fourier Integral Transform and its various brethren play a major role in the scientific world. This
monograph develops the analog and digital theory of these transforms and applies that theory to pulse-
amplitude-modulated (PAM) signals referred to as "pulse trains" -- signals formed from a single arbitrary
pulse shape, x(t) = ZnynXpu1se(t-nT1). Particular attention is paid to the spectral power density (®) of
pulse trains which form a statistical ensemble. When PAM signals are passed through a "linear time-
invariant" circuit or other apparatus, that apparatus may be viewed as a "filter" and, due to the
Convolution Theorem, the behavior of such a filter is most easily understood in the frequency domain.

All calculations are done in line for the reader to see and perhaps critique. This is done to provide a clear
tracing path for the repair of errors, to demonstrate unusual techniques, and hopefully to remove some of
the mystery associated with Fourier Transform mathematics. With just a few exceptions, every equation
appearing in this document is derived in this document.

The reader is assumed to be familiar with calculus and complex integration.
Equations which are quotes of earlier equations have their equation numbers in italics.

A detailed summary of the material presented appears at the end of this document. Here we provide only
a brief chapter-level summary.

Chapter 1 (Sec 1-13) develops the basic theory of the Fourier Integral Transform and its Sine and Cosine
cousins. This Chapter forms the underpinning of all subsequent Chapters. The Convolution Theorem
receives special attention. The connection is made between the Laplace Transform and the "generalized"
Fourier Transform applied to causal functions. Various "rules" are derived, and a connection is made
between filter spectra and time-domain Green's Functions.

Chapter 2 (Sec 14-19) examines the Fourier Integral Transform spectrum of a simple pulse train formed
from a general pulse shape. Consideration of pulse trains of infinite length leads to a derivation of the
Fourier Series Transform. The chapter concludes with a discussion of sample pulse trains formed from
box and bi-phase pulses.

Chapter 3 (Sec 20-27) deals with various digital forms of the Fourier Transform and their corresponding
convolution theorems and applies these concepts to amplitude-modulated pulse trains (PAM signals) and
to digital filters. Topics include image spectra, aliasing and Nyquist rate, group delay, FIR and IIR filters,
poles, and impulse response. The first digital transform is called the Digital Fourier Transform which is
an ®-domain version of the Z Transform whose variable is z = ¢*®*® . The Z Transform and Discrete
Fourier Transforms are then addressed for both periodic and aperiodic signals. A recurring example is a
simple RC filter section.

Chapter 4 (Sec 28-30) shows that symmetric FIR filters have linear phase and thus constant group delay.
A specific brick wall digital filter is designed and then later used as an oversampling interpolation filter in
the design of a D/A converter output section. This system is then simulated with a simple Maple program.
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Chapter 5 (Sec 31) explores the subject of dispersion relations for the spectral function X(w) and for
other related functions treated as analytic functions of a complex variable.

Chapter 6 (Sec 32-38) derives expressions for the energy and power, and the spectral energy and power
densities of an amplitude-modulated pulse train. This work is carried out with a moderate amount of
mathematical rigor. Correlation and autocorrelation are mentioned. The notion of a statistical pulse train
is presented and the spectral power density of such pulse trains is established. These results are then
applied to various uncorrelated standard line codes including NRZ, RZ and Manchester. Two examples of
correlated pulse trains are then treated -- AMI and Change/Hold -- and the latter is then used to obtain
results for the NRZI line code.

Appendix A discusses delta functions at a someone deeper and more practical level than is commonly
found in texts and on the web. Delta function models are constructed and many mathematical identities
are developed which find use in the main text.

Appendix B derives an obscure identity used in the Discrete Fourier Transform discussion of Section 27.

Appendix C further develops Fourier Integral Transform theory beyond the treatment of the main text.
Instead of using the notation f(t) and F(w), here we use f(t) and (o).

Appendix D computes a certain sum needed in Section 35.

Appendix E provides a table of all transform pairs appearing in this document and shows how they are
related to each other.

Appendix F explores the properties of infinite pulse trains which consist of a repeated subsequence of P
elements. A square wave and an MLS sequence are examples.

Appendix G treats random variables and provides a brief review of probability theory. Experiments
considered include dice, a spinner, babies who grow up, and finally the experiment of an Apparatus that
generates sequences used as pulse train amplitudes.
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Chapter 1: The Fourier Integral Transform and Related Topics

The purpose of this chapter is to demonstrate the use of certain mathematical tools associated with the
Fourier Integral transform. Along the way simple examples are considered, with emphasis on the
particular example of an isolated square pulse in the time domain. If we can make things work out for a
square pulse, we can presumably go on to harder problems with the same tools.

One normally analyzes a square-wave pulse train using a Fourier Series, since such a pulse train is a
periodic function. In Chapter 2 below, we will make the connection between the conventional Fourier
Series, and our Fourier Integral approach.

1. The Fourier Integral and Sine/Cosine Transforms
(a) Pulses and Pulse Trains, Periodic and Aperiodic
Before starting, we need to define a few basic terms describing a function x(t) :

x(t) is a "pulse" if x(t) decays to zero at both t = £ 0. Normally we think of a pulse as having a finite
extent, but it could be something like a Gaussian pulse with an infinite extent. Such pulses fall into the
class of aperiodic (non-periodic) functions. Further restrictions on x(t) will be given below.

x(t) is a "simple pulse train" if it is constructed as a sum of identical pulses each of which is shifted by the
same constant amount Ty from the previous pulse. Simple pulse trains which are infinite in extent then
fall into the class of periodic functions. If finite in extent, they are aperiodic.

x(t) is a "general pulse train" if the pulses are allowed to have arbitrarily different amplitudes. We refer to
this as an amplitude-modulated pulse train. If the pulse train is infinite and the amplitude-modulation is a
repeating pattern (such as in a square wave), the pulse train is periodic. If the amplitudes are random or
are, say, the decimals of 7, the pulse train is aperiodic. We do not treat pulse trains composed of pulses
having different shapes, such as would be encountered in frequency or phase shift keying, although the
methods presented can be modified to account for such pulse trains.

(b) The Fourier Integral Transform X(w)

Strictly speaking, the Fourier Integral Transform only applies to aperiodic functions due to the
integrability condition given below, but if we ignore that condition and blindly apply the transform to a
periodic function, the limit of the Fourier Integral Transform becomes the Fourier Series Transform, as
will be demonstrated below.

We now state the Fourier Integral transform. Let x(t) be some function of time. If we define X(®) to be
the "spectral components" or "spectrum" of x(t) according to (1.1), then the claim is that we can recover
x(t) from these spectral components according to (1.2): [ conventions are discussed in Section 5 ]
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Fourier Integral Transform:

X(w) = f _Z dt x(t) e ** projection = transform (1.1)

x(t) = (1/2n) f ” do X(w) e*ot expansion = inverse transform (1.2)
=00

Dimensions: If Dim[x(t)] = V, then Dim[X(®)] = V-sec. Here "V" could by anything or nothing. Often
we shall regard x(t) as dimensionless, in which case V is "nothing", but V does suggest Volts as a typical
unit for x(t) one might encounter in practice.

In equivalent language, (1.2) represents an expansion of x(t) in terms of the spectral components X(w).
Equation (1.1) shows how these components are "projected out" of the function x(t). Sometimes this
projection (1.1) is called "the transform" and then (1.2) is "the inverse transform" or "inversion formula"
or "recovery formula" in the sense that x(t) is recovered from its spectral components. The variables t and
o are referred to as "conjugate variables". In this document, we shall think of t as time and ® as angular
frequency, but they could be arbitrary conjugate variables. In the theory of waves, they might be position
x and wavenumber k.

The expansion (1.2) can be rewritten in terms of frequency f= w/2n (so df = dw/2x) as follows:

X = f : dt x(t) e 2"EE projection = transform (1.3)

x(t) = f z df &(f) e*+27Et expansion = inverse transform (1.4)

where X(f) = X(w) = X(2xnf). This form gets rid of the (1/2m) in (1.2), but sticks us with 2n factors in the
exponents. In general we shall stick with the ® form.

There are restrictions on the function x(t) (or equivalently, on X(®) going in the other direction). One
restriction is that x(t) must be "piecewise continuous", which allows x(t) to have isolated places where it
is discontinuous such as at the edges of our box pulse considered below. A second restriction is that the
derivative of x(t) must also be piecewise continuous. If t is a discontinuous point (such as an edge of our
box), one must interpret x(t) in (1.2) as limg_,o [ x(t+€) + x(t-¢) ]/2. This is why one often sees the
Heaviside step function 6(t) with the property 6(0) = 1/2, as will be demonstrated later.

0(t) 1

®1/2 Heaviside Step Function

t—» Fig 1.1

The Heaviside step function is often denoted by u(t) or H(t), but we shall always use 0(t).

A third condition is that x(t) must be "L; integrable" which means this:
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[ dt x(v) <o // that is, this integral must be finite (1.5)

Notice that x(t) = sin(t) is not Ly integrable, although x(t) = sin(t) e %' ®! is for any tiny & > 0. Certainly
any finite amplitude pulse of any shape having a finite temporal extent will be L; integrable. If we
consider the Fourier Transform of a periodic function in the € limit sense just stated, then we may apply
the Fourier Transform to periodic functions as well as aperiodic ones. This € limit sense is directly
associated with the theory of distributions, and that is why lots of delta functions appear in the analysis.

Appendix C provides more detail on the Fourier Integral Transform. It seemed best to keep this material
out of the main document flow, though it is quite important. See also Stakgold Vol. 2 Section 5.6.

There are various names associated with this subject, including Fourier, Riemann, Lebesgue, Fubini,
Parseval and Plancherel. A special class of functions for which Fourier Transforms are guaranteed to
work are the Schwartz Functions. It is a story that goes on and on. For example, the Uncertainty Principle
of quantum mechanics is directly associated with the Fourier Integral Transform where conjugate
variables are x and p (position and momentum) or t and E= %o (time and energy). If one tries to localize
x(t), X(w) spreads out and vice versa. Force light to go through a pinhole and this positional confinement
causes uncertainty in photon momentum and the light beam diffracts out from its original center line path
through the hole.

In what follows, we shall often interchange the order of two integrations in an expression, or the order of
two sums, or of one sum and one integral. When functions are reasonable and integration or summation
endpoints are finite, this is always an allowed procedure. When endpoints are infinite, there is some
danger that the interchange gives wrong results. Essentially, a sum or integral with an infinite endpoint (or
endpoints) is a limiting process, and one is then talking about interchanging the order of two limits. This
is a rather technical subject having to do with so-called uniform convergence. A certain Moore-Osgood
Theorem says that interchange is allowed as long as both limits exist and at least one of the limits is
uniformly convergent. The situation is further complicated by what we above called the "¢ limit sense" of
distribution theory which in effect makes slightly non-convergent forms be convergent. Suffice it to say
that all our order interchanges are justified providing the integrands like x(t) respect the conditions stated
above.

(c) The Fourier Sine and Cosine Transforms Xs(®) and X¢(o)
Any function x(t) can be decomposed into even and odd parts under t <> -t,
X() = Xeven(t) + Xoaa(t) = [x(t) + x(-)]/2 + [x(D) - x(-1)]/12 . (1.6)

For Xeven(t), only the cos(wt) part of (1.1) contributes, and for xcqq4(t) only the sin(wt) part. Thus,

Xeven(@) =2 | 0°° dt Xeven(t) cos(ot)

Xoaa®) =2 [ dt xoaa(t) sin(o)

10
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where the factor of 2 arises from reflecting the negative part of the integral to the positive side.

Clearly Xeven(®) is even in ®, and Xoqq(®) is odd in ®. Therefore, the inverse transformations can be
restated in terms of cos and sin in this same manner, where now (1/2w) 2 = (1/n),

Xeven(t) = (1/m) [ 0°° d® Xeven(®) cos(ot)

Xeaa(t) = (/) [ " d Xoaa(w) sin(o)

Another view to take of these transforms is to regard x(t) as an arbitrary starting function which is defined
only for t > 0. One can then by fiat add a left side to the function, thereby making it either even or odd as
desired. For example, if x(t) = exp(-t) for t > 0, one could either "evenize" or "oddize" the function in this
manner

evenized x(t) oddized x(t)

N Fig 1.2

Since the projections shown above only make use of data for t > 0, this process is just something the user
does mentally to explain why the following two transforms are valid for an arbitrary x(t) which is defined
only for t > 0. The inverse transforms if examined at t < 0 will produce left sides for x(t) having the
appropriate symmetry as suggested in the above figure.

Xe(®) =2 fooo dt x(t) cos(mt) Fourier Cosine Transform

x(t) = (I/m) [ 0°° do Xo(®) cos(wt) (1.7)
Xs(w)=2 fooo dt x(t) sin(mt) Fourier Sine Transform

x(t) = (1/m) f(:o do Xs(m) sin(wt) (1.8)

One can add an arbitrary factor A to the projection and 1/A to the inversion which will rescale the
multiplicative constants, but the product of the constants must be (2/x).

As noted, any x(t) defined over all t (-o0,00) can be decomposed into its even and odd parts, and then one
can use tables of Fourier Sine and Cosine Transforms to compute the complete Fourier Transform:

11
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X)) = [ _°° dtx(®) et = | _°° dt [ Xeven(t) + Xoaa(t) ] [cos(ot) - i sin(wt)]

= [ 7 dt Xeven(t) cos(@t) -i [~ dt Xoaa(t) sin(wt)

0 0
-2 fo dt Xeven(t) cos(ot) - 2i fo dt Xoaa(t) sin(ot)

= Xeven,c((»o) -1 Xodd,s(@) .

(1.9)

Extensive tables of Fourier Sine and Cosine transforms appear in Erdélyi Vol. 4 (ET I).

Example: x(t) =e 2% with Re(a) >0 :

Xe(w) =2 fooo dt x(t) cos(wt) = 2 fooo e 2t cos(ot) = 2a/(w’+a?) FCT
x(t)=(1/m) [ 0°° do Xe(0) cos(ot) = (a/m) [ 0°° do cos(ot) /(w?+a?) = et
Xs(@)=2 | 0°° dt x(t) sin(wt) = 2 [ 0°° e 2t sin(ot) = 20/(0*+a?) FST

x(t) = (1/m) fooo do Xc(o) sin(ot) = (2/1) fooo do sin(ot) © [(w?+a®) = e

X(0) = Xeven, o(®) - i Xodd,s(®) = 2a/(0*+a%) - i 20/(0*+a®) =2/(atio).

Below we shall discuss how the Fourier Integral Transform becomes the Fourier Series Transform for
periodic functions. In the same manner, the Fourier Sine Transform becomes the Fourier Sine Series
Transform, and similarly for the Cosine transform, though we shall not explicitly discuss these cases.

12



Chapter 1: The Fourier Integral Transform

2. Proof of the Fourier Integral Transform

A simple proof of the Fourier Integral theorem follows from this fact,
*® tikx _
[ dx %% = 273 (k) @2.1)
-00

where d(k) is a "distribution" or "symbolic function" known as the Dirac delta function. To "prove" (2.1),
we first note that when k = 0, both sides are infinite, which seems promising. When k # 0, the usual arm-
waving argument is that the oscillating phasor integrates to 0 over the long haul, or perhaps one claims
that instead for the cos(kx) + isin(kx) real and imaginary parts. The "¢ limit sense" mentioned above
strengthens the arm-waving argument. For example, for k # 0,

limite_o [ J 0°° cos(kx) e = dx ] = limite_o [¢/ (62+k?)] =0 . k#0

To establish the 2x in (2.1), integrate both sides from k = -a to k = a. The right side gives 2= since the area
"under" 6(k) = 1. The LHS gives (here is our first order interchange),

[Fak [Zaxe™ = [“ax [“dke®™ ™= [“dx[ [ " dkcos(kx)] // sin(kx) is odd
-a =00 -00 -a -0 -a

= foodx[Zsin(ax)/x] =2 foodxsin(ax)/x] =2[n]=2n.

More serious derivations of (2.1) are presented in Appendix A (a) which the reader is encouraged to
peruse. This Appendix also discusses the meaning of 8(0), a symbol we shall be using in Chapter 6.
One key property of the delta function is its "sifting property",

I ab dx 8(x-y)f(x) = f(y)0(b-y)8(y-a) = f(y)®(asy=b) a<b (2.2)

where 0(x) is the Heaviside Step Function noted above, and ®(a<y<b) = 0(b-y)0(y-a) is a special notation
explained in Appendix A (e) which makes certain manipulations easier to visualize. These functions
cause the integral to vanish if y lies outside the range (a,b). If y coincides with endpoint b, say, then since
0(0) = 1/2, the right side becomes f(y)/2, as if the integral were picking up half the area of the delta
function. A special case of the above equation is

[ 7 axsxentoo = fiy) 23)

Accepting (2.1), we can verify the Fourier Integral Transform in both directions. First (and here are more
order interchanges!),

13
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X = [ “dtx@e = [Tat{12n [T do X(@) ety oot
-00 -0 -0
=2m) [ 7 doX@) [T dtett @0 =121 [ do' X(@) 21 §(0"-0)

= f ” do X(®") d(0'-m) = X(m) .
-00
Going the other way is similar,

x(t)=(1721) [ doX() et =12m) [ " do{ [ dtx(t) ot ) etiot
=(12m [ Tdex®) [ [T do ettt = (12m) [T dt x(t) 2m 8(t-t)

= _w dt' x(t) 3(t-t') = x(t) .

Have we "proved" the Fourier Transform by doing these verifications? Yes, but we have not proven in
detail that the restrictions stated above on x(t) must be respected. In general, "proving" the viability of a
transform lies in the realm of Sturm-Liouville theory, see following Comments. The main idea is that one
must show that a set of basis functions is "complete" for an interval of interest, which means one must
know the full "spectrum" of a certain operator L.

Comments

The set of functions eikx/\IZn form a complete orthonormal set on the interval (-00,00) for functions f(x)
of the restricted class described above (L1 integrable, etc). Picking one of the signs, we can write (2.1) in
these two ways, where * means complex conjugation (perhaps think of x ast, and k as @ )

_[ ? dx [e*A[2n ] [e** *A21 ]* = S(k-k) // functions e***A[2n are orthonormal
-0
f ” dk [eikx/@t ] [ei‘“"/\lﬂ 1* = d(x-x") // functions eikx/\/ﬂ are complete

In general, every "self-adjoint" linear differential operator L on a given interval (a,b) defines a complete
orthonormal set of functions on that interval and an associated transform on that interval. These functions
are the normalized eigenfunctions of the eigenvalue equation Luy = Auy. The combination of L and (a,b)
is said to define a "Sturm-Liouville problem". When the endpoints are finite and L is "regular" at these
endpoints, the spectrum for A is discrete. When the endpoints are "singular", as for example when one or
both are infinite, the spectrum for A is usually all continuous, but sometimes there is also a discrete
component.
In the case of the Fourier Transform, which is our only transform family of interest, L = -d%/dx?,

14
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L =k?, the interval is (-o0,00), the eigenvalue equation is -d?uy/dx® =k?uy and ug = ei’“‘/\/ﬂ .

There are many other "name-brand" transforms and each is associated with a particular L on a
particular interval. An example is the Legendre Polynomial Transform on the interval (-1,1). Another is
the Fourier Series Transform on some (a,b). Just as we expand x(t) on the ¢ *** in (1.2) for interval
(-00,0), so also can we expand f(z) on P¢(z) for z in (-1,1), or f(x) on sin(nnx/L) for x in (0,L). In the latter
two cases, the spectrum is indicated by € = 1,2,3... or n = 1,2,3.. , while in the former ® = real, a
continuous spectrum.

The subject has further extension to functions of more than one variable. For example, a function
1(0,¢) where 0,0 define points on a sphere may be expanded on the "spherical harmonics" Yem(6,9) which
are simultaneously eigenfunctions of two self-adjoint differential operators called L? and L, (angular
momentum). The interval for 0 is (0,7) and for ¢ is (0,27).

Stakgold Volume I discusses the spectra of differential operators in Chapter 4, and the theory of
distributions (such as the delta function) in Chapter 1. Volume II then extends these ideas to multiple
variables.

These Comments are only for the reader's possible interest and are not "used" anywhere below except
where it is noted that the Fourier Transform functions e *** form a complete set on the interval (-00.0).

15
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3. The Convolution Theorem and its Derivation

Suppose three functions of't are related as follows (a convolution integral):
© .
a(t) = f dt' b(t-t')c(t')  sometimes written a=b*c (3.1
Letting t" =t - t' this can also be written
a)= [ 7 dbety = [T deb@yet) = [ dt o(tt) b(t) (3.2)
=00 =00 =00

which just shows that the integral is invariant under the change b <> c(soa=b *c=c * b).

Now assume that Fourier Integral expansions exist for a(t), b(t) and c(t) so we can write,

a(t) = (1/2m) f_oo do A(w) e*et A(®) = J' _°° dt a(t) 39t
b(t)=(1/2m) | ” do B(w) e*iot Bw)= [ ” dtb(t) ¢7i0t
o(t)=(12m) [ ” do C(w) eot Clw)= | ” dt o(t) o0t (3.3)

Then apply the operation _[ ” dt €79 to both sides of (3.1,
-00

) _°° dte o= [ _°° dte ot | _°° dt' b(t-t)e(t)]
or

A= [ “dte [ [ dt bet)e(t)] . (3.4)
Next, these expressions follow from (3.3),

b(tt) = (121) [ do" B(o") ¢*e" (8"

oty =(12m) [ 7 do' C(o") ™'’ (3.5)
-00
and we can install them into (3.4) to get (lots of steps here)

A = [ “Tdte T [T at b(t-t)e(t)]

= f 0 dt e—imt f ®© dt' { (1/27[) Jl *® do" B((D") e+il;o"(‘|:—‘|:') } {(1/27.:) f *® do' C(CO') e+im't'}
-00 -0 -0 .

16
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—(12m? [ " do"Bo") [ do'C) [T dtemior [T gr etion (e grate
-00 -0 -0 -0
= (1/271:)2 J. * do" B(o") J. * do' C(o") f * dt f @ dtt et(e"-o)t i(e'-em)t!

=2nf [ do" B [ dorC@) [ [T dtet @Ry [T ar et

(12m? [~ do"B") [~ do' Co') [21 8(0"-0)] [218(0-0")]

f_°° do" B(o") 5(0"-0) [ f_°° do' C(0) 8(@-0" 1 = [ _°° do" B(o") 5(0"-0) [ Co") ]

[ do" B(e")C(0") §(0"-0) = B(o) C(0) .
-0
Thus, we have proven that

a)= [ 7 dt bt-t)e(t) = A =B()C®).

Using the very same method, one can show that <= is also true, and we end up with this very important
theorem:

The Convolution Theorem:

at)y= | _°° dt' b(t-t)e(t) & A®) =B(0) C(0) (3.6)

The significance of this result cannot be overstated. It says that, whereas the relationship between a,b,c
might be complicated in the time domain as shown on the left, that complication goes away in the
frequency domain on the right, where we have a simple product of functions A = BC. One says that the
Fourier Integral Transform "diagonalizes" the convolution integral.

Again using the same method of proof, one can obtain this corresponding theorem:
A(w) = (12n) f ” do' B(o-0")C(®") = a(t) = b(t) c(t) (3.7

The extra (1/2m) factor arises because we started with (1.1) and (1.2) which are not symmetric.

17
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Comments

(1) Dimensions. In the convolution equation in (3.6), we shall think of a(t) and c(t) as having the same
dimensional units we generically call V, because we are going to think of this equation as being a "filter"
where c¢(t) is the input, a(t) is the output, and b(t) is the "filter kernel". In the examples of this document,
we shall take a(t) and c(t) to be dimensionless, but in some application one might add a dimension of
"volts" or "amperes" to the functions a(t) and c(t). Looking at (3.6), we find that if a(t) and c(t) are
dimensionless or have the same dimensions, then b(t) must have dimensions of inverse time. Looking
then at (1.1), we see that A(w) and C(w) have dimensions of time, whereas B(w) is dimensionless. This
then is how the dimensions work out in A(®) = B(®) C(®).

(2) Operators. In the language of linear operators, one can regard the functions a and ¢ in (3.6) as vectors
in an infinite dimensional vector space of functions, and then the left equation of (3.6) is a "matrix
equation" which says a = éc where & is a linear operator. Specifically, it is an "integral operator". Operator
& acts on vector ¢ to produce vector a. One could think of (3.6) as a matrix equation ay = Xy bey 1 Cer
where the continuous time variables act as indices. If we similarly write the right side of (3.6) as Ay, = Xq-
Byo'Cyr then we find that the matrix Byy' = du,e'Be so matrix B is "diagonal", hence the term
"diagonalization". We shall not pursue this language much, but make the reader aware of this
interpretation. For more on this subject see Stakgold Chapter 3 on linear integral equations.

(3) Groups. In the more general theory of Fourier Analysis on groups, the "projection" and "expansion”
have this form, analogous to (1.1) and (1.2), where o plays the role of @ and g the role of't,

Forr = f dg f(g) D% (g7 // projection, transform

flg) =25 d° Zk, k' Fokx' D% k(g) = Zo d° tr[F° D°(g)] // expansion, inverse transform

where in the last line tr means trace and F and D are regarded as square matrices. Here g refers to a set of
group variables like Euler angles y,0,¢ for the rotation group. The functions D% y(g) are the "matrix
representations" of the group which have some dimension d°. To say that a set of matrices forms a group

representation means that, when multiplied, the matrices which represent group elements have the same
multiplicative property had by the abstract group elements themselves,

Yk D%(g1)kkr D(g2)kmk' = D%(23)kk or D°(g1) D%(g2) =D°(gs) "group property"

where gi1go = g3. Quantity dg is the "invariant measure" on the group which is dyd(cosf)de for the
rotation group. In our simple Fourier Transform case, we have dg = dt, the group is the group of
translations along the time axis, and the matrix representations have dimension d° = 1 and are thus 1x1

. -i .. - - - +
matrices, namely, e ***. The group property shown above is just e 1% 792t = ¢~ (e1%02)

In the general case, the convolution equation and its diagonalization are given by this generalized
convolution theorem,

18
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a(g) = f dg1 b(ga *g)e(gr) = A%xr = Zgn B%xn Cofknie

where the dg; integral is over the entire parameter space of the group. The derivation of this theorem
makes use of the group property shown above and the fact that dgz = d(g1g2) = dg1 when the integration
is over the full group space, just as in the simple case dt3 = d(t1+t2) = dt;. This is why dg is referred to as
the "invariant" measure.

In the case of one-dimensional representations, the convolution theorem says A° = B°C° which is our
A(®) = B(0)C(w) with 6 = ®. Despite the sum on k", the equation on the right is said to be "diagonalized"
because it is true separately for each value of the label o. If one writes Bk = 84,6 Bok, ok, then the
matrix Bok,onxr is diagonal in the sense that it is mostly zero but has square matrices of size d° x d° on
its diagonal ("block diagonal form"). For more on the subject of Fourier analysis on groups, see Hermann.
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4. Applications of the Convolution Theorem

This section is included because books often do not make the connection between the convolution
theorem, Green's Functions, and the real world of everyday electronics. Often too this discussion is
presented in the language of Laplace Transforms, so here we work in terms of the above Fourier
Transform. We shall state the general case, then do specific examples.

(a) General case

The real world seems to be described by linear differential equations. Here is a general form:

L u(t) = f(t) (4.1)

where Lt contains perhaps first and second order differential operators d/dt and d?/dt?. One would like to
solve this equation for u, given some driving function f. It would be nice if one could find some operator
that is the inverse of Ly and apply it to both sides of (4.1); the problem would then be solved. This is
exactly what we are going to do. We first define a related equation as follows,

Ly g(t-t') = §(t-t") . (4.2)

Here g(t-t') is the "impulse response” of the differential equation to the driving impulse term 5(t-t'). If we
can solve (4.2) for g, then we know a solution to (4.1) for u(t) in terms of f and g, namely,

uy= [ 7 dr gt fit) . (4.3)

In general one can add to this "particular" solution any solution of (4.1) with f(t) = 0. These extra
homogeneous solutions can be tailored to meet required boundary conditions.

Proof:

Leu(t) = Le § f: dt' g(t-t)) f(t)} = f: dt' [Le g(t-t)] f(t) = [ Z dt [3(t-t) ] ft') = £(t) .

n.n

The function g is called the "Green's Function", "propagator”, or "kernel" of L. In (4.3) one is applying

an integral operator G = fg to function f to get function u, so u = Gf. Looking at (4.1), this integral

operator G must in some sense be the inverse of the differential operator L.

Now we come to the main point: equation (4.3) is a convolution equation of the form (3.6)! Therefore, we
can write (4.3) in the ®w-domain as follows:

U(w) = G(o) F(o) . 4.4
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Chapter 1: The Fourier Integral Transform

(b) A specific example: the RC filter section

Consider a simple unloaded RC filter section with input voltage vi(t) and output voltage vo(t),

R i
—>
* b y Q=CV=> i=C dvy/dt
va(1) C== Vol e
vi =1R + vo = (C dvy/dt)R + vg
Fig 4.1

Here is the differential equation, derived on the right above,

[ RC d/dt + 1] vo(t) = vi(t) . (4.5)
Define the Green's Function g(t) by

[ RC d/dt + 1] g(t) = d(t) . (4.6)
Then the solution to (4.5) is this:

@© 1 ' 1

Vo= [ dt g(tt) va(t) - .7
This has the convolution form, so in the frequency domain we get

Vo(0) = G(w) Vi(w). (4.8)

Sometimes this is called "filter theory", where G(®) is the "transfer function" of the filter -- in our case a
simple RC filter. If we expand g(t) as in (1.2) and 5(t) as in (2.1) then (4.6) says

[RC d/dt+11(1/2m) [ Z do G(o) e"°t = (1/2m) [ Z do ¢tiot
or

) :d(n G(o) [ RC d/dt + 17"t = [ :dm grivt
or

J 7 do G(@) [RC (i0) + 1] "¢ = [ 7 do "ot

Since the basis functions ¢** form a complete set on the interval (-o0,00), we conclude that

G(w) [RC (i) +1]=1
or
G(w)=1/[1+ioRC]
or
G(0) = (1/i0C) / [(1/ioC) + R] = (-iX)/ [ R +(- iX()] // X¢ = capacitive reactance = (coC)'1
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or
G(0) = Z/(R+Zc) . /| Ze = -i Xe

In the frequency domain, we see G(w) as the output of a simple voltage divider where one element has
real impedance R and the other imaginary impedance Z..

The above series of steps shows that in the frequency domain, one can replace d/dt by iw.

Let 1= RC and compute g(t) using (1.2),

gty=(12m) [ Z do G(o) "9t = (1/27) f_z do "9 /[ 1 + 1]

= (1/2mit) f ”? do e*ioty [w-i] .
-0

Thinking of this as a contour integral,

pole X 1/T ]

o

contour | i Fig 4.2

For t > 0 we can close in the upper half plane and pick up the residue of the pole sitting at ® = i/t to get
g(t) = (1/2mit) 2mi e* X/t = (/1) ™" = (1/RC) e7/RC

For t <0 we close instead in the lower half plane and pick up nothing, so the result is 0. Thus
g(t) = (1/RC) e */®€ g(t)

where 0(t) is the Heaviside step function. To summarize, the transfer function G(w) and its time-domain
Green's Function g(t) are:

G(w)=1/(1 +10RC) =Zc/( R+ Z¢) 4.9)

g(t) = (1/RC) ¢™ ¥/ g(t) . (4.10)
If vi(t) = 8(t), then from (1.1) we have Vi(w) = 1. In this case, Vo(®0) = G(®) 1 and it must be that vo(t) =
g(t). Thus, one always interprets g(t) as the impulse response of the filter. In this case, it is of course a
simple decaying exponential. One then interprets 0(t) as saying that the impulse response only propagates

forward in time, never backward ("causality").

We conclude this section by writing out (4.7), which shows the time domain solution of our simple RC
filter:
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vo= | " drgtty vty =(URC) [ dr e TEN R gt va(e)

— (RC) [ dr e EEI/RE Gy @.11)

This says that the present response of the system at time t is the cumulative result of the impulse

responses at all past times, weighted by the value of the input function v;(t'). In other disciplines, the

-(t-t')/RC

expression (1/RC)e = g(t-t") is called a propagator, since it describes exactly how the voltage

amplitude v;(t') at some past time propagates into vo(t) at a some future time. This terminology is more
useful when the integral operator has more than one variable. If dt' were replaced by dt' d®x', then an
equation like (4.11) would perhaps describe how a wave propagates through 3D space. The result is then
the sum of "scattering" at all t' in the past, and all positions x' in space. In our example, there is no spatial
aspect, and the output voltage is just the input voltage scattered off the RC filter at all times in the past.

(¢) An even simpler example: Ly = (d/dt)

In this section, we use the same equation numbers as in section b above, but add label c, as in (4.9)..

Let's start by considering L'c = RC (d/dt). If RC is regarded as very large, RC >> 1, then we may take
over the results (4.9) and (4.10) of the previous section as follows:

G'(0) = 1/(ioRC) for L'y =RC (d/dt)
g'(t) = (1/RC) 6(t) .
Then if we rescale so that L+ = (1/RC) L'¢ = (d/dt), we just multiply the above results by RC to get
G(o) = 1/(im) for Ly = (d/dt). (4.9)c
g(t)=06(t) .

(4.10)c
Our starting differential equation is

[d/dt] vo(t) = vi(t) . (4.5)c
Define the Green's Function g(t) by
[d/dt] g(t) = &(t) . (4.6)c

Then the solution to (4.5) is this:

volt) = [ _°° dt' g(t-t') va(t) . 4.7)o
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This has the convolution form, so in the frequency domain we get
Vo(w) = G(0) Vi(0) =[1/(i0)] Vi(w) . (4.8)c

Inserting g(t-t') = 0(t-t") from (4.10). we get
0 t
vo) = | T dt gtt) vit) = [ dtva(t) . (4.11)c
=00 =00

We can differentiate this result to obtain the starting equation (4.5)c.

In this case, the time propagator is simply g(t-t') = 0(t - t'). The forward propagator amplitude is just 1
regardless of how far t and t' are separated, and the propagator is 0 if it tries to send something backwards
in time. In other words, causality is built into this propagator, and this was also the case for the RC filter
(4.10). Physically, this example is an RC filter with a very long time constant, so basically all effects from
the recent past propagate to the present with no attenuation. The capacitor is an integrator, just as one uses
in an operational-amplifier-based analog computer design.

There are some subtleties involving the transform pair G(w) = 1/(im) and g(t) = 6(t) which have been
swept under the rug in the last few paragraphs, but which are laid bare in Appendix C.
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5. Fourier Integral Transform Conventions

(a) Sign of Phase. The Fourier Transform (1.1) and (1.2) is also true if one replaces i with -i in both
equations. This follows trivially from (2.1). EE people usually think of the fundamental "spectral
component" time dependence as e**®® and cos(wt), so they want to see e**®F in the expansion (1.2).
Physics people who are often pondering plane waves described by exp[+i(ker - wt)] or cos(ker - wt) want
to see ¢ *®* in the expansion (1.2). We have chosen to use the EE convention. If you want to use the
physics convention, you must replace all our i by -i, and also Im[ ] by -Im[ ]. The physics convention is
used, for example, by Stakgold Vol. II page 23 equation (5.32), a source we sometimes quote below.

(b)j Versus i. EE texts favor j, physics texts always use i, which is of course the true historical symbol for
"i"

\/—_1 . The reason is that EE people deal with lumped circuits containing currents labeled "i", whereas
physicists deal with Maxwell's equations which contain current density "j". Each discipline chooses its

symbol for \/-_1 to minimize confusion with these other symbols. We shall use i.

(c) Allocation of 2x. Our convention has been to put the factor of (1/27) into the inversion formula (1.2),
and to have no factor at all in the transform formula (1.1). We shall describe our motivations for doing
this below.

Sometimes books put a 1/A/2n factor in the transform (1.1), which causes the appearance of an

identical 1/\/51 factor in equation (1.2). This has the advantage of making the two equations completely
symmetrical, and reminds us that there is complete symmetry between the conjugate variables t and o.
We have chosen not to do this in our presentation.

And of course the world would not be complete if some people did not prefer to put a 1/2x into the
expansion equation (1.1), and have none of it in (1.2).

In general, the product of the two factors must be 1/2zn. This is simply due to the 2w factor sitting on
the right of (2.1). The main reason we choose to put the factor entirely in (1.2) is the following. Suppose
we have a constant k#1 on the right side of (1.1). Then the transform X(®) so defined is scaled differently
than our X(w). If we rescale all terms in the w-plane part of the convolution theorem (3.6), we must end
up with an extra factor of k hanging around in the new version of the right side of (3.6). The other
alternative is to add a k factor into the definition of the convolution integral (3.1). Neither is very nice,
and there is a lot of history behind (3.6) as written. This is why we have done our 2x factors as shown
above.

(d) Comments. The conventions discussed above have no real physical significance, they just lead to
different definitions of X(w), so there are slight variations in (1.1) and (1.2). It is important to at least
adopt some convention so one knows what one is talking about. A potential problem comes when one

tries to look up something in a table or handbook; one may be off by a factor of 2x or \/2_75 if one is not
clear on the conventions (attention people sending spacecraft to planets). The conventions we have
adopted are consistent with 33.7,8 of the 1968 Schaum's Mathematical Handbook (now 4th Ed. 2012),
and also with a 1967 printing of the Fourth Edition ITT Reference Data for Radio Engineers (now 9th Ed.
2001). There must be something good about these two publications since they are both alive and well
after half a century.

One other small convention detail is that, with our adopted phase convention, spectra X(w) are
normally analytic in the lower half  plane and have poles in the upper half plane. Use of the other phase
sign results in X(w) which are analytic in the upper half © plane and have poles in the lower half plane,
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since in effect the entire ® plane is reflected in the real  axis by a change of sign phase. This affects the
form of dispersion relations, as we shall see in Chapter 5.

6. The Generalized Fourier Integral Transform and the Laplace Transform Z(s)

In the discussion above, the Fourier Integral Transform spectrum X(w) is defined for ® real and for x(t)
being L; integrable. One can show that the idea of the Fourier Transform can be extended to allow for
x(t) which are not L; integrable, provided one thinks of ® as a complex variable, and one thinks of the
inversion integral contour of (1.2) as being a horizontal line in the complex ® plane which runs below any
possible singularities of X(). In this extension of the Fourier Integral Transform, one must use single-
sided functions, and one usually deals with right-sided (causal) functions which vanish for t < 0. Such a
function has the general form x(t) = 0(t)f(t). As an example, suppose

x(t) = 0(t)e*® . (6.1)

In this case, (1.1) says

X() = [ 0°° dtexteiot= | 0°° dtelorione - —— _ (6.2)

which has a pole at ® = -io. The integral converges because we assume that « has a sufficiently large
negative imaginary part (perhaps -ic) to make it converge. The inversion formula is then

. . +iet

-citoo i . -Ci+oo €

x()=(172m) [ o doX(©) etiot — (Li/2n) f_ci_w do G0 (6.3)
[
“ia
\ real axis
. \X
-Ci »- .

Fig 6.1

where we position the contour at -ci which we assume lies below the pole. For t < 0, we close the contour
downward, e**®* decays, the great circle makes no contribution, and we recover that fact that x(t) = 0 for
t < 0. For t > 0 we close upward and wrap the pole to get

x(t)= (-i/2m) 2mi et THE = ot

which of course is the desired result.
So our generalized Fourier Integral Transform may be stated as :
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X(0) = J‘ *® -iet TS
(o) = o dtx(t) e projection = transform (6.4)

-ci+ .
x(t) = (1/2mn) J‘_(:: do X(0) e*t*°t expansion = inverse transform (6.5)

where -ci lies below all singularities of X ().

For a detailed discussion of this subject, see Stakgold Vol 2 pp 23-28. Since Stakgold uses the opposite
phasor sign in his definition of the Fourier Transform, the ® plane contour for him is raised up so it runs
above all poles of X(w), which he calls x*(®w). Stakgold is interested in the Fourier Transform of a

distribution, but in these pages he talks only about functions.

If we now change variables from  to s = i®, the above generalized Fourier transform becomes
: «© -st
X(s/i) = fo dt x(t) e (6.6)

i

x(t) = (1/2i) [ :I: ds X(s/i) ¢*i® 6.7)

where the contour in the s-plane is as shown here, lying to the right of all singularities of X(s/1),

o
- G
£
’X real axis
VA

c Fig 6.2

We rotated the previous picture 90° counterclockwise to get the s-plane picture. If we now define

A(s) = L[x(t), s] = X(s/h) (6.8)

the transform becomes

Xs)= [ 0°° dt x(t) =¢ (6.9)

i

x(t) = (1/2ni) [ :z ds X(s) e** (6.10)
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which is the Laplace Transform and its inverse. The inversion contour runs to the right of all
singularities in I(s).

Here then is our conclusion: for the set of functions x(t) which are "causal", like our Green's Function
propagator g(t) discussed above, and which therefore vanish at negative time, we can make an exact
identification between the Laplace Transform Z(s) and the generalized Fourier Transform X(w) evaluated
at o = s/i. If we think of s = real, then we are "analytically continuing" the function X(w) off its real ®
axis. If we think of ® as real, then we are analytically continuing the Laplace Transform to imaginary s.

For non-causal functions x(t), the Fourier and Laplace Transforms do not have this simple
relationship. Of course, when considering some general function x(t), we can easily make it causal "by
fiat" by simply multiplying it by 6(t). In this case, our association holds all the time,

LO(Ox(D), s] = X(s/i) X(®) = L [0()x(t), io] . (6.11)

This lets us make use of extensive tables of Laplace Transforms to look up X(w) for given x(t), and lets us
also understand that the "general properties" of Laplace Transforms also apply to the Fourier Transform,
with the appropriate replacement s = im. A very large table (~ 100 pages) of Laplace Transforms appears
in the Bateman Manuscript Project Vol. 4 (see Erdelyi. et. al.).

at

Example: The Laplace Transform of x(t) = e®*~ is 1/(s-a), and a trivial "property" of the Laplace

Transform is that kx(t) maps into k £ [x(t),s] (the transform is linear). Thus, for our Green's Function of
(4.10), using a=-1/RC,

L[ gt),s]=L[(1/RC) e"¥ B g(t)  s]=(1/RC) [1/ (s + (1/RC))] = 1/(sRC + 1) . (6.12)
Thus we would conclude from (6.12) that

G(o) = 1/(ioRC + 1) (6.13)

which agrees with (4.9) above.
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7. Reflection Rules

For general complex x(t), the definition (1.1) shows that
x(t) & X(») = x(-t) > X(-») // complex x(t) 7.1
x(t) « X(w) & x(-t)* — X(w)* /I complex x(t) (7.2)

This notation, used later, means that if x(t) has spectrum X(w), then x(-t) has spectrum X(-®) and
similarly for the second line.

Proofs:

Y = [ _°° dty(e et = [ _°° dtx(-tye ot = | _°° dt x(t) ¢°F = X(-0)

Y(0) = J‘ gt y(t) et = J‘ ® gt x(-t)* e19% = [ J- ® it <(f) GOt ]

=[] dixwet =Xy

If we do assume that x(t) is real (for example, a voltage or current in a real circuit), then from (1.1) the
following fact follows at once (* means complex conjugation),

X(-0) = [X(0)]* . /1 if x(t) is real (7.3)
Thus, one can think of the mysterious negative frequency spectral components of a real function x(t) as
simply being defined in this manner in terms of the positive spectral components. Note that X(w) is in
general complex, even if x(t) is real, because exp(-imt) is complex in (1.1).

Similarly, (1.2) says that

x(-t) = [x(H)]* /1 if X(w) is real (7.4)

A function having the property f(-x) = f*(x) is called a Hermitian function. So we have shown that if
x(t) is real, then X(w) is Hermitian, and if X(w) is real, then x(t) is Hermitian.

If x(t) is real, then (7.3) implies

[ X(o)* = X(@)? (7.5)
and this is why, when dealing with spectral densities (as we shall below), many authors simply reflect the
left half of the spectrum to the right side which doubles the right side. This must be done carefully if the

spectrum includes a d(w) term: the folded spectrum for such a term gets a factor of 1/2. In general we
shall not use such folded spectra.

29



Chapter 1: The Fourier Integral Transform

Two final rules are these:

x(t)=evenint = X(w)=even in ®
x(t) =real and even in t & X(w) = real and even in ®
Proof of both together:

= X(o)= f_oo dt x(t) e ¢t = f_oo dt x(t) [cos(wt) - isin(wt)] = f_oo dt x(t) cos(mt) =even in ®

and if in addition x(t) is real, then f ” dt x(t) cos(mt) is even in ® and real
-00
@© +int © :
e x(®) =121 [ 7 doX) et = (1/21) [~ do X(w) cos(wt) = even in t
and if in addition X(w) is real, then (1/2m) f ” do X(w) cos(wt) is even in t and real
-00

8. Three simple examples of spectra

(a) The spectrum of x(t) =1 :

In this example, x(t) is a constant over all time. Using (1.1) and (2.1), we find:

x(t) =1 X(0) = 21 3(o) .

(7.6)

(7.7)

(8.1)

This comes as no surprise. For a DC signal, all the energy is concentrated at zero frequency. Of course

o0
x(t) = 1 does not respect the requirement f dt [x(t)| < 0, which is why the spectrum is a distribution.
-0
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(b) The spectrum of x(t) = &(t - tl) :

Here x(t) is an infinitely narrow pulse of area 1, positioned at t = t;. Using (1.1), we get the following
Fourier spectrum:

x(t) = 8(t - t1) X(w)=e *% (8.2)
The spectrum X(w) has a constant magnitude 1 for all o, out to infinite frequency. For such a pulse at t=0,
x(t) = 6(t) X(w)=1 (8.3)

and here the phase is constant. This result is (8.1) with @ <> t and the constant adjusted due to the
asymmetry of the transform in our adopted convention. From Appendix C we quote this general rule

FT of x(t)=X(0w) <  FT of X(t) = 2nx(-m) (C.5)
which, when applied to (8.3), gives (8.1) since 6(-®) = 6(®).

(c) The spectrum of x(t) = 0(t) :

The regular Fourier Integral Transform spectrum of the Heaviside step function 6(t) is the somewhat
peculiar first line following, whereas the generalized Fourier Integral Transform gives the second line

Wy 11 1
x(1) =0 X@="33" "jore " io-i
(8.4)
1
X(w) = ® // generalized Fourier Integral Transform of (6.4)

which we now explain. Like x(t) = 1, the Heaviside 0(t) is also not in the class of functions for which the

Fourier Transform is defined ( f  dt [x(t)] < 0). We bring 6(t) into the acceptable class by replacing 6 by
-00

0 where,
e ¥t t>0
0e(t) = 0 (<0 for some very smalle >0 . (8.5)
Then
00 _i 00 _ -3 1
Xe(®) = f_wdteg(t)e ot _ fo dte™st et = ——

and then X(0) = lime—o Xe(®) = (1/im). But we really have to think of (1/iw) as meaning the limit of

Tote To see why, we now compute x(t) from the inversion formula,
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etiot pole at o = +ie

1
i

1 i
x®)=(1/2m) [ do—— "t = (12m) [ do—

10+e €

For t <0, close the ® contour down and get 0 since the great circle vanishes. For t > 0 close up and pick
up the pole reside to get x(t) = e =%. Thus we have recovered (8.5). For t = 0, we let the pole move to the
real axis from above and deflect the contour down

L@

— '
Fig 8.1

In the limit the contour is shrunk around the pole, the contributions from (-0,0) and (0,00) cancel. These
two terms are known as a principle value integral and we have

PV [ % do (1/0) = £.7 do (/o) =0

since the left and right sides cancel (even range integral of an odd function). All that is left is the half turn
around the pole which picks up half the residue at the pole (see Appendix C) so the result is then

1

- 1€

x(0)= (1/2mi) [ _°° do = (1/2mi) (1/2) 2mi* 1) =172

and we obtain the fact that 6(0) = 1/2 as was shown in Fig 1.1.

If we apply our upcoming differentiation rule (11.1) [ which is to multiply by i® ] we find that

= 5(t) = dO(/dt © io—— =1

0(0) < iote

iote
which agrees with (8.3) above.

Using the generalized Fourier Integral Transform stated in (6.4) and (6.5), we can regard X(m) = 1/(iw)
without all the € business since the ® recovery contour in (6.5) runs below all singularities in the m plane,
which contour, when deformed up, gives Fig 8.1 and all the results quoted above. Applying our Laplace
equivalence notion (6.8), we would predict from X(®) = 1/(iw) that

1
i(s/i)

LI6(t), s] = X(s) = X(s/i) = _ %

which is in agreement with any Laplace table.
The above examples are treated in more detail in Appendix C where the pf pseudofunction is
introduced and the Pole Avoidance Rule is derived and then used.
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9. Spectrum of an isolated square pulse

Consider a positive square pulse of amplitude A and width T which is centered at t=0. We can represent
this using the Heaviside step function,

x()=A[0(t+7/2)-0(t-1/2)] /= A rect(t/t)
A A :
0t +1/2)
/2
-1/2 /2 t —p -1/2
=0(t=1/2)
— Fig 9.1
This "square" pulse is in general rectangular and we often refer to it as a box-shaped pulse.
Apply (1.1) to get the spectrum of this pulse,
X = [ “dtx®et=A [T dt {[0(t+1/2)-0(t-1/2)]} e ot
=A[ f e f ” Jdte™°t=A _[ 2 dte ™9t = A f 2 dt cos(ot) /I sin = odd
-1/2 /2 -1/2 -1/2
/2
=2A JIOT dt cos(mt) = 2A sin(ot/2)/0 = (A1) [sin(w1/2)] / (01/2) = (A1) sinc(wt/2)
where we use the definition sinc(x) = sin(x)/x (there are other definitions). To summarize:
x(t)=A[0(t+1/2)-0(t-1/2)] 9.1)
X(w) = (At) sinc(wt/2) . 9.2)

Observations:
(a) The spectrum is real and even in o (see (7.7) for why), and it is a continuous function of ®.
(b) Because sinc(-x) = sinc(x), X(m) is an even function of .

(c) X(w) has the shape we are all familiar with.. The positive zeros are at x = (01/2) = nmt for n=1,2,3...
The first zero is at ® = 2@/t (f = 1/1). The central peak has height (At). Here is a plot of y = sinc(x),
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plot(sin(x)/x, x=-20..20,thickness = 2, xtickmarks=10) ;

20 "5 Nl \5/ \y ?}1{9_/ 15 ~—" o
02

Fig 9.2

(d) Most of the spectral energy is in the central hump, and this represents positive frequency in the range
f=0to f=1/t.

(e) Quantity (A7) is the Area under the time-domain pulse. If the pulse is made twice as narrow (1 — 1/2)
and twice as high (A—2A), this area stays constant, but the first zero of X(w) moves out twice as far (as
do all zeros), so the spectral width doubles.

(f) In the limit © — 0 with (At) = (Area) = fixed, the square pulse x(t) approaches (Area) d(t). Since
sinc(x) — 1 as x— 0, we find from (9.2) that X(w) = (Area). This is in agreement with (8.3) above. In this
limit, the height of the central ® hump stays fixed, and the zeros move out to infinity, as if a small flat
portion of the central hump has expanded to fill all ®. A delta function has a "white" spectrum since X ()
is a constant for all frequencies.

(g) What about the limit T — oo ? If we take this limit with A = fixed, we are converting our pulse to a
constant DC signal x(t) = A. In this limit, as long as o # 0, the argument of the sinc function oscillates
infinitely fast, giving a function that is zero when averaged over any finite interval. At @ = 0, something
singular happens. The result comes out X(w) = 2nA d(®), in accordance with (8.1) above. In terms of
(9.1), in this limit the central hump gets higher and higher, and the zeros all move in toward @ = 0. As
these zeros get closer together, the oscillation frequency of the tail of sinc(x) becomes infinite and washes
out. To derive X(®) = 21A () from (9.2), one can use (A.12)

in(Bk B
limg e 04(k,B) = limp_ %2 = limp—o p sinc(Bk) = 4(k), (4.12)
which says, with k = ® and B = 1/2,
. T . T
limy o0 b s1nc(§0)) = d(w)

SO
lim; o [(AT) sinc(w1/2)] = A 27 d(®) . 9.3)
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(h) We can recover the box function from its spectral components using (1.2),

x®=(12m) [ doX(@) e = (120) [ do (A7) sinc(or/2) e
= (1/2m) (A1) fj: do(wt/2) ™ sin(wr/2) ettt
= (At/2m) [ Z do(ot/2)™ (1/2i) [ e*07/2 - g710T/2] gtiot
= (At 2m)(2/7) (1/2i) f_z do (1/o) [ X0 (E¥1/2) _ glalt-t/2)y

A2 [ 7 do Vo) e 2 [7 4 (1/e) e e/
=00 -00

Recall from the generalized Fourier Transform discussion of Section 6 that the o contours run below the
pole at = 0, so the pole is effectively located at w = +ie. In either integral, if the exponent is positive, the
exponential decays on the upper half great circle, so we close the contour up and pick up the pole residue.
On the other hand, if the exponent is negative, we close down and pick up nothing. Thus

= (A /2ni) { O(t+t/2) 2mi - O(t- ©/2)2mi }
= A[0(t+1/2) - O(t- 1/2) ]

which replicates (9.1). A bit more directly, we can compute x(t) on the sides of the box :
x(t) = (1/2m) f ” do (At) sinc(mt/2) etiot = (1/2m) f ” do (At) sinc(mt/2) cos(mt)
=00 =00
so that, using x = @01/2 so dx = (1/2)dw,

x(£t/2) = (1/27) f_oo do (At) sinc(w1/2) cos(wt/2)

= (A1/27)(7/2) J._OO sinc(x) cos(x) = (At2n)(t/2) /2 = (A/2),

supporting the notion of Section 1 that x(t) = lime_o [ X(t+€) + x(t-€) ]/2 at a point of discontinuity.
Notice that the single integral has no pole at @ = 0 since sinc(0) = 1, so there is no issue of principle part
integrals involved. The poles only appeared above when we split the integral into two integrals.
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10. The Area Rules and Parseval's Formulas

Setting @ = 0 in the Fourier Transform (1.1) and then t = 0 in (1.2), one gets

X(0) = f_oo dt x(t) = [area under x(t) ] (10.1)

x(0) = (12x) f_oo do X(®w) = (1/2xn) [area under X(®) ] . (10.2)

For the box pulse example above, we saw that X(0) = (A1) from (9.2). In light of (10.1), it is thus not a
coincidence that this is the area under the time-domain box.

From (10.2), we may conclude that the total area under the X(w) curve (9.2) for our box pulse is 27A,
since x(0) = A, the height of our pulse. This is consistent with the fact that

f * dx sinc(X) =1 . (10.3)

Another area rule involves the power spectrum. First, it is easy using (1.1), (1.2) and (2.1) to prove this
identity (one of Parseval's),

[ dta@y b*y=(1/2m) [~ do A) BX(o). (10.4)

Here * means complex conjugation and is needed to make things work so one gets d(® - ®') in the proof.
Again, the 27 factor is missing if one uses df in place of do.
In the case a = b = x, one gets the energy area rule which says

) _°° dt [x(t)2 = (1/27) f_°° do [X@)? = [ _°° afFIXOR . (10.5)

If x(t) is a voltage or current pulse, this says that the total energy (R = 1Q) contained in the pulse is the
same no matter which space is used to add it up. The pulse energy density is |x(t)|2 in the time domain, it
is |X(w)|?/27 in the » domain, and it is |Z(f)|? in the frequency domain.

For our box pulse, the left side of (10.5) is A%t. The right hand side gives the same result using (9.2) and
the following fact,

) _°° dx sinc?(x) = 1. (10.6)

It is rather interesting that sinc(x) and sinc?(x) have the exact same area, see (10.3) and (10.6).
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plot({[int (sin(x) /x,x),int((sin{x)/x)"2,x)], x = 0. .50, color = [red,bluel]);
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e,
Fig 10.1

There are two other less-well-known Parseval's formulas which we just mention in passing,

[ dtamyby=12m [~ do A(w) B(-o) (10.7)

f_°° dt A bty = [ _°° do a()B(0) . (10.8)

These appear in Stakgold Vol. 2, page 24 and elsewhere. All these formulas can be proven in the same
manner: just use (1.1), (1.2) and (2.1).

11. Differentiation and Integration Rules with Examples

Below (4.8) and at the end of Section 8 we saw examples of how d/dt — i® in m-space. Here we state the
differentiation rule both ways:

dx(t)/dt > [ioX(®)] (11.1)
dX(e)/do « [ itx(t) ] (11.2)

To derive the first rule in the general case we use (1.2) to expand x(t) so that

dx(ty/dt=dide [(12m) [ do X(@) ™= (12m) [~ do X(@) didt Y

= (12m [ do X@)io €% =121 [ do[io X(@)] "ot

Equation (11.2) has a similar derivation with a minus sign due to the sign of the exponent in (1.1).
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So, (11.1) says that one gets the spectrum of the derivative of a function by multiplying the original
function's spectrum by iw. For integration, one must therefore divide by iw.

(a) Let's apply (11.1) to our square pulse function. We have from (9.1) and (9.2),
x()=A[0(t+1/2)-0(t-1/2)]
X(w) = (A7) sinc(w1/2) .

Differentiating x(t), we get a pair of opposite signed delta functions separated by distance t (derivatives of
the box edges),

x1(t) = dx(t)/dt=A[d(t+1/2)-0(t-7/2)] .
According to (11.1), the spectrum must be,
Xi1(w) = 1o (A1) sinc(w1/2) =io (At)sin(wt/2)/ (01/2) = 2iA sin(0wt/2) .

This agrees with direct calculation,
Xi(o) = [ Z dtxy(t) et = [ : dt A [ 8(t+1/2) - 8(t - /2) ] e~ 0t
= A [e297/2 . ¢ 19Y/2] = DA sin(w1/2) .
As expected, there is no DC component since limgy_,0 X1(®) = 0. In this drawing,

X1(t) delty peak

U v

-1
delta peak X1(w)/i (unscaled)

Fig 11.1

we see X1(t) on the left in heavy black, and the spectrum X;(®) is on the right. The red line and dot show
that there is zero energy at DC, @ = 0. The green dot on the right at the first peak of X1 (w)/i corresponds
to the green sine curve on the left, which we would expect to give a strong component for the double
delta. To understand the sign of the green dot, recall that (1.9) for an odd function x;(t) states X3(®) =- i
X1, s(o) so that X3(w)/i =- X1,s(w) = the negative of the Fourier Sine projection.

(b) Now let's apply (11.2) to the following function (multiply box x(t) above by t )

x2() =tx(t) = A t[ 0(t+1/2) - O(t - 1/2) ].

38



Chapter 1: The Fourier Integral Transform

This represents a doublet sawtooth pulse centered at t=0. According to (11.2) in the < direction,
Xo(w) =1dX(0)/do =1 (AT)(1/2) sinc'(wt/2) = ( iAr2/2) sinc'(wt/2)

where sinc'(x) = cos(x)/x - sin(x)/x?. Again, X2(®) has no DC component, since limg_.o sinc'(x) = 1/x -
1/x = 0. This is an agreement with the fact that the sawtooth clearly has a zero integral and this integral
according to (1.1) is just X(0). Here is a picture similar to that shown above,

f = diff(sin(x)/x, x):
plot(f, x=-25..25, thickness =2);

x2(t)

/2
- T/

Fig11.2
12. Time translation x(t) causes phase on X(®).
Assume that some x(t) has a spectrum X (),
x(t) > X(o)
Then it follows directly from (1.2) that:
X(t-t1) o X(o) e™0t | (12.1)

We saw this happening in the special case of (8.2); here we see that the result is completely general.
Translation of a signal in time causes the spectrum to gain the phase shown.

According to (1.1), we have this analogous result ,

X(0-01) < x(t) e**o1t (12.2)
13. Exponential Sum Rules
For the first time in this document, sums appear. Everything above was integrals only.

In (2.1) stated above, the delta function is written as an infinite integral of an exponential,
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[ dx = = 2m5(k) . 2.1)
-00
A similar result involves a summation of exponentials. For k in the range -n to © we claim that:

3 et =218(k) m<k<m . (13.1)

To "prove" this, we argue as we did for (2.1) that for k # 0, the phasors "wash out" in the infinite sum and
we get zero = zero. For k = 0, the summand is 1, so the result is infinite, and thus the result is proportional
to d(k). As we did above, we can prove that the factor of 2w is correct by integrating both sides over k
from -a to +a. The right side gives 2x. On the left, do the dk integral exactly as done above (2.2) to get

["dk Y™ = Y [Tdke™ = 3 [ " dkcos(nk) // sin(nk) is odd
-a -a -a

n=-0 n=-0 n=-0

_ 5 [2sin(na)yn ] =2a+4 { 5 [sinna)n] } =2a+4 {5 } =2n.

n=-0 n=1

In the last few steps, the negative part of the sum is reflected into a positive part since [2sin(na)/n] is even
in n. The sum in curly brackets appears as 1.441.1 on p 46 of Gradshteyn-Ryzhik,

1.441

-
sin ki 7
Loy =3 [0 <z < 27] FI 11l 539
k=1

This sum is restricted then to 0 < a < 2m, but since we had in mind a being some small positive number,
this is not a problem, although it does provide a hint of what is to come below.
Since the right side of (13.1) is real, the equation is also valid with ¢ ™ on the left.

Now we want to generalize (13.1) for k in the range -oo to +oo. The result is fairly obvious. Instead of just
a delta function at k=0, we have delta function spikes at each k value for which the summand equals 1.
Thus, spikes will be at k = 0, + 27, = 4w, and so on,

o0
3 et = 3 2nd(k-2mm) -0 <k<oo . (13.2)

n = -o0o m = -0

Again, one can prove that the constant is 2n at each spike by integrating over dk from 2nmm-a to 2nm+a,
for small a. Generally speaking, the right side of (13.2) must have the form shown because the left side is
periodic in k with period 2z, and (13.1) gives that result for -t <k <m .

Replacing n—-n shows that (13.2) is also valid with e *™* on the left side.

The exponential sum rule (13.2) plays a critical role in the analysis of periodic pulse trains in Chapter 2
below.
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Equations (2.1) and (13.2) are more carefully derived in Appendix A. There it is shown that in each case
the delta function is the limit of a certain sequence of functions which all have unit area and which, as the
limit is taken, become more and more isolated to the neighborhood of the delta function argument. The
Appendix presents the essence of the distribution theory of delta functions.

One result derived in Appendix A (b) is a finite sum version of (13.2) [ see (A.29) and (A.30) ]

g TS {sin[(Nﬂ/z)k]
= 4T

rmsm) | = 2mOs(kN) 0 <k<oo (13.3)

n=-N

In the limit N—oo, Appendix A shows how the right side of (13.3) approaches the right side of (13.2).
Replacing n—-n shows that (13.3) is also valid with e *™* on the left side.
i

Poisson Sum Formula: Setting k = 2ztt/a in (13.2) with e *™* gives ( where o is any real number)

%O: e—in2nt/<x - §: 3(t/a-m) =|a| %O: 3(t - may) . (13.4)

n=-© m = -0 m = -0
Applying f_: dt x(t) to both sides and using (1.1) one finds that

§ X(2an/a) =] o § x(ma) . (13.5)

n=-0wo m= -0

This fascinating result appears for example in Stakgold Vol I (1.23b) and is known as the Poisson Sum
Formula. Sometimes people refer to the underlying equation (13.2) by this name.
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Chapter 2: Pulse Trains and the Fourier Series Connection

In this chapter we take an arbitrarily shaped pulse and superpose an infinite number of instances of that
pulse spaced by a fixed time interval T;. This "pulse train" is then a periodic function of period T1. We
continue with the Fourier Integral notions of Chapter 1 -- such as the spectral components X(®) -- and we
then make the connection with traditional Fourier Series and their coefficients. We show how the Fourier
Integral spectrum becomes discrete for a periodic function, and we are able then to relate the Fourier
Series coefficients to the spectral components Xpu1se(®) of the pulse used to generate the pulse train.

In the background, and to serve as a vehicle for doing a few calculations, we address a particular problem.
We consider the symmetric zero-DC-offset square-wave pulse train generated from two completely
different methods, one involving adding a negative DC offset to a simple positive square wave pulse train,
and the other using biphase pulses.

Our main purpose here is to build tools that will be used in more complicated problems. The methods
presented here form the basis for treating amplitude-modulated pulse trains made from pulses of arbitrary
shape, including the "arbitrariness" of a pulse being statistically present or absent.

14. The Spectrum of a Simple Pulse Train
Recall that a simple pulse train is just a sequence of identical pulses of shape Xpu1se(t).

(a) Infinite Length Simple Pulse Train

We assume that Xpu1se(t) is some "reasonable" (non-pathological) function. The pulse train is given by,

0]
X(t) = 2 Xpuise(t - tn) tn =nTy . pulse train (14.1)

n=-oo

Let Xpu1se(®) be the spectrum of Xpuise(t). This Xpu1se(t) does not really have to be a "pulse", but it is
convenient to think of it as such. We imagine that xpu1se(t) is a function that is somewhat localized in the
region of t=0, and vanishes for very large positive and negative time. The half-width of the pulse can be
larger than Ty as discussed below, so pulses can overlap. Thus, our Xpu1se(t) is not itself periodic, and we
thus expect it to have a continuous spectrum.

For example, from (9.2) we already know the spectrum of a single box pulse of height A and width
centered at t=0:

Xpulse(®) = (A1) sinc(w1/2) . (14.2)

Now consider a second pulse which is a copy of our original pulse, but which is translated T; units to the
right in time. From (12.1), we know the spectrum of this second pulse:

X(o, second pulse) = Xpu1se(®) emi0T1
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Now construct an infinite periodic wave by superposing pulses at t = 0, +T1, +2Tq, ... . We get,

(e 0]
X(0) = Xpuise(®) X, ™" (14.3)
n = -0o
According to our exponential sum rule (13.2) with k = ©T1, we can write the exponential sum in (14.3) as
a sum of delta functions to get,

X(0) = Xpu1se(®) E 2nd(wTq - 2m) . (14.4)

m= -0

Defining w1 = 2n/T; this becomes

X(w) = (1/T1) Xpuise(®) %O: 21(o - mo1) . (14.5)

m = -00
which is a standard form. Moving Xpu1se(®) into the sum then gives

X©) = % (1T3) Xpurea(©®) 2250 - mon)

m = -

= %O: (1/T1) Xpuise(mo1) 2n(o - mmy) . (14.6)

m = -o0
Thus, we have a set of evenly spaced delta function spikes which occur at these frequencies:

om=mwi1 m=0,1,2,3...... (14.7)
In general, one has,

f(w) 0(w - a) = f(a) O(w - a) .
Both sides of this last equation are zero when o # a, and at ® = a, f(a) = f(w).

Because the quantity (1/T1)Xpu1se(®) occurs frequently in the following discussion, we define a more
compact notation for it as follows:

c(®) = (1/T1)Xpuise(®) . (14.8)

Thus, c(w) is nothing more than our (continuous) pulse spectrum divided by the fundamental period Tj.
We can then rewrite (14.6) as follows:
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X(w) = i c(w) 21 d(w - mwi) = i c(o0p) 21 O(® - mo1) . (14.9)

m = -00 m = -0

As was just noted above, we can harmlessly replace @ with @, = mo; inside c(o) in (14.8). This leads us
to define a set of numbers as follows

Cm = ¢(®p ) =c(moi) . (14.10)

These numbers are just the values that the function c(w) takes at our delta spike frequencies. We arrive
then at our final form for the spectrum of an infinite simple pulse train,

X(w) = E Cm 27 O(0 - me1) . (14.11)

Now we are ready to summarize all these results:

Fourier Integral Transform of an Infinite Simple Pulse Train (14.12)

1. Let Xpu1se(t) be any reasonable pulse. Construct a pulse train x(t) with spacing Ts:

X(t) = X Xpuise(t-nTi1). (14.1)

n=-o0o

By its construction, x(t) is periodic with period T;, which we can write formally as:
x(t+nT71) =x(t) . n = any integer

If x(t) is a known periodic function of period Ty, a candidate for Xpu1se(t) is X(t) over
any one period.

2. Define c(®) to be the Fourier Integral transform of the pulse, scaled by 1/T:
e(®) = (1T1)Xpurse(@) = (UT) [ dt xpurse(t) % (14.8) and (1.1)

3. Then the Fourier Integral transform of the Pulse Train is as follows:
o0 o0
X(@)= 2 c(®) 2n §(w-mw1) = D, cm 21 3(o - mw;y) (14.9)
m = -0 m = -00

where ¢ = c(0p ), On = mo1, ®1 = 27/T;.

4. These cy, are the same ¢y, which appear in the next section. That is, they the complex Fourier Series
coefficients.
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Item 3 is our main result. It says that the Fourier Transform spectrum of an infinite sequence of pulses is a
sum of equally-spaced delta function spikes whose coefficients are given by the continuous spectrum of
the central pulse evaluated at the spike frequencies ® = mwz. The pulse spectrum c(®) = (1/T1)Xpu1se(®)
is normally thought of as the "coefficient envelope", while the equally spaced delta function spikes are the
"lines". In this sample symbolic drawing of a spectrum, the infinitely-high delta function spikes of the
spectrum are represented by finite vertical red line segments whose heights are the coefficients cn,. The
red lines are the spectrum, and they track the envelope c().

o ——Piee

envelope ¢(@) = (1/T1)Xpurse(®)

[{—Cz
[.lr
o —p

It may happen that certain ¢, vanish, meaning that such lines are not present.

,.rff‘[

) ©1

Fig 14.1

The item 3 sum includes the DC line m=0 having wg = 0. Unless co happens to vanish, the pulse train has
a DC component. As noted in (10.1), Xpu1se(0) is the area under Xpu1se(t). Only if this area is zero do we
get co = ¢(0) = (1/T1) Xpu1se(0) = 0.

Whereas the Fourier Transform spectrum of a single pulse (localized, non-periodic) is continuous in ,
that of an infinite sequence of pulses is entirely discrete and has no continuous portions. This conforms
with the well-known fact that the spectrum of any periodic function is discrete. In fact, we have just
proven this to be so. Any periodic signal has to repeat some pattern, and we just take that pattern to be our

Xpulse(t)-
Note on Xpuise(t)

In our summary box (14.12) above, we say that if x(t) is some known periodic function, one can take as a
candidate for Xpuise(t) the function x(t) restricted to any one period. In this case, the dt integration

endpoints for the projection Xpu1se(®) only cover that selected period. If we select the period centered at
t=0, then item 2 in the above summary box becomes perhaps more familiar:
T1/2
c(w) = (1/T1)Xpurse(®) = (1/T71) f dt x(t) e > . (14.13)
-T1/2
What is perhaps less obvious is that there are many different candidates for Xpuise(t) that result in the

same X(t) pulse train. These other choices for Xpuise(t) are pulses which slop over into more than one
period T1. When a pulse train is formed with such pulses, the pulses overlap.

To see how this might work, think of a pulse which has a nice gaussian shape and goes about half way
into each neighboring T; interval. Draw some of these, then add them up to make the sum curve x(t). In
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this case, for a candidate Xpu1se(t), one can use either the gaussian, which overlaps into several intervals,
or one can use one interval's worth of the sum curve x(t) (shown as the darker curve)

| | | | | Fig 14.2

We have tried to keep our formulas completely general to allow for pulse trains formed from pulses
which overlap into more than one period. The resulting spectrum is of course the same no matter which
Xpulse(t) is chosen. Later on in the power discussion we shall always regard Xpu1se(t) as meaning the
shape of x(t) over T3, as indicated by the black curve above.

To summarize, we can write c¢(®) in two equivalent ways
T1/2
-iet © -iet
o@= (UTy) [ dtx®)e™ = (1/T1) [~ dt xpurse() e 2% (14.14)
-00
-T1/2

If we evaluate (14.14) at the discrete spike frequencies ® = mm;, we get

T1/2
em= (UT1) [ dtx(®e ™1t = (Ty) [ 7 dt xpurse(t) e ™18 (14.15)
-00
-T1/2

-imeq (t+T7) -imeit .

is periodic

e—imm]_t e—immlTl — e—immlt e—im2n

Now since € = ¢ ™1t fynction e

with period Tj. Since x(t) in the first integral in (14.15) is also assumed periodic with period Ti, the
integration can be over any interval of width T1, so one usually takes this interval to be (0,T1). Thus,

cm= (1/T1) [ OTl dt x(t) ™18 = (1/Ty) [ Z dt Xpu1se(t) €701 (14.16)

(b) Finite Length Simple Pulse Train

It is a simple matter to modify the above development for a finite length pulse train. We use a finite pulse
train having pulses centered about time t = 0 as in (14.17), then (14.3) becomes (14.18) below :

N
X(t) = X Xpuise(t - tn) tn =nTy, pulse train (14.17)
n=-N
N .
X(0) = Xpuise(®) X ™™ (14.18)

n=-N
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The sum is done using (13.3) to give

X(w) = Xpu1se(®) 2m35(0T1,N) = c(w) 21 T185(wT1,N) (14.19)

where s is a delta function model described in Appendix A. This 85 is periodic with period 27 and has
identical peaks separated by 2. For large N we know that

S5(k,N) = D 84(k - 2mm, N+1/2) for large N (4.18)

m = -00
where 04(x,M) is another delta function model which peaks only near x=0. Thus for large N we can write

X(0) = c(®) Y. 2nT184(wTy - 2nm, N+1/2) . (14.20)

0
-00

m=

To the extent that these 84 peaks are very narrow (large N) we can move c(®) inside the sum and evaluate
it at ®T1 = 2mm (which means ® = mm;) to get

X(®) = D cm 2n T184(wTy - 2mm, N+1/2) . (14.21)

m = -00
In the limit N— oo, we get 04(®w Ty - 2mm, N+1/2) — o(0T; - 2rm) and then

o0
X(®) = 2 cm 21Ty 8(0Ty-21m) =

m= - m

Cm 27 &(® - m1)

™8

-0
which agrees with (14.11).

Example: Suppose the pulse is our usual box of width T; and height A. Then the pulse train is a constant
DC level x(t) = A. We know that all the ¢y, will vanish except co which is easy to evaluate

co= (1/Ty) f_z dt Xpuise(t) = (1/T1) (AT1) =A.

The spectrum is then
o0
X(®)= D cp 27 (0 -mwi) =ce2md(w) = A 2nd(w)

m = -0

which is a delta line at @ = 0 with factor 2wA, consistent with (8.1).
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15. Connection with the traditional Fourier Series

The pulse train spectrum (14.11) may be inserted into the Fourier transform expansion (1.2) to get

x® =121 [ 7 doX(@) et = (121) [T do[ Y em 218(0 - moy)] et
- -® m = -0
© 00 . © .
> Cm f do 8(0 - mwg) e**®t = Y cpetimert (15.1)

m = -0 m = -0

& o
= cot z [ Cm gtimort | C_me-:l.molt] = ¢o+ z [ Cn otimert | (Cm e+:.moo;|_t)>,< ]

m=1 m=1
w . w .

=co+ D 2Re[cpe™™1%] =co+2Re[ D cmet™1t] . (15.2)
m=1 m=1

In the above we have used the reflection rule (7.3) applied to cm = (1/T1)Xpu1se(®m) to find that

-imegt _ (Cm e+imm1t)* )

C-m = Cm*, and then c_pe
We know that the ¢y are in general complex numbers, so make the following two definitions:

am = 2Re[cm]=(2/T1) Re [ Xpuise(mo1) ]

-bn = 2Im[cn]=(2/T1) Im [ Xpuise(moi) ] . (15.3)

Since cm = (1/T1)Xpu1se(moy) it follows that

cm=(1/2) [ ap - iby ] . (15.4)
From (14.16) , assuming as we do from now on that x(t) is real, we get

em = (ITy) [ OTl dt x(t) ¢~ imo1t (15.5)

=(1/Ty) J‘0T1 dt x(t) [ cos(mm1t) - i sin(mm1t)]

so that
am = 2Re[cn]= (2/Ty) [ OTl dt x(t) cos(mot) (15.6)
b= -2Im[ca] = (2/T1) fOTl dt x(t) sin(most) . (15.7)

In all the above integrals, we can replace foTl dt x(t) by f  dt Xpulse(t) as noted in (14.16).
-00
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Since x(t) is real, we know from (7.3) that X(-o) = X(®)*, so X(0) must be real. We also know this from
the "area rule" (10.1) -- the area under a real function x(t) had better be real. Thus from (15.3) bg = 0 and
from (15.4) co = a¢/2 so that

DC component of x(t) = co = (a0/2) = (1/T1) Xpuise(0) . (15.8)

If we install expression (15.4) for ¢y, into (15.2) we get this result:

e )

x()=co+2Re[ D cme™™1% ] = 292 + Y Re {[ ap- ibg ] [ cos(mmit) + i sin(mo1t)] }
m=1 m=1

e

=ap/2 + Z

0
am cos(mmwit) + D by sin(mwst) o1 = 21/T; (15.9)
m=1 m=1

This expansion, along with projections (15.6) and (15.7), is the traditional Fourier Series expansion of a
periodic function of period Ti. Thus, our seemingly uninteresting an and by coefficients are exactly the
standard Fourier Series coefficients. Moreover, the DC component of x(t) is equal to co = (ag/2).

For completeness, we write down an alternate form of (15.9),

x(t)=ao/2 + Y, Apcos(mwit+ @) (15.10)

m=1

=ap/2 + § Ap [cos(mm1t) cos(Pm) -  sin(mwt)sin(Qm) ]

m=1
=a0/2 + D [Amcos(@m)] cos(mmit) + D [-Ap sin(@m)] sin(mmst)
m=1 m=1
Thus,
am = An OS(Qm) An=1/ an” + by
-bm = Ap sin(Qp) tan(Qm) = -bm/am . (15.11)

So, here is a summary of the above efforts:
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Fourier Series Transform (15.12)

1. Let Xpu1se(t) be any reasonable pulse. Construct a pulse train x(t) with spacing Ty:

x(t) = 2 Xpulse(t - nT1) (14.1)

n=-o

By its construction, x(t) is periodic with period T1, which we can write formally as:
x(t+nTy) =x(t) n = any integer
If x(t) is a known periodic function of period Ty, a candidate for Xpu1se(t) is X(t) over any one period.

2. Define the Fourier Series coefficients by these projections = transforms (cp = [ ap - iby ]/2)

em =(UTy) [ 7 dt xpurse(®) e ™1 =(1/Ty) [ OTl dt x(t) e imot (14.16)

an= (T1) [~ dtxpurse(t) cos(moit) = (2/Ty) fOTl dt x(t) cos(most)  (15.6)

bn= (2/T1) f ” dt Xpulse(t) sin(mwit) =(2/T1) fOTl dt x(t) sin(mm1t) (15.7)
-0
3. The pulse train is then given by these expansions = inverse transforms: (01 =27/T1)
o0 i o0 o0
X(t) = Y cpet™1t = 202 + > apcos(mwit) + Y. bpsin(mmit) (15.9)
m = -0 m=1 m=1

Note that ap, by, cm and x(t) all have the same dimensions, perhaps volts.

Thus, we have derived the Fourier Series Transform from the Fourier Integral Transform. Recall that it is
not necessary that Xpu1se(t) be totally contained within a width T; We have infinite endpoints on the dt

integrations above, and Xpuise(t) is allowed to be any "reasonable" function, meaning the projection
integrals must converge.
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16. Fourier Series for a positive square wave pulse train
From equation (9.2) the Fourier Integral spectrum of a positive box pulse of width T and height A is
Xpulse(®) = (A1) sinc(wt/2) . (16.1)
From (14.8) and (14.10) the complex Fourier Series coefficients are, using w3 = 2n/Ty,
cm = (1/T1) Xpuise(mws) = (At/T1) sinc(mnt/Ty) . (16.2)
Thus, from (15.3), we know the a and b coefficients as well:

am = (2At/T1) sinc(mnt/T1) m=0,1,2,3... (16.3)
bn = 0. m=0,1,2,3...

We have here the Fourier Series coefficients for an infinite pulse train of positive pulses of amplitude A,

width 1, and period T3, such that the time t=0 occurs in the middle of a positive pulse. If T; = t, the pulse
train is a constant DC level A and cg = 0n, 0A, a case of minimal interest, so we assume Ty > 7 :

|
«T—>

«Tp t=» Fig 16.1

The reader is invited to compute the above Fourier Series coefficients in the standard manner, using the
conventional formulas in the summary box (15.12). This is done also on page 32-33 of Bennett and
Davey (who use T1 = T). Their result agrees with the above.

17. More about positive square-wave pulse trains

We can now summarize what we know about the positive square-wave pulse train with pulse height A,
pulse width t, pulse centered at t = 0, and period Ty (with @1 = 271/T1, see drawing above) :

Xpulse(t) = A [ 0(t+1/2) - 6(t - 1/2) ]. (9.1) (17.1)
c(®) = (1/T1) Xpuise(®) = (A1/T1) sinc(wt/2) (9.2) and (14.8) (17.2)
x(t) = OZO: Xpulse(t - nT1) (14.12) (17.3)
X(w) = E c(®) 2md(® - mw; ) = OZO‘, Cm2md(® -mwy ) (14.11) (17.4)
Cm = (1/?12) ;(opulse(mool) = (Ar/Tl;ns?n-:?mm/Tl) (17.2) ® = mw1 (17.5)
co = (A1/T1) = DC component . (15.8) and (14.2) (17.6)
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For general T, all spectral lines are present. Apart from an overall constant, the envelope function ¢c(®) is
sinc(x), where x = ot/2. Here is a linear graph of |sinc(x)| = [sin(x)/x| (red) along with a graph of 1/x
(blue). It is traditional to plot the absolute value of the spectrum since the power in each line is
proportional to the square |cm|2 (shown later in (33.27)),

plot{[abs(sin(x)/x), 1/x], x = 0..15, v = 0..1,thickness=2, color=[red,blue],
tickmarks = [10,10])

1-
0.9
0.8
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0 ....1....j....3....d....5....6....?..¥.8....g. T s T s

Figure 17.1: Plot of |sinc(x)| function along with 1/x. Fig17.1

In the case of general pulse width t (that is, for arbitrary pulse train duty cycle = t©/T1), one should
imagine the evenly-spaced delta spikes superposed on the above picture. The spikes are located at xp, =
OnT/2 = mw17/2 = m(nt/T1), for m = 1,2,3... The spacing between the spikes is dx = (t/T1)n. Thus, the
number of spikes per hump is (T1/t) since each hump is © wide. At low duty cycle, the spacing is small,

and there are many lines for each hump of the |sinc(x)| curve. Here is a rough plot for an ~8% duty cycle,
(T1/7) = 16:

0.9 4

0.8

0.7 A

0.6

0.5

0.4

0.3

0.2 4

0.1 4

Figure 17.2. Same |sinc(x)| function with delta spike "lines". Height of each line Fig 17.2
is relative magnitude of the cy, coefficient. Plot is for T = T1/16, duty cycle about 8% .
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We shall now examine some special cases as application of what has so far been established.

(a) If T="T1/2 (50% duty cycle) we get a symmetric positive square wave pulse train,

A 1 Tr—>
0
«—T> i Fig 17.3
and (17.5) reduces to
Cm = (A/2) sinc(mm/2). (17.7)

The DC component (the m=0 line) is co = (A/2), which is what we expect. All the other even lines vanish
due to the sinc form. For m = odd integers, we know that

sin(mr/2) = (-1) ™72 = (§)1™ = real, since m odd (17.8)

We summarize these facts for our symmetric pulse train with t=0 centered on a positive pulse:

cm = (A/T) (i)l'm (1/m) m = odd (17.9)
Cm =0 m=even, m# 0
co=(A/2)

( If we were to shift the square wave down A/2, the ¢, would be the same except co = 0. )
For Fig 17.3, if A =2 we get
c1=(2/m) =0.64 c3 =-(1/3)(2/m)=-0.21 cs =(1/5)(2/m)=0.13 .
In terms of Figure 17.1, the spacing between the spike positions is /2. Thus, all the m=even spikes occur
exactly at the zeros of the sinc(x) function, that is why they all vanish. The m=odd spikes occur centered

between these zeros, very close to the peaks of the humps. The 1/m drop-off of the Fourier coefficients
seen in (17.9) is reflected in our plot of 1/x in the picture. The 1/x curve intersects the odd spikes at the cp

coefficient values which are dropping off as 1/m (apart from overall constant). This plot uses A =2 :
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Fig 17.4

Since all ¢, in (17.9) are real, we know that b, = 0 so there are only Fourier Series cosine contributions to
x(t). This is pretty clear looking at the time domain waveform shown in Fig 17.3 which is even in t.

The pulse train we have constructed above has t=0 occurring in the middle of a positive pulse. If we were
to shift our entire pulse train to the left by /2,

«—T,

A 4

1
T ™ Fig 17.5

so that falling pulse edge lines up with t=0, we would acquire an overall factor gtot/2

which should then be added as a factor to (17.4). At the lines ® = mm; this factor becomes
etimo1t/2 —  otim(2n/T1) (T1/4)  — oimn/2 — ()™ qoting on the c coefficients. This cancels the phase

according to (12.1)

shown in (17.9) leaving only a constant i.

So, here are the results for the same pulse train with t=0 occurring at a falling edge:

cm =1 (A/m) (1/m) m = odd (17.10)
Cm =0 m=-even, m#0
co=(A/2)

Since all the odd-m ¢y are now imaginary, we know that the corresponding an vanish, and only Fourier
sines contribute to the above, as one would expect, since x(t) is now an odd function of t. The magnitudes
of the cp are the same for the original pulse train and the shifted pulse train, so the spectral energy
distribution is unaffected by a time shift of the pulse train.

(b) If T = T4, we get from (17.5) that ¢, = Asinc(mm), so now all lines vanish except the line at m=0,
which has a coefficient A. This is again reasonable, since such a pulse train is just a constant DC function
x(t) = A. In terms of Figure 17.1, the zeros spacing is now 7, and al/ the delta spikes align with zeros of
the sinc function, except the DC line spike.
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(c) If Tt > T3, the theory still applies, but the waveforms are a bit strange looking since they overlap. As t
is continuously increased, the amount of overlap builds up, and the DC coefficient continues to increase,
as shown in (17.6). The black waveform below shows x(t) in the case where T1/t = 3/4. The contributing
pulses are drawn alternating red and blue and slightly displaced to make them more visible.

<11

0 t—p
D B Fig 17.6

(d) If T — 0, but At = area is held fixed, we have Xpu1se(t) — At 3(t). For area At = 1, Xpu1se(t) = 6(t)
and in this case Xpu1se 15 e€xactly the first delta function model considered in Appendix A (a). To control
dimensions properly, we instead set area At = Ti so that Xpuise(t) = T16(t) = 6(t/T1) which is
dimensionless. We then find from (1.1) that Xpu1se(®) = Tz, from (17.2) that c(w) = 1, and from (17.4)
the spectrum shown below,

Pulse Pulse Train
0
Xpulse(t) =T16(t) x(t) = Z T10(t - nTy)
n = -0
Xpuise(®) =T1 X() = D 2md(w - moq) . (17.11)
m = -

Thus, in the spectrum of a sequence of time-domain delta functions, all "lines" are present and have the
same coefficient 2. This function is often used as a sampling function in A/D conversion analysis.
Notice that here, even though the time-domain pulse is a delta function, it's spectrum is still continuous --
being a constant T;. The infinite pulse train spectrum is discrete, as always. We shall have more to say

later on the implications of (17.11).

(e) We started with a time-domain pulse centered at t = 0. As noted earlier, if this is not the case,
Xpu1se(®) picks up the phase exp(-iwa) where a is the new time origin of the pulse. Looking at (15.5), we

-imeza Cm SO the phasor ¢y, simply rotates in the complex plane. This does

see that as x(t) — x(t-a), cp — ¢
not affect any of our qualitative conclusions above, such as lines disappearing in certain cases. Also, the
DC coefficients are unaffected since this exp(-iwa) = 1 at ® = 0. As one slides the pulse train by varying
point a, the mixture of real and imaginary part of the ¢y varies. This corresponds to amplitude moving
between the sine and cosine terms of the Fourier series. The energy/power in spectral lines is unaffected

. 2
since |cy|” does not change.
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18. Non-positive pulse trains

This is pretty much a non-issue. We can take any pulse train described by coefficients ¢y, and superpose a
constant DC level of say - B units. This corresponds to Acg = -B. Thus, if we choose B = -A/2, we can
cancel out the DC level in our pulse trains of (17.9) or (17.10).

Here are the ¢y, for a pulse train with no DC offset, 50% duty cycle, peak-to-peak amplitude A, and with
falling edge aligned on t=0, taken from (17.10) with cancellation of the DC term :

Cm =1 (A/m) (1/m) m = odd (18.1)
Cm =0 m = even
< T, »
A2
t—p
-Af2 ( —
1> Fig 18.1

19. Biphase pulse and pulse train

Define a biphase pulse as being centered at t=0. The left pulse has width t and amplitude A/2, the right
pulse has width t and amplitude -A/2, so the peak-to-peak amplitude is A, and a negative going edge
aligns with t=0.

A2 biphase pulse

-Al2

A—T P C—T >

Fig 19.1
We can analyze this as the superposition of a positive and negative pulse of the square type studied above,
but each pulse has amplitude A/2 instead of A. Also, the positive square pulse is time- shifted to the left

by 1/2 and the negative pulse is shifted to the right by t/2, so we pick up as corresponding spectral (12.1)
"shift phase" on each contributing pulse. The result is:

Xpulse(t) = SquarePulse(A/2, t+1/2) - SquarePulse(A/2, t - 1/2) (19.1)

Xpuise(®) = (A1/2) sinc(0t/2) [ gtiet/2 _-iet/2)
= (A7) sinc(wt/2) [i sin(0w1/2) ] = (A1) %%l [isin(mt/2) ] = (2iA/®) sinz(mr/Z)

= (iA7) sin?(x)/x X=012 . (19.2)
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This is the same as our envelope (9.2) for the positive pulse train (with pulse centered at t=0), except for
the extra factor [isin(wt/2)]. Because of this extra factor, the coefficient envelope here is quite different
from that for the square pulse. As ® — 0, the envelope function approaches zero -- there is no longer a
central hump. Here is a normalized plot comparing the box spectrum (9.2) [red] to the biphase pulse
spectrum (19.2) [black], both in absolute value :

plot([abs(sin{x)/x), 1/x, sin(x)"2/x], x = 0..15, v = 0..1,thickness=2,
color=[red,blue,black], tickmarks = [10,10] ,numpoints = 500)
1_
094
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y .57
044
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024
014 \
0 1 2 3 4 5 B 7 'x'a 9 1 12 13 13 15
Figure 19.2. Same |sinc(x)| and 1/x function, with biphase sin®(x)/x plot added. Fig 19.2
Our biphase pulse train spectrum is given by (17.4) and a new version of (17.5),
o0
X(®) = 2. cm 2nd(0 - mo; ) (17.4)
m = -0
Cm = (1/T1) Xpuise(mwi)= (1At/T1) sinc(mnt/Ty) sin(mmt/Ty)
= (iA/mm) sin®(mat/Ty) . (19.3)
Notice that cg = 0 so that all biphase pulse trains have zero DC offset.
Now select the special case T = T1/2 to construct a square wave with zero DC component,
< T ' g
A2
t—p
—_— -Af2 (
—T— Fig 19.3
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The expression (19.3) reduces to:
cm = (IA/mm) sin®(mm/2) . (19.4)

As before, the even lines all vanish. For the odd m lines, the phase factor in (17.8) is now squared, so it is
always 1. Thus, we summarize our results for a (1 = T1/2) biphase pulse train:

Cm = (1IA/mm) m = odd
Cm =0 m = even (19.5)

This result agrees exactly with (18.1) which was obtained by a different process involving three steps: (1)
treat a positive symmetric square wave with positive pulse centered at t=0; (2) shift it so that negative
going edge aligns with t=0, thus changing the phase factor; (3) add a DC term to cancel the DC offset.

One might wonder how such different spectra envelopes (black and red in Fig 19.1) can yield exactly the
same cp, coefficients for m = 1,2,3... in the case T = T1/2. The reason is easily understood. When t = T1/2,
the delta spikes in Figure 19.1 are positioned at x = mm/2, and at these points the two curves have the
same values.

Here is a (semi) logarithmic view Fig 19.2. Of course log(0) = -o0, so the downward spikes of both the red
and black curves really go down infinitely far, but get truncated in the plotting calculation mesh.
Spectrum analyzers often allow for such a logarithmic vertical scale.

logplot([abs(sin(x) /x), 1/x, sin(x)"2/x], x =
1..15,color=[red,blue,black] ,numpoints = 500, thickness=2 6 xtickmarks = 10)

X

A R ATV, SV L. AU AUV - SR NN | LR N DU V-SSR 1< BN IR |2

Je-2s

Je-35

1e-05+

Figure 19.4. Logarithmic version of Figure 19.2. Fig 19.4
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Chapter 3: Sampled Signals and Digital Transforms

In Sections 20-26, we shall used symbols At, T1, t,, and ®; frequently. We use whichever symbol seems
most convenient at the moment. At is the time spacing between samples of an analog signal. We define T1
= At to make a connection with Chapter 2 where T1 was the spacing between pulses superposed to make a
pulse train. As before, w1 = 27/T1 . Symbol t, = n At represents the particular times we choose to examine
some signal. So:

Ti=At o1 =2n/T1 = 2n/At th=nAt=nT;

20. Sampled Signals and their Image Spectra

As a specific application of our simple pulse train results boxed in (14.12) we consider the case where
pulse Xpu1se(t) is a delta function, so we have a pulse train x(t) which is an infinite sequence of these
delta functions spaced by time Tj. This time we let T1 be the amplitude of each delta function, and as
usual, we use o1 = 2n/T1. The basic equations for this situation are :

Xpulse(t) =T1 8(t) = 6(t/T1) // dimensionless
Xpuise(®) =Ty (8.3)
c(w)=1 (14.12) item 2
d(t) = OZO: T1 o(t-nTq) (14.12) item 1 (20.1)
n=-o
D(w) = §: 21o(o - m1) (14.12) item 3 (20.2)
m = -o0

where we have renamed our pulse train of delta functions and its spectrum to be d(t) and D(w), in order to
free up x(t) and X(w) for new meanings.

If we now multiply the delta function sequence d(t) times some reasonable continuous signal y(t), the
result is a set of delta spikes which are amplitude modulated by the values that y(t) takes at the spike
sampling points t, = nT1. This product we shall call x(t), it is our "sampled signal", and w1 is the

radian/sec "sampling rate".

x() =y dt) = X y(OT13(t-nT1) = X y(tn) T13(t-nT1) = X yn T18(t-nT1) (20.3)

n=-o0 n=-o0o n=-o0o

where yn = y(tn) and t, = n T1. We can apply the "reverse" convolution theorem stated in (3.7) to the
leftmost equation in (20.3) to get
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X(w)=(12m) f ” do Y(o - o) D(o) . (20.4)
Inserting (20.2) into (20.4) quickly yields a famous result
o0 o0 ©
X(w) = (127) f do' Y(o - o) D(0") = (1/27) f do'Y(o-o") 2 2n8(o' - moi)]
=00 =00 m= -0
o0 0 o0
= > f do'Y(o - 0") §(0'-mo1) = Y, Y(o-moi)
m=-0 ~° m = -00
or

X(w) = § Y(o - mw) . (20.5)

m = -0

We have therefore shown that,

X© = X T18(t-t)y® = X Tid(t-t) y(ta) (20.6)
X)) = Y@+ Y Y(o-moi) . (20.7)
m#0

The first term on the right side of (20.7) is the good old Fourier Integral spectrum of y(t). The second term
is a set of identical copies of Y(w) that are shifted by all possible integer multiples of ;. Usually these
are called image spectra, and the term Y(w) is called the main spectrum. Here is a picture,

main spectrum ®1/2 image spectra

N Y

WA N

®=-2m; @ = - ® 7 R O R O ®=2m, —» o

Figure 20.1. Example of a main spectrum with four of the image spectra. Fig 20.1

Thus, by sampling signal y(t) with delta functions to create the sampled signal x(t), we have picked up an
infinite set of image spectra in addition to the main spectrum Y (w).

If the spectrum Y () of the "reasonable" original signal y(t) completely cuts off at some w below ®1/2
(as shown in Figure 20.1), then the spectra are completely disjoint. One can then run signal x(t) through a
low-pass filter that removes all these image spectra, ending up with X(®) = Y(®). And from Y(w), one
can presumably reconstruct y(t). Thus, these image spectra can be "dealt with". The larger the gaps
between the spectra, the lower the cost of the low-pass filter required to remove the image spectra.
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Of course if the spectrum of y(t) has wc > ®1/2, then the spectra in (20.7) and Fig 20.1 overlap, and it is
impossible to recover Y () by itself using a low pass filter. If a low pass filter is placed just above the end
of the Y(w) spectrum at w., the filtered signal will be contaminated with contributions from the first
image spectrum, an effect loosely known as aliasing, as indicated in this picture,

main spectrum ®1/2 image spectra

N 1 Y

p

; :_20‘)1 w:'wl ® 7

®=2m; —»

Figure 20.2. Here the image spectra overlap the main one. This is bad news. Fig 20.2

There is no place one can set a low-pass or band-pass filter to cleanly capture just the main spectrum (or
any of its images) by itself. To avoid this problem, one must select the sampling rate ®1 > 2wc. The
quantity 2o, is known as the Nyquist rate, so the sampling rate must be larger than the Nyquist rate. This
means that for the highest frequency of interest, one must have at least 2 samples per sine wave. In audio,
one thinks of wc/2n = 20 KHz, so the Nyquist rate is 2wo/2n = 40KHz and typical values for w; are
®1/2n = 44.1 KHz or 48 KHz. Aliasing in audio sounds like distortion, and in video causes "edge
jaggies" and other artifacts.

61



Chapter 3: Sampled Signals and Digital Transforms

21. Digital Filters, Image Spectra and Group Delay
(a) A Digital Filter as an approximation to an Analog Filter

In Section 3 we derived the convolution theorem stated in (3.6) which we repeat here:
© . .
a(t) = f dt' b(t-t') c(t') sometimes written a=b* c (21.1)
-00

A(®) =B(0) C(w) . (21.2)
As demonstrated in Section 4 (b), one can interpret c(t) as an input signal, a(t) as an output signal, and b(t)
as a "filter" which acts on the input to create the output. Equation (21.2) shows the action of such a filter
in the frequency domain. B(®) might be a low-pass filter, a band-pass filter, or some other filter.

When a spectrum like B(w) is associated with a filter, it is called the transfer function of that filter.

As discussed in the second comment after (3.7), the filter (21.1) can be thought of as a = B¢ where B is a
linear integral operator, so the filter (21.1) is linear in the usual sense of a linear operator,

B (c1tca) = Bey + Beo and B (ac) = aB (¢).

Moreover, by considering the fact that
o0 0
a(t+tA) = f dt' b(t+A-t") c(t') = f dt" b(t-t") c(t"+A) /" =A-t (21.3)

one sees that the filter is invariant under a time shift of the input stream. This might not be the case if the
filter kernel had the more general form b(t,t") instead of b(t-t").

Filters of the type (21.1) are therefore referred to as linear time-invariant (LIT) filters.

A time-domain digital filter can only approximate the continuous integration shown in (21.1). What a
digital (FIR) filter really does is this,

a(tn) = D, At b(tn - ty) c(tm) where t, =nAt. (21.4)
m = -00

The objects appearing in (21.4) are just numbers -- the values the functions a, b and ¢ take at particular
times, so one could just as well write this as

[oe]
an= 2, At bp-mCn . (21.5)

m = -0
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Think of the "digital filter" as a set of numbers by ; cx is the input signal to the filter, and a, is the output
of the filter. Typically these numbers are represented by one byte in (black & white) video, and by two
bytes in audio. The set of numbers b is in practice finite. For example, a "5 tap filter" has only these

non-zero values: b_, b_1, bg, b1, bz . Therefore the summation in (21.5) in practice is finite. At is the
time between samples, so perhaps 1/At is 13.5 MHz for digital 601 video or 44.1 KHz for digital audio.

Since in digital practice the convolution integral (21.1) is replaced by the summation (21.5), one is forced
to ask oneself: what happens in this case to (21.2)? We have all the tools needed to answer this question.

Recall the Fourier Integral transform pair (1.1) and (1.2) which we repeat here,

X(w) = J' :; dt x(t) e”*e* // projection, transform (21.6)

1 i . .
x()=5" f ” do X(w) ™9t // expansion, inverse transform (21.7)
-00
If we sett =t, =n At, we can rewrite (21.7) as:
1 .
x(t)=5= [ do X(@)etomE (21.8)
-00

Here now is the set of steps one needs to carry out:

(1) write (21.8) for each of the functions a(t,), b(ty,) and c(t,) in terms of A(w), B(®), and C(®') :

1 00 .
a(ta) =5~ _[_Oo do A(w) etronst

1 e .
b(tn) = % f_w do B((D) e+1o.)nAt

1 q A
c(tw) =5 f_:'; do' C(o') e*ie'mat (21.9)

(2) jam these three expansions into (21.4) :

a(ta) = § At b(ta - tw) C(tm) (21.4)

1 food A +ienAt _ < 1 f"o +io(n-m)at L f"o ' n .tie'mAt
o A(o) e > At do B(w) e do'C(o") e
2n Y 2n Y 2t Y
= -0

m

(3) move the m-summation as far to the right as possible, it comes to rest against an exponential,

1 © . 1 © ® A
RHS =5~ f—oo do B(w) ettt e J.-oo do' C(o) 3 Atett(e'-eimit
=-0

m
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(4) do this summation using the exponential addition theorem (13.2) with k = At(® - ©") :

M8

eIMAt(O0T) — S 2 d[At(w - @) -2tm] = QA Y ¥ ©- o' - mor)

-00 m = -o0 m=

m

Right here is where the image spectra described below first appear! Both sides of this equation treated as
a function of ® are periodic with period w;. If we were to multiply both sides by At then take the limit
At—0 we would get (since ®1 = 2m/At, this means m1— oo as well)

f P dteitee) —op d(w-m")
-0

which is just (2.1). The images (0 lines at this point) have run off to infinity and the function is no longer
periodic. So image spectra arise from the fact that a discrete sum of phasor functions e*™*(®™®") (each
of which is periodic in @) produces a periodic function, even if that sum is infinite.

(5) kill the do' integration against the delta function

1 «© iwn, 1 © ' ' - '
RHS = - J‘_OodooB((o)e+ At = f_oodco C@o2r Y 8(w-o'-mao;)

m = -0

1 . o0
- [T doB) ™™t ¥ [ % do C0) 8 o- o -m o)
21 -0 -00

m = -00

1 : X
=5 f ” do B(w) et ™t 3 C(w-mo1)
- m = -0

so that

1 ; 1 ; X
" f ” do A(o) e*HomAt = e f ” do B(w) et**™t 3 C(o-mo;) .

m = -oo
Since the functions e***™** form a complete set, we may identify the integrands to obtain
o0
A(0) =B(w) 2. C(o-mwj). (21.10)
m= -0
(6) Alternatively, we could kill the dw integration against the delta function. We repeat the first line in (3)

changing the order of integration

1 ) 1 0 i 0 '
RHS = % J‘-OO do' C((D') % J‘-OO do B((D) e+ wnAt o Z 8((,0-(,0 -l’Il(Ol)

m = -

o0
- ﬁ f " do' Co) 2 I " do B(o) e***™t §(0-o'-m o1)

m = -0

64



Chapter 3: Sampled Signals and Digital Transforms

1 0 o
- % J‘OO do' C((D') z B((D' +m0)1) e+1 (0'+ moin)At ‘
-0
m = -00

But ™1™t = | pecause moinAt = mn(27/T1)T; = mn2xn. Since the m sum is symmetric, we can

replace m— -m making no difference, and we then replace ®'—m on the RHS. The result is then

1 *© io'n 1 o0 i &
P f_oo do A(w) et*o 't = e f_oo do C(w)e*®** Y B(w-mo;) .

m = -0
Again using the completeness of the e**®™** basis functions, we equate integrands to get

Alw) = E B(o - mw;) C(w) . (21.11)

m= -0

which is the form we shall use below. We noted in (3.2) how the convolution theorem is invariant under
b<>c, and we see this symmetry in the two results just obtained, (21.10) and (21.11). We have then
arrived at this statement of our digital convolution theorem:

a(ty) = § At blta - tw) c(tm) tn =1 At 21.12)

A(®w) =[B(@) + 2 B(w- mw;) ]C(w) . (21.13)
m#0

This pair of equations should be compared to the analog convolution theorem (21.1) and (21.2),

a(t) = f Z dt' b(t-t") c(t') sometimes written a=b* ¢ (21.1)

A(®) = B(w) C(w) (21.2)

We see that there is a penalty for working in the imperfect, discrete world of time-sampled signals like
a(tn). The penalty is that there are extra m-space terms in (21.13) that are not present in (21.2).

Recall that B() is the spectrum (transfer function) of a filter kernel b(t) which we are approximating by a
set of coefficients bg. In analogy with the spectrum X(®) shown in (20.7) of a delta-sampled signal x(t),
the main term B(®) in (21.13) is called the main spectrum of the filter, while the other terms in the square
bracket are the filter's image spectra passbands. The filter then has a transfer function which looks like the
spectrum of Fig 20.1.

A perfect analog filter would of course have no such image spectra, this is what (21.2) is all about. It has
no such artifacts because it filters at all times t, not just at particular points t,. The digital filter is "blind"
between sample points, so you can stick it with some high frequency signals which wiggle an arbitrary
number of wiggles between the sample points. These high frequency signals are what in effect get passed
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through the image pass bands of a digital low-pass filter. All the above math should not blind the reader
to this straightforward physical understanding of the image spectra. Here is an example,

i s

Fig 21.1

The red and black signals are treated exactly the same by a digital filter since they have exactly the same
sample values. But the red signal has a very strong frequency component with period At = Ty and thus
with frequency w1 = 2n/T; and so the red signal in effect passes through the first image passband of the
filter, giving the same output signal that the black signal would give going through the main passband.
One says that the red signal is an alias of the black signal, or it is aliased into the black signal, giving the
same filter output. Perhaps a violin comes of our filter out sounding like a tuba.

A common use of a digital filter is to remove the image spectra of digitized signals. These image spectra
are sitting staring us in the face in (20.7). Suppose we construct a digital filter with some set of by
coefficients to implement a low-pass filter to remove the signal image spectra. But we have just seen that
this filter itself has image passbands, so we have to be careful that some of the image spectra of our
sampled signal x(t) don't slip through these image pass bands of the filter. A standard trick
("oversampling") is to run the filter at a rate 'y which is perhaps 4X or 8X times faster than the rate w;
of the sampled signal (w1 = 27/At). Recall that ®w; > 20, the Nyquist rate. The filter's image spectra now
at mm;' are then pushed away from the central region, causing the lower image spectra of the signal x(t)
to be blocked by the filter. Some very high frequency data might get through the image bands of the filter,
but this can be removed by a simple analog filter (perhaps just a resistor and capacitor) after the D/A
converter which converts the digital signal to analog. An example of this technique is presented in Section
30 using a digital filter implemented in Section 29 which has the desirable properties of Section 28.

(b) Filter Group Delay

The discussion here is given in terms of an analog filter. The steps stated below can be repeated for a
digital filter and one arrives at the same set of conclusions.

Recall the convolution theorem from the start of this section,
w . .
a(t) = f dt' b(t-t') c(t') sometimes written a=b* ¢ (21.1)
=00

A(®) =B(0) C(w) . (21.2)

We interpret this as a filter acting on signal c(t) to produce signal a(t). To assist this interpretation, we
rename signals in this way (i = input, o = output)
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o(t) = f:; dt' b(t-t') i(t'")  sometimes written o=Db* i (21.1)

O(m) = B(») (o) (21.2)

where b and B represent the action of the filter. In general we can write the complex filter spectrum in
terms of its magnitude and phase functions (using a traditional sign convention for said phase)

B(0) = [B(w)| e **(®) (21.14)

In order to derive the concept of group delay, we assume that our filter is a passband filter of width 2a
centered at some frequency w2, and having this somewhat idealized spectral shape,

Ble) — {B(m)| @ fgra<m<wmpta 2115
@)=1y outside this narrow band (21.15)
This could for example be a low-pass filter centered at w, = 0 with @ range (-a,a).

Let us assume that i(t) represents a very narrow input pulse whose center lies at t = 0. Since the pulse is
narrow in the time domain, we know (uncertainty principle in Section 1) that it will have a broad
smoothly-varying spectrum Xpuise(®). The ultimate pulse is i(t) = d(t) which has Xpui1se(®w) =1 from
(8.3).

From (1.2) the output of the filter can be written as

oy =(12m) [~ do O(@) "t =(1/2m) [ do B(o) I(w) e*iot
=(1/2m) f: do B(w) Xpulse(O))e+iwt = (1/2m) foj)zz:a do [B(o)| Xpulse(m)e_i(P(w) otiot

= (1/21) [B(02)] Xputse(®2) [ "% do ¢3¢ @ g¥iot
w2-a

We have assumed that |B(w)| is a smooth function near ® = ®, to make the approximation on the last line.
Similarly, we assume that that filter phase function is also smooth so we can approximate it in this linear

fashion in the neighborhood of ® = wa,
P(®) = p(w2) + (0-02)¢'(w2) = o+ (0-02)B o= 0(m2) B=0¢'(w2) . (21.16)

Then we find that

o(t) = (1/27) [B(@2)] Xpurse(@) ¢ *(@7P92) [ ©278 g grio(e-p)

w2-a
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The integral may be evaluated as

+ s _ . _ . _ . _ )
w2 ad(D e+1&)(t B) — [1(t_B)] 1[e+l(0)2+a) (t-B) _e+1(m2 a) (t ﬁ)]

®2-a

[i(t-p)] " €2 =P 2isin[a(t-B)] = 2a¢™*2 P sin[a(t-)}/ [a(t-B)]
= 2a¢*2(*B) gincla(t-B)] . (21.17)
Thus, the filter output is
o(t) = (a/m) [B(02)] Xpurse(®z) e (07P02) ¢02(.7B) gincla(t-p)]

= [(a/m) [B(w2)| Xpu1se(®2) € **] €**%® sinc[a(t-p)] . (21.18)

The last two factors show the time dependence of o(t). The e*®?*

represents an oscillation at w, which is
the center of the bandpass filter. This is modulated by an envelope function sinc[a(t-B)] causing the
spectrum of o(t) to fill the pass band, as we also know from O(®w) = B(®) I(®) . The initial narrow pulse
i(t) = Xpu1se(t) is spread out into a pulse o(t) of width determined by the first zero of the sinc function,
and centered at t = . Comparing the center of the input and output pulses, one concludes that the pulse

has been delayed by amount 3, which is known as the group delay. Recall that B = ¢'(®2) .
We have therefore proven the following theorem:

Group Delay Theorem. When a narrow time-domain pulse is passed through a bandpass filter, the
output pulse is delayed approximately by an amount 14 = do/do evaluated at the bandpass center
frequency. This delay is called the group delay of the filter.

(21.19)

Corollary. If the phase function of a filter ¢(w) is linear in ®, then the phase approximation made in
(21.16) is exact, so the theorem just stated has a group delay which is a constant throughout the passband
of the filter. That is to say, do/dw is a constant for a filter with linear phase. The implication is that
different pulse shapes, each having slightly different spectra, will all pass through the filter with the same
delay, regardless of where in the bandpass band these pulse spectra hit. The result is good "fidelity" of a
time varying signal such as an audio signal or a radar pulse stream.

(21.20)
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22. The Digital Fourier Transform X'(w) Part I
As a reminder from the opening paragraph of this Chapter,

Ti=At o1 =2n/T1 = 2n/At th= nAt=nT; .

Recalling from (1.1) that X(w) = f © dt x(t) e"**, we can write down the following non-equation:
-00

0
X(o) £ D Atx(ty) e tonAt projection = transform (22.1)

n=-o

X(w) is the genuine Fourier Integral transform of x(t). Only in the limit At — 0 are the two sides equal,
and we then reproduce (1.1). So let's define something new called X' that is equal for any finite At:

0
X'(®) = 3 Atx(ty) e 19nAt projection = transform (22.2)

n=-o

Dimensions: If Dim[x(ty)] =V, then Dim[X'(w)] = V-sec, the same as Dim[X(®)] .

Although X(w) can have any shape we want, the new spectrum X'(®) is periodic with period 7 ,

0 o0
X'(0-mo1)= Y Atx(ty)e > O™0OAL  — S Afx(ty) e P = X'(0)

n=-w n=-00

imwinAt

where, as earlier, ¢ = 1 because mminAt = mn(27/T1) T1 = mn2x. So X'(m) is periodic:

X'(o - mo; ) = X'(®) m = any integer . (22.3)
We now claim (to be shown below) that the inverse of (22.2) is the following:

®1/2
1 .
X(tn) = 52 f do X'(w) e*omat expansion = inversion (22.4)

-01/2

This looks like to (1.2) except the integration endpoints are here finite. Thus, we have a different
projection formula, and a correspondingly different expansion formula. For want of a better name, let us
call this new transform the Digital Fourier Transform pair, as opposed to the Fourier Integral Transform
pair given in (21.6) and (21.7).

We shall now verify that (22.4) is correct "in both directions". We do this in full detail to give the
reader a chance to "practice" using many results presented earlier.

First, insert (22.4) into the right side of (22.2) to get,
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®1/2
© i ®© 1 - .
Z At X(tn) e—lomAt — z At [Z f do' X'((D') e+:Lo.) nAt] e—lwnAt
n=-0o n=-0o
-01/2
®1/2
1 © i ,
=5 [ do'X(0) At Y etinate-o) // sliding n sum to the right
-01/2 n=-®
®1/2
1 o0
= f do' X'(0) At Y 2nd(At(w'-w) - 21tm) /1 (13.2) with k = At(®'-o)
-01/2 m= -
®1/2
o0
= > f do' X'(0") 8(w'-0-mm1) // 8(ax) = (1/a)8(x)
m = -00
-m1/2
o0
= > X'(o+tmoi) O(-01/2 <wtmo; <®1/2) /1 (2.2) with special ® notation
m= -0
o0
=X'(®) Y, O(-01/2<otmo; <wi/2) //(22.3) that X'(0 + mw; ) = X'(0)
m= -00
=X'(®) . /I (A.50), see Appendix A (e). (22.5)

In the second last step, we used (22.3) that X'(o+mm1) = X'(o), allowing X'(®) to be extracted from the
sum on m. Then in the last step we use (A.50) with o = ®; and x = ®. The sum X, ® = 1 basically says
that one partitions the curve f(w) = 1 into little sections of length w1, with attention paid to what happens

at the boundaries of these little sections.

Second, insert (22.2) into the right side of (22.4) to get

®1/2 ®1/2
1 . 1 o . .
% f do X'(O)) e+10mAt :% J. d(D[ z At X(tn) e 1mnAt] e+:|.(.)mAt
-01/2 w2 T
®1/2
i tne 1] 2
=5 > At x(tn) f do ¢ ie(m-mat = > At x(tn) fwl/z do cos[(n-m)Atn]
e 0172 n=-o 0
1 2 *®
= > AtX(tn) On,m (WA= . X(tn) On,m = X(tm)
n= -0 n=-oo

Here we have used f0m1/2 do cos[(n-m)Atw] = 8n,m (W/At) since
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J'O(Dl/z do cos[(n-m)Ate] = m sin[(n-m) At (©1/2) ] =0 n#m
J‘Owl/Z do cos[(n-m)Ato] = f0w1/2 do = (01/2) = (n/At) n=m

One should keep in mind that this new transform, the Digital Fourier Transform, is dependent on the
constant At = T3. Changing this constant changes the transform. The Fourier Integral Transform contains

no such constant. In effect, T1 = 0.

We use the term "digital" in Digital Fourier Transform only because in the time domain the function x(t)
is represented by a sequence of evenly spaced samples x(t,) and we say nothing about what x(t) might be
doing between these sample times. The term Digital Fourier Transform is just our unofficial name for this
transform, and the official name will appear later in Section 24.

Notice that both the Fourier Integral Transform and the Digital Fourier Transform are (at first) used to
analyze time-domain functions (or sequences) that are of limited temporal extent, so we think of x(t) or
X(tn) more or less as some kind of pulse. Technically, x(t) or x(ty) are non-periodic (aperiodic). Here is a
side by side comparison of these two transforms:

Fourier Integral Transform

X(w) = f_: dt x(t) e *® projection = transform (1.1)

x(t) = (1/2m) f ” do X(o) et*et expansion = inverse transform (1.2)
-00

Digital Fourier Transform

o0
X'(@) = Y Atx(ty) e *OnAt projection = transform (22.2)
n = -0o
®1/2
1 .
X(tn) =757 f do X'(o) eTromAt expansion = inversion (22.4)
-01/2

For an aperiodic temporal function x(t) or sequence X(t,), the spectra X(w) and X'(w) are both continuous
spectra, even though (1.1) shows X(w) as an integral and (22.2) shows X'(®) as a sum of functions which
are continuous in ®. In the next section, we shall see the fascinating relationship between X(®) and X'(®).

In the limit At—0, X'(0) — X(o0) and ©1— oo, so the Digital Fourier Transform is where the Fourier
Integral Transform ends up if the continuum of time is divided into discrete chunks.

Now let's go back to our discrete convolution relation (21.4),

a(tn) = 2. At b(tn - tw) c(tm) th =N At . (22.6)
m = -0
Dimensions: dim(b) = sec™t, dim(At b) = 1, so dim(a) = dim(c).
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What does this look like in the frequency domain? To find out, we insert into (22.6) expansions of the
form (22.4) for the functions a, b and c. We just did this in Section 21 above. The steps (1),(2),(3),(4) are
exactly the same except our do and do' integration endpoints are (-1/2, ®1/2) instead of (-c0,00). The first
new feature occurs in step (5) where we pick up the analysis:

01/2 ©1/2 ©1/2
1 ' +ionAt 1 ' +ionAt 1 Vg Z ,
7 fde(co)e = fde(co)e p fdcoC(w)Zn gﬁ(w—m—mwl)
-01/2 -©1/2 -©1/2 m = -0
©1/2 ®1/2
1 . 0
=5- JdoB(@) ™™ ¥ [ do' C0)(0-0'-m o)
-01/2 =012
®1/2
1 : ®©
=5 [ do Bi(0) 9™t Y C(o-mor) O(-012 <o-mo; <w0/2) //(2.2)
-01/2 m ==
®1/2
1 ; ©
=3 J doB(@) "™t Cl(0) ¥ O(-01/2 <o-mo; <w1/2) / (22.3) for C'(e)
m = -0
-01/2
®1/2
1 .
T f do B'() "% C'(w) /1 (A.50), see Appendix A (e).
-01/2

Since e***"2* forms a complete set on the interval (-01/2, ©1/2), we may equate integrands to find
A'(w) = B'(0)C'(o) . (22.7)

Thus, our new Digital Fourier transform yields this simple diagonalized result with none of those extra
image terms. Of course we must remain aware that A'(®) is not the genuine spectrum of a(t), it is some
new thing. Just because we defined a new animal and got (22.7) does not mean that the image spectra go
away in (20.7) and (21.10) and (21.11). Here then is the Digital Fourier Transform convolution theorem
in comparison with that for the Fourier Integral Transform:

a(ty) = § At b(ta -to) c(ts) <  A'®) = B'(0)C(0) ta = DAL (22.8)
a)= [~ dt bt-t)e(t) & A(®)=B() C(0) (3.6)
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23. The Digital Fourier Transform X'(®) Part I1
(a) Relation between X'(®) and X(®)

The next problem is to figure out how the genuine Fourier Integral spectrum X(w) is related to our new
Digital Fourier Transform X'(®). Start with the Fourier Integral expansion (1.2),

x(t) = (1/2m) f ” do X(o) et*et expansion = inverse transform . (1.2)
-00

Partition the integration into a set of little ranges of width ®; :

mo;+m,/2
1 2 i
x()=5" > _[ do X(0) ettt .
M=-0 w-m./2

Change integration variable to ®' = ® - mwm;,

®1/2
1 it L
x(t) = > f do' X(0'+mo;) et (0" mte1)

m=-e -01/2
®1/2

1 i ; i

— ﬂ J‘ d(D'[ Z X(Q)'+m0)1) e+1mw1t]e+1o.) t )

w12 M

Next, sett=t, =nT; on both sides. This makes the exponential inside the square bracket equal 1, so

®1/2
1 © .
X(t)=5- [ do'[ ¥ X(o-mop)]etet
-01/2 m= -

Now compare this to the Digital Fourier expansion defined in (22.4) which we duplicate here, changing ®
to ®' and m to n:

®1/2
1 i
X(tn) = 52 f do' X'(o") e*te At expansion = inversion (22.4)

-01/2

Since the functions ¢**® ™* form a complete basis on the interval (-®1/2,01/2), equate integrands of the
last two equations to get,
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X'(w) = OZO‘, X(o-moi) = [ X(0) + D X(o-mw1)] . (23.1)

m = -00 m#0

This is that thing that keeps popping up everywhere -- the main spectrum plus all the image spectra. Thus,
we have shown that this combination is precisely the Digital Fourier Transform spectrum. We can
therefore go back and reexamine some of our earlier results with this new knowledge:

Consider (20.7):

X(ow) = %O: Yo-mo;) =[ Y(@) + 2 Y(o-mo)]= Y(0) . (23.2)

m = -00 m#0
This says that the Fourier Integral spectrum of a "reasonable" signal y(t) multiplied by a sequence of delta

functions is exactly the Digital Fourier Transform spectrum Y'(w). Of course Y'(w) is computed from
(22.2) from a knowledge of y(t) only at the sample points tp.

Next, we realize that our digital filter equations (21.10) and (21.11) ,

A(0) = B(o) § C(o-mo1) = i B(w - mo;) C(w),
become - -
A(0) = B(o) C'(0)
A(m) = B'(0) C(w) (23.3)

The second equation is our low-pass digital filter B with input C and output A. The filter with all its
image pass bands is now conveniently represented by B'(o). A(®w) and C(®) are still the Fourier Integral
spectra of a and ¢. However, we already know from (22.7) that (23.3) is true with primes on A and C as
well,

A'(0) = B'(0) C'(0). (23.4)

It might seem unusual that (23.3) and (23.4) can all be true. They are all true, and we can now present a
much more compact derivation of (23.4) by making use of (23.3) :

A(w) = B'(o) C(o) /1 (23.3) which is really just (21.11)

A(o - moi)= B'(o- mo1) C(o - moi) //seto— o- moi,
= B'(0) C(0 - mw1) /1 (22.3) for B'(®)
Then:
% A(o - mo;) = B'(w) § C(o - moi)
or N N
A'(m) = B'(m) C'(w)
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(b) Summary of the Digital Fourier Transform

We now summarize what we know about the Digital Fourier Transform (this box takes 2 pages)

Digital Fourier Transform (23.5)
1. Let x(t) be any reasonable function.
2. Divide up the time axis into steps tn, =n At; let Ty = At and o1 = 2n/T5.

3. We can think of samples xn = x(t,) for the above x(t). Alternatively, we can think of the
Xp as some given sequence, and one could then construct an infinite number of functions
x(t) for which xp = x(t).

4. In terms of x(t), the Digital Fourier Transform and its inverse are given by

0]
X(@)= Y Atx(ty) e *@tn projection = transform (22.2) // V-sec
n=-o
®1/2
1 .
X(tn) = 52 f do X'(0) et expansion = inversion (22.4) IV
-01/2

More generally, dispensing now with x(t) and writing t, = nT; in the exponential,

o0
X'(@) =Ty Y xpe 071 projection = transform
n=-0o
®1/2
1 1 +ionTq : . .
Xa = 50 f do X'(®) e expansion = inversion
-01/2

If Dim(xy) =V, then Dim(X") = V-sec.
5. By its definition (and t, = n At), X'(®) is periodic in ® with period ®;:
X'(o - mo) = X'(o) m = any integer (22.3)
6. The relation between X'(®) and the Fourier Integral spectrum X() of x(t) is given by:

X(w) = § X(o-moy) = [ X(0) + 2 X(o-moy) ] (23.1)

m = -0 m=#0
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7. The Digital Fourier Transform diagonalizes any convolution sum:

a(tn) = i At blta - tw) c(tm) tn=n At (22.6)
A®) = B'(o)C(o) (22.7)

8. It is also true that

A(®) = B'(e) C(®) = B(0)C(0) (23.3)
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24. The Z Transform X" (z)

The Digital Fourier Transform described in Sections 22 and 23 is really the Z Transform times At. We
have concealed this fact up till now because the w-space version, called X'(®) in Section 23, allows direct
comparison to the Fourier Integral spectrum X(w). We have already drawn the major conclusions. Here
we just change the clothing.

Change variables from o to dimensionless z, [ ®1=2w/At so At=2n/w1 = 1/(®01/2) =Tq |

. . d
7= etOAt — pinla/ (01/2)] dz=7i At do do=mo . (24.1)
iz At

Note that as o runs over its range -®1/2 to +®1/2 , phasor z runs from -x to 7 on a unit circle.

Now define the Z Transform X"(z) in terms of the Digital Fourier Transform X'(w),
1
X"(z) = At X'(o(z)) . (24.2)

Dimensions: If Dim(x,) =V, then Dim(X') = V-sec so Dim(X") =V, the same as xp, see also (24.3).
With this substitution, and letting
Xn = X(ta) = X(nAt),

the above Digital Fourier Transform formulas (22.2) and (22.4) (see box above) immediately become:

o0
X"(z)= D Xpz " projection = transform (24.3)
n = -00
1 _ . . .
Xn =75~ f dz X"(z) 2*7* expansion = inversion (24.4)
C

where C is a contour doing one counterclockwise traversal of the unit circle in the z plane. These two
equations are the Z Transform and its inverse.

Limit Comment: Since X'(w) — X(®) as At—0, it follows that limae—o [ At X"(z)] = X(®). So this is
how one could get from the Z Transform to the Fourier Integral Transform.

iAte

Mapping Comment: One can think of z= e as describing an analytic mapping (conformal map) from

the complex w-plane to the z-plane. Here is a picture of that mapping :
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t 0 2
——strip—»
f\mit circle
> » / dx¢ )
‘ ’ ? ;‘\J
Y
-(.le2 0 (}J]_/z

Fig 24.1

The infinite gray vertical strip of the w-plane with -©1/2 < Re(w) < ®1/2 maps into the entire z plane. The
real axis in the red range -®1/2 < ® < ®1/2 maps into the unit circle in the z plane as shown. The upper
half of the strip in the ®-plane maps into the interior of the unit circle, and the lower half of the strip maps
into the exterior of the unit circle. The blue and green arrows map as shown. Generally, horizontal
segments in ® map into origin-centered circles in z, and vertical lines in ® map into rays in z.

The z plane shows the principle Riemann sheet of the mapping with a black branch cut going off to
the left from the z plane origin. If in the ® plane one continues the red arrow into the next strip to the
right, Re(®w) > 1/2, one dives through the branch cut on the right and arrives on the next sheet in z.

For some general function f(w) define F(z) = f(w(z)). The function F(z) would have an induced
branch cut as shown on the right, with some discontinuity across it. In this case, the red circle would not
represent a closed integration contour, so the usual rules of complex integration around closed loops
would not apply. However, if f(w) were periodic with period w1, there would be no discontinuity across
the branch cut in F(z) because f(w) would take the same value on the two vertical edges of the grey strip
in the o plane, and therefore F(z) would have the same value on the two sides of the cut, which means
there is no cut. In this case, the red circle does represent a closed contour.

According to (22.3), the Digital Fourier Transform X'(®) is periodic with period ®;. Therefore the Z
Transform X"(z) has no branch cut and the red circle is a closed contour, as used in the examples below.
This is why the Z Transform is so useful. The redundant information in the infinite number of vertical
strips in the @ plane is reduced to non-redundant information in the z plane. The mapping is completely
analytic, introducing no poles or branch cuts.

If a function F(z) = (z—a)'1 has a pole in the z plane at a, as shown in Fig 24.1 by the x on the right,
then f(w) has a pole at w5 = In(a)/(iAt) as shown by the x on the left, In(a) < 0. To show this, consider ® in
the neighborhood of ®,:

1 1 1 1

1
f(Z((l))) = ; = elAt(m—ma) elAtwa _a = e:|.A1:(oo—ooa) a2 = a(elAt(m—ma)_ 1) =~ aiAt((o—coa) .

The bottom line is that in going from the Digital Fourier Transform to the Z Transform, we are simply
making a change of variable and removing redundant information. There is nothing dramatically new
introduced by doing this. As we shall see below, there is a notational economy in writing z fora delay

of At in place of e 4% |
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So far in these notes we have run into the Fourier Integral Transform and its Sine and Cosine cousins, the
Laplace Transform, the Fourier Series Transform, the Digital Fourier Transform, and the Z Transform.
They are all variations on the same theme, and we have shown how they are all related to each other.
They all have an analogous set of "basic results" and "rules". We now peruse these results and rules for
the Z Transform.

(a) Convolution Theorem

According to the definition X"(z) = X'(w(z))/At, if we transcribe the convolution result A'(w) = B'(®)
C'(w) of (23.4) , we pick up an extra factor of At. Thus we compare convolution theorems :

an = § At bn-m Cnm & A'(o) = B(0)C'(w) (22.8)
an = § At bp-m Cm = A"(z) = AtB"(z) C"(2) (24.5)

Dimensions: Dim(a,c,A",C") =V, Dim(b,B") = sec™L.
In (24.5), it is convenient to absorb the At factor into the by-p, coefficients. To do this, we define
hn, = At by (24.6)

so that (24.5) may be written in this simpler and more traditional form, where H"(z) is the Z Transform of
hy,

an = § ha-m Cm & A = H'@C@Q) . (24.7)

m = -0
Dimensions: Dim(a,c,A",C") =V, Dim(h,H")=1.

Equation (24.7) is the digital convolution theorem stated in terms of the Z Transform.
(b) Unit Impulse

The analog of the unit impulse d(t-a) at t=a must be a sequence of numbers x, which are all zero except
the one say at some integer m. We might write this as

Xn = Om(N) =0 ,m "unit impulse" n = all integers, the sequence index (24.8)
If we stuff this into the Z-Transform projection (24.3) , we get
X"(z) =z ™. " unit impulse response" (24.9)

This looks a lot like our Fourier Integral result (8.2) (setting t; = tp)
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X(t) = 8(t - tm)

X(0)=e *0tm =grioatm _,m (8.2)

The expression z ™ on the right is the same in both cases. The Fourier Integral Transform does to its
1

appropriate "unit impulse" just what the Z Transform does to its appropriate "unit impulse". The unit
impulses are different.

In a filter with input I and output O we have O"(z) = H"(z) 1"(z), where H"(z) is the filter transfer
function. If I is taken to be a unit impulse at time t=0, then from the above 1"(z) = z° = 1. Thus, quantity
H"(z) is the z-domain response of the filter to an impulse at t=0. From (24.4) one can then get the time
domain impulse response h,. We shall do this below for an "RC" filter.

(¢) Time Translation

Above we show a unit impulse 8y(n) at time m and its Z transform z ™. A unit impulse one step later in

time would be 8g41(n), and its Z transform would be z™ % = z™ z™ . This suggests that if a signal is
delayed by one time step, its Z transform acquires a factor z”*. Advancing a signal one step means

multiply by z**. These facts are true for an arbitrary signal; they follow immediately from (24.4):

1 B}
Xn+1 =55 _[ dz X"(z) 2" A // advance one step Xn+1 < z+1X"(z) (24.10)
C
1 - B}
Xn-1=75= [dzX"2) 22 2 J/ delay one step Xn-1 < Z 1X"(2). (24.11)
C

A very similar thing happens in the Fourier Integral Transform world, where time translation generates a
multiplicative phase as shown in (12.1): x(t-t1) < X(®) e ioty

In general, one can delay a digital signal one step in time by running it through a D flip-flop having clock

period At, so this is why such flip-flops are associated with zlina digital filter. There is no analogous
device to associate with z**. It would have to be a causality-violating device.

(d) Derivative Limit

Based on the preceding subsection, we know that the following difference of two sequences has this
transform,

-1
Xn — Xn-1 " 1 -z
At o XOlTy

1. (24.12)
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This is just a simple superposition. If we take the limit At — 0, the LHS becomes dx/dt, and the RHS
becomes X"(z) i, since 2t = exp(-imAt) = 1 - iwAt. Since limar—o [ At X"(z)] = X(w), we are not
surprised to find that the im rule (11.1) applies to both X"(z) and X(w).

(e) Digital RC filter

This filter was treated in terms of the Fourier Transform in Section 4 (b) where we wrote its analog
description in (4.5),

RC dvo(t)/dt + ve(t) = vi(t) . (4.5) (24.13)
Undoing the limit as just described above, we write this in digital form as

Vo(tn) 'Aro(tn—l) Fve(ts) = vilts) . (24.14)

RC

For any finite At, this equation is of course different from (24.13) but for small At we expect it to be a
good approximation for the system described by (24.13).
Letting on = vo(tn) and ip = vi(ty) this reads

On - On-1

RC AL

+0n =in . (24.15)

Z Transform each of the four terms shown and use (24.11) on op,-1 to get

-1

At

RCO"(») [ 1 +0"(2)=1"(2)

or
[o(l-z7Y) +1] 0"(z)=1"(z) . a = (RC/At) = dimensionless

If we want to interpret this circuit as a digital filter, we write, as in (24.7),
0"(z)= H"(z) I'(2) . (24.16)
The filter transfer function is then

z Z z/(1+a)

H'@) =302 +1 “az)+z @)z ~ z-d(+a) - (24.17)
We may now use (24.4) to recover the time domain signal,
_L " n-1 _; L
ho=5g J eH'@ 2 —5es [l —ras (24.18)

C C
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For n > 0, the integrand has a single pole at location z = o/(1+a) where a = (RC/At). As a ranges from 0
to oo, the pole location moves from 0 to 1, so it is always inside the unit circle contour,

lz.

X 1
CW Fig 24.2

The integral may be evaluated as 2mi times the residue at this pole :

n+l _ n+l

_ N BN S I At o
b = i) 28 (i)™ = o () RC (e

The samples hy, are dimensionless, but to compare with our earlier RC work we write as in (24.6) that h,
= At gn to get

1 o
&= RC (o)™ .

In the case n < 0, in addition to the pole just mentioned, there is a pole or order n at z= 0. But when n <0,
we can expand the contour out to a Great Circle at infinity and the z™'™' factor then causes the integral to
vanish. The reason is that in this limit we have, with z = Re*®,

f dz z7 1?17t = 2"
GC

. . 2w ;
Rlele e—19(|n|+1) R—(|n|+1) :R—Inl e—lelnl . 24‘20
o, b @420
But the integral {..} is finite, and as R—o0, R™!®! — 0 for n =-1,-2... so the GC integral is 0.
Thus, in terms of the Heaviside Step function,

gn = g(tn) = (1/RC) (1+a™H)™ T 9(n+e) a = (RC/At) (24.21)

where € > 0 is any quantity less than 1 so we avoid the fact that 6(0) = 1/2. We can compare this to the
analog output of the true RC filter (4.10)

g(t) = (1/RC) & (/B (1) (4.10)
Both the analog and digital filters demonstrate causality with the 8 factors shown. However, the analog

filter decays in an exponential fashion, whereas the digital decays in a geometric manner. We can rewrite
the digital result in this manner

2n =g(tn) — (I/RC) e-(n+1)1n(1+1/tx) 9(n+8) ) (24‘22)

In the limit At << RC we have o << 1 and then In(1+1/a) = 1/a. = At/(RC) and this result becomes
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glta) = (I/RC) & MDA ED ntz) = (I/RC) ™02/ &9 f(ntz) (24.23)

and, since tp4+1 =ty + At = ty, this replicates the analog result (4.10) in the small At limit.

So we learn that, in order to make our digital RC filter produce the same results as an analog RC
filter, we must take At << RC, which is no big surprise since this was assumed at the start going from
(24.13) to the difference equation (24.14).

(f) Poles in H'"(z) imply feedback and infinite impulse response (IIR)

A general form for an implementable dimensionless transfer function H"(z) is a ratio of polynomials in z.
We saw an example in the RC filter (24.17) above. So consider this general form,

H"(z) = [Zn=0" anz" )/ [Za=0" baz"]. (24.24)
In the special case that the denominator has the form Zn=1N bnz" = Z* for some integer k > M, we have
H'(2) = [Zam0" 802"]/ (2) = Zn=o"an 2" = Zag"an (27",
Since k > M, the exponents on (z~*)*™ are all non-negative. In this case we can write

H"(z) =ao(z H)¥ + ai(z”H)* ™t + ... +ay(z D™

kLo +ayz ¥M k>M (24.25)

= aoz'k + aiz
where all the (z™!) exponents are non-negative integers. As we shall show by example below, since a
filter transfer function having this general form has only positive powers of (z'l), it can be implemented
by hardware which has no feedback loops, and which therefore has an output which dies out some finite
number of clocks after the input dies out. If this filter is given an impulse as input, the output dies out
after a certain number of clocks. Thus, the filter has a finite impulse response and is then called a Finite
Impulse Response or FIR filter (example below).
Notice that in our special case H"(z) has a pole of order k at z= 0. When we later claim that transfer
functions having poles must be implemented in hardware with feedback giving an infinite impulse
response, we are referring to poles not located at z = 0.

For our example we shall assume k =M = 2. Then,

H'(z) =apgz 2 +a1z *+ay =A+Bz 1+Cz2 (24.26)
Then if I"(z) and O"(z) are the input and output of our filter,

0"(z)=H"(2) I"(2), (24.16)

we have
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0"(z) = [A+Bz 1+ Cz73|1"(z) =A1"(z) + Bz 1 I"(2) + Cz 2 I'(2) (24.27)
Using the shift rule (24.11) we can translate the above equation into the time domain to get
Oon = AiptBin-1+Cip-2. (24.28)

These last two equations can be represented by these diagrams:

=1 n . .
- Z I (Z) . Z-2 I"(Z) : ln-l 1n-2
1"(z) 7zt 7zt In DQ DQ
e TTH
A B c A B c
+ 0'(z) + >®—> On
z-domain time-domain

Fig 24.3

The time-domain diagram represents a piece of "hardware" wherein the output is developed with two D
flip-flop registers (clock period At) and three constant multipliers and two adders. This hardware circuit
has no "feedback" because no flip-flop output is ever involved in determining a flip-flop input.
Sometimes authors combine these two pictures, drawing the time domain register elements as boxes with
z” " labels inside. This convention appears in the following wiki picture (left),

n-bit register

I .. - ..Z.._l ] it

x[n]

L

L]
L

5]

A dizcrete-time FIR fitter of order . The top part iz an = < At >
h-ztage delay line with & + 1 taps. Each unit delay iz a 7
operator in Z-transform notation.

http://en.wikipedia.org/wiki/Finite impulse_ response Fig 24.4

On the right we show the usual notation for attaching a clock to a register. In these pictures, each line (but
not the clock) represents a "bus" of however many bits n is used to represent a digital sample. The triangle
symbol for a multiplier suggests an "amplifier" which scales a signal. Later we shall use a simple X
placed on a bus to indicate multiplication by a constant. The flip-flops are clocked by a square-wave clock
pulse train having period At. At each positive edge of the clock signal, the value which the register input
has just before that edge is loaded into the register. The register output then holds that value constant until
the next positive clock edge.
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Here is the response of the circuit of Fig 24.3 to a unit impulse aligned with i; :

- 1 .
In 17
A
C
On 071 | 02 |03
B Fig 24.5

and it seems pretty clear that the impulse response is finite.

We now consider a different example with poles. Suppose H"(z) is the inverse of that of the previous
example,

2

H'(z) = Azszz+C - A-i-Bz_ll-i-Cz_2 (24.29)
so now H"(z) has some non-zero poles (poles not at z=0). Then we get I and O swapped, so

I"z)=[A+Bz*+Cz2 ]0"(2) . (24.30)
Solve this for O"(z) in the following manner (solve for A O"(z) then divide by A),

0"(z) = (1/A) I"(z) + (- B/A) 27 O"(2) + (- C/A) 272 O"(2) . (24.31)
Translating this to the time domain using rule (24.11) gives,

on=(1/A)in + (-B/A)on-1 + (-C/A) 0n-2 . (24.32)

The corresponding drawings are these :

(VA + CCIAYOn2  (1/A) i, + (- C/A) Onez + (- BIA) 0pn

0

-C/AYz20"z)  (-B/A)Z*0"(2) " »
I!l Z W
(2) 0'"(z)

A A
QD Q D«
A A
” " time-domain 0R~2 J On-1 4
z-domain A 7z &
Fig 24.6

Here one can see the feedback: register inputs are dependent on register outputs. This is an Infinite
Impulse Response (IIR) filter, since the impulse response hy, carries on forever due to the feedback. See
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hp in (24.19) as another example: geometric decay which never goes away completely. In that example
the transfer function H(z") has a pole as shown in (24.17). [ The response might go away in a real digital
circuit with a finite number of quantization bits. ]

(g) The Digital RC filter revisited

We can now draw up the RC filter discussed above. We had in (24.16) and (24.17),

O"(Z) — [H"(Z) ]IH(Z) :M IH(Z) — JH—#L (24'33)

- a1+ -7 (e '@
or
) 1
0"(0)~ 452 0'() = g I'@)
or
0"(z) = lia z10"(2) +ﬁ I"(z) (24.34)
1 1 =
L RC Filter, o= (RC/At)
o A > 0'(2)
o
1 1
Fig 24.7

As just noted above, the presence of a non-zero pole in H"(z) gives feedback.

Defining = 1/a = (At/RC), then in the regime in which the filter is accurate a >> 1 so << 1, and then

1 Ve B ~

v~ 1+1/a ~ 14p ~PUA-P) =P
(24.35)

o 1 1

= = ~ ~ o B
Tra ~ Tre - g PEeT
which yields another form which sometimes appears in textbooks (Lam pages 509 and 503)
B RC Filter, p = (AURC)
I"(z) + . » 0"(z)

Fig 24.8

If we use these constants in (24.17) we get the rational polynomial transfer function

86



Chapter 3: Sampled Signals and Digital Transforms

z
H'(z) = Z—%E
and then from (24.18) with h, = At g(ty),

1 1
g(t) =g o = g X 0(nte) (24.36)

This is an accurate result even when a is not large (B not small), so although this is not the design that
emerged from our small-At analysis in section (e) above, it is certainly a better design for a digital RC
filter. The two designs produce the same output for At << RC.
(h) Other circuits
Typical examples of IR filters having feedback are serial scramblers and CRC generators. One thinks of
the input sequence 1"(z) as a huge polynomial in z, where the presence or absence of each power
represents a 1 or a 0. That is, think of the incoming stream as a superposition of unit impulses with
weights equal to the binary digits of the data stream. The transfer function H"(z) = 1/polynomial, so we
write O"(z) = H"(z) 1"(z) = 1"(z)/polynomial. The output stream is then the quotient of polynomial
division. One way to interpret the above discussion is as follows:

no poles — polynomial multiplication — no feedback — FIR

poles with no zeros — polynomial division — feedback — IIR

poles and zeros— simultaneous polynomial multiplication and division — feedback — IIR

This subject will be pursued more in a separate document.

(Z Transform summary box on next page)
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(i) Z Transform Summary

Z Transform (24.37)
1. Let x(t) be any reasonable function.
2. Divide up the time axis into steps t, =n At; let Ty = At and o1 = 27/T5.
3. We can think of samples x, = x(t,) for the above x(t). Alternatively, we can think of the
Xp as some given sequence, and one could then construct an infinite number of functions

x(t) for which xp = x(tp).

4. In terms of x(t), the Z Transform and its inverse are given by

X"(z) = § X(t) 27 (24.3)
x(tn)=ﬁ ] 42 X'(2) 2~ (24.4)

More generally, dispensing now with x(t) and using just Xy,

X"(z) = D Xpz' " (24.3)
n=-00
1
xn =57 J 42 X'(2) 2t (24.4)

The contour C goes once counterclockwise around the unit circle in the z-plane.

5. The Z Transform diagonalizes any convolution sum :

an = 3 At baomCa &  A"(z)= AtB"(z) C'"(2) (24.5)
m = -00

an = 2, hp-mCm & A"(z) = H"(z) C"(2) (24.7)
m= -

where h, = At b, and H"(z) = AtB"(z)

6. The Z transform is related to the Digital Fourier Transform of box (23.5) by

1 .
X"(2) = 3 X'(w) where z= ¢*®At (24.2)

88




Chapter 3: Sampled Signals and Digital Transforms

25. Amplitude Modulated Pulse Trains

In Section 14 we studied the spectrum of a simple pulse train made by superposing equal pulses Xpu1se(t)
with spacing T1. We found that the Fourier Integral spectrum X(w) of such a pulse train was given by an

infinite sequence of delta function spikes with amplitudes determined by an envelope function c(®) which
is just a multiple of the spectrum of the pulse (summary box 14.12).

o0
X(t) = 2 Xpulse(t- tn) th =0Ty pulse train (14.1)
n=-ow
o0 o0
X(@)= Y c(0) 21 d(0-mo1) = 2 cn 21 30 - mo1) spectrum (14.9)
m = -00 m = -00
where ¢(0) = (1/T1)Xpu1se(®) = (1/T1) |~ dt xpu1se(t) €20 (14.8) and (1.1)

The numbers cp, = ¢(mw; ) turned out to be exactly the complex Fourier Series coefficients.

Later in Section 20 we studied an amplitude-modulated pulse train in which Xpuise(t) = T106(t), and we
took note of the continuous spectrum of such a pulse train,

X)) =y®) d®) = 2 yn T1d(t-nTy) Yn =y(nTy) (20.3)
X(0) = Y'(0) = § Y(o-mo;) = Y@+ D Y(o-moi) ) (20.7)
m = - m#0

where Y'(w) was the Digital Fourier Transform of y(t) shown in items 3 and 4 of box (25.3).

In this section we shall combine both these ideas to obtain an amplitude modulated pulse train with an
arbitrary pulse shape Xpu1se(t). We continue to denote the amplitude modulated pulse train by x(t),

X(t) = Z Yn Xpulse(t -tn). (25.1)

n = -oo

What is the spectrum of this new pulse train? To find out, we insert (25.1) into (1.1),

X(@) = [ _°° dt x(t) e729t = f_°° dt[ § Ya Xpulse(t - tn)] € 208

n = -0

0 o0 s © o0 s 11 :
= z Yn _[ " dt Xpulse(t -tn)] e ot = Z Yal f o dt' Xpulse(tv) S ot ]e+1mtn It =t-ty

n=-0 n=-00

0 0
int int
= Z Yn Xpulse(ﬁ)) ett9tn = Xpulse(w) Z Yn g"otn
n=-© n=-0
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where we used (1.1) to recognize Xpu1se(®). Recall now the Digital Fourier Transform as summarized in
the box (23.5). From item 4 in that box, we can interpret the n sum above in this way (At=Tj)

i yne'totn = Tll Y(o) =Y"(2) (25.2)

n = -0

which says, apart from a constant factor, this sum is the Digital Fourier Transform of y(t). [In this and the
following equations, we will try to show results in terms of both the Digital Fourier Transform Y'(®) and
the Z Transform Y"(z) = Y'(0)/T1. ]

From item 6 in that same box, we know that Y'(w) =[ Y(®) + . Y(®w- mw;) ]. We conclude the above

m#0
calculation of the spectrum X() to find that, using the definition (14.8) of c(®),

1
X(@) = Xpuise(0) T7 Y'(®@) =c(0) Y(®) = Xpuise(®) Y'(2) - (25.3)

Comparing this to (20.7) quoted just above, we see that the spectral effect of replacing the T15(t) pulse by
Xpulse(t) is the addition of the pulse spectrum c(®) = Xpu1se(®)/T1 as an overall factor. We then recover
the delta function result as a special case where c(w) = T1/T1 = 1 as at the start of Section 20.

Thus we arrive at this very significant result which deserves its own box:

Amplitude Modulated Pulse Train (25.4)
x(t) = i Yn Xpulse(t -tn) (25.1)
n=-o0
X(0) = c(0) Y'(0) = c(0) [ Y(0) + éo Y(o-mo1)] =  Xpuise(®) Y"(2) (25.3)
m
c(w) = (1/T1)Xpuise(®w) = (1/T1) IZ dt Xpu1se(t) e iot (14.8) and (1.1)
Y'(0)=T1Y"(z)= T i ya e 9nT1 projection = transform (23.5)
n=-o0

The boxed result above is one of the holy grails of the spectral analysis of digital signals. Notice that by
selecting y, to vanish outside some range, the box applies to both infinite and finite pulse trains.
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Example 1: A finite pulse train

Consider this finite sequence of y, samples

Yo ¥z

: oo o —
—> T; «— t—p

Fig 25.1

We can regard the red outline curve as an amplitude modulated pulse train whose pulse shape is a box of
height A = 1 and width T =T;. The Fourier Integral Transform spectrum of this box from (9.2) is

Xpulse(®) = T1 sinc(wT1/2). (9.2)
From box (25.4) the Fourier Integral Transform spectrum X() of the pulse train is given by

X((’J) = (1/T1)Xpulse((0) { Y'((D) } = Xpulse((‘)) [Y'(m)/Tl]

=sinc(0wT1/2) { Y'(w) } =sinc(wT1/2) { Ty § yne oI (25.5)

where Y'(o) is the Digital Fourier Transform of the sequence y, as shown in (23.5).

Here is a Maple plot of | Y'(®) | with T1 = 1.

v = array(-1..4,[3,4,3,4,3,2]):
Yp = w > Tl*sum(y[n]*exp(-I*n*w*T1l) n=-1..4):
plot (abs(Yp(w)), w = -20..20, numpoints = 600}
\ i A /J\\/\/\/
-20 -10 i 10 20 .
w Fig 25.2

where we see the expected image spectra at Nw; = N2z There is a strong DC component at © = 0 and the
peak there is the sum 19 of the y, values (all of which are positive) so X(0) = Y'(0)=19.
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Next we show in red a plot of | X(w) | from (25.5) for the finite pulse train,

sinc = x -> sin(x)/(x):
X 1= w -> sinc(w*T1/2)*Yp(w):
plot ([abs (X{w)),abs(19*sinc(w*T1/2))], w = -20..20, color = [red,blue],numpoints =300) ;

20 20 .
w Fig25.3

where the blue curve provides an outline of X(0) |sinc(wT1/2)| . The red curve is the spectrum of the
physical red analog signal shown in Fig 25.1 and there are no image spectra. The sinc function in this
example crushes out the image spectra with its zeros.

Now we shall attempt some reconstructions.

First, we reconstruct the y, from Y'(®) using the inversion formula in box (23.5),

®1/2
1 i ) . .
Yk = 3= J' do Y'(o) etiokTy expansion = inversion (23.5)

-01/2

for k from -4 to 8 do
yrecon[k] := (1/(2*%Pi))*int (Yp(w)*exp(I*w*k*T1), w = -wl/2. .wl/2);

od:

print (seq(vrecon[k] ,k=-4..8))

0,0,0,3,4,3.4,3,2,0000
which are in fact the y, we started with.

Second, we reconstruct the pulse train x(t) from X(w) using the inversion formula (1.2),

x(t) = (1/2n) f ” do X(w) e**et expansion = inverse transform (1.2)
-00
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X = w -> sinc(w*T1/2)*Yp(w):

s = (1/(2*%Pi))*X(w) *exp (I*w*t):

f :=t -» int(Re(s),w=—infinity..infinity):

f(t);
U e T e T T ) e e R )
= ——+t|+= —+t|+= e 2 ——+t|-= —+t|-= ——+t|- ——+
2sgmm1 > 2sgmm12 2sgmm12 2sgmm1 > 2sgmm1 > 2sgmm1 > g 3

plot (£f(t) ,t=-4..8, thickness=3,xtickmarks =[seq(n,n=-4..8)],numpoints=100) ;

L

t~ Fig25.4
which replicates our starting figure. The reason for Re(s) is that that s has a tiny imaginary part ~ 107°
due to calculational error, and the plot routine requires a real function. Maple does the integral
analytically as shown (see (C.14) for signum ).

Example 2: The unit impulse and the sinc sum rule

Even the simplest case is interesting. The yn sequence is taken as a unit impulse scaled by yg

Yo
y(t)
e o o c_:Tl 3(_3 . tc_)c 25
Xpulse(®) = Ty sinc(wT1/2). // for box of unit height (9.2)
From box (25.4) the Fourier Integral Transform spectrum X(w) of this "pulse train" is given by
X(®) = (UT1)Xpuise(®) {Y'(0)
=sinc(wT1/2) { Ty %0: yne terTL
= sinc(0T1/2) { T1§: ‘}“’: sinc[m(w/®1)] { T1iyo } /I=Y(o) (25.6)

so in this example Y'(w) = T1yo. If we regard the red plot as y(t), then X(®) = Y(w), the Fourier Integral
Transform of y(t). They are the same since this pulse train has only one pulse.
A plot of |X(®)| = [Y(®)| has a familiar look (T1=1, ®1=2m, yo=1) :
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Y := w -> sinc(w*T1/2)*T1*y0:
plot(abs(¥(w)) ,w=—-40..40) ;

-40 -30 -20 -10 10 2\5 30 40 Fig 256

We have just noted that Y'(w) = yoT1 = 1. How exactly does the image spectrum equation in box (23.5)
item 6 , namely

Y'(@)=[ Y(®) +ZntoY(0- mo7) |, (25.7)

work out? First, we plot the right side of (25.7) limiting the sum range to m = -100 to 100 :

Yp approx = W —> sum(¥ (w-m*wl) , m=-100..100):
plot (Re(Yp_approx(w) ), w=-1000..1000) ,

N— A

0.5

0.67

0.4

0.2

-1000 -aﬁu”ﬂ'uu -a00 200 7200 4o 50'[#" B85 10 .
" Fig 25.7

It appears that the shifted sinc functions are adding up to produce the constant Y'(w) = 1. In terms of the
math, this must mean that

Y'(w) = OZO: Y(o-moi) =yo T1 § sinc[n(®w/®w; - m)] =yoT1 (25.8)

m = -00 m = -00

which implies the following unusual sum rule, valid for any real x :
o0

> sinc[n(x-m)]= 1. (25.9)

m=-c0
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This result is sometimes quoted with x = 0 but it is in fact valid for any x. We have in effect proven the
sum rule with the above analysis, but as usual we would like to find verification. First process the sum as
follows,

. L sin[m(x-m ) ® (-DH"
> sinc[n(x-m)] = D, _%EH = (1/m) sin[nx] Y, _—
m = -00 m = -00 m = -00
The sum on the right can be further processed,
z D" 1 N Vi z D"
2 x-m X L2 x-m X t2x 2 x2-m?
m = -0 m=-com=1 m=1
According to Gradshteyn and Ryzhik 142.3 (page 44),
) 1 2z e= (—1)* . _ -
3. COSEC L = p— + — Z_:l R {see also 1.217 2) AD (6495.4)a
we may replace
1 eY,
L T2x > ZomZ = mese(nx)
m=1
and then we find that
o0
> sinc[n(x-m)] = (1/x) sin[nx] 7 csc(nx) =1
m = -00

which then verifies the sum rule (25.9).
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26. A simple application: Aperture Correction

The output of a digital system usually involves a D/A converter followed by an analog post-filter. Let us
assume that this system is attempting to reproduce some reasonable analog waveform y(t). Assume that
each converted value is held as charge on a capacitor for some portion t of the conversion period T3, and
then the capacitor charge is instantly dumped to ground for the remainder of the period. Period 7 is called
the aperture. In this way, we produce a signal x(t) that is a sequence of square pulses modulated by the
values y(tn) :

Figure 26.1. The smooth curve is y(t), the pulse train is x(t). Spacing is At = T;. Width Fig 26.1
of each pulse is 1 (the aperture), so duty cycle is ©/T1.

What is the spectrum of x(t)? It is an amplitude modulated pulse train, so according to (25.3) the spectrum
of x(t) is

X(w) = (1/T1) Xpuise(w) Y'(®) . (26.1)
The pulse Xpu1se(t) is a square pulse of unit height, width 1, and with its left edge aligned with t=0. We
know the spectrum of this pulse from (9.2), but by (12.1) we must add a time-shift phase exp(-imt/2)
because we are translating our earlier pulse /2 units to the right to make the left edge line up at t=0. Thus,
from (9.2) and (12.1),

Xpu1se(®) =T sinc(wt/2) ¢7*°7/2 (26.2)
so the spectrum of x(t) is

X(w) = (t/T1) sinc(0t/2) exp(-iot/2) Y'(o0) . (26.3)

The magnitude of X(w) is the product of two functions which we now illustrate, where the grey humps
represent Y () and its images which combine to make Y'(w), whatever it might be,

R
dh

0
Figure 26.2. The humps are |Y'(®)| and the red curve is (t/T1) |sinc(wt/2). Fig 26.2
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Presumably our low pass analog post-filter is going to select out the portion of the spectrum indicated by
the dotted lines in Figure 26.2. In this region we have,

X(w) = (1/T1) sinc(@1/2) exp(-iw1/2) Y(w), (26.4)

where Y () is the main spectrum of Y'(®). The factor (t/T1)sinc(wt/2) represents an undesired magnitude
distortion of the spectrum X(w) due to the aperture t. The phase ¢(w) = -i®t/2 is a harmless linear phase
which just means the whole signal is delayed by time t/2, as shown in Section 21 (b).

The distortion is at its worst when the aperture t fills the entire period Ti, in which case the signal in
Figure 26.1 looks like a traditional stepwise fit to y(t). The distortion is worst because the zeros of
sinc(wt/2) are at oy = m (27/1), so they are moved in as close as possible when 7 is as large as possible, t
=T;.

The distortion can be reduced by making t as small as practicable. In this case, the zeros move out, and
the central hump of sinc(w1/2) is broad, so its drop-off during Y(®) is minimized. Of course the amplitude
(t/T1) of X(w) also drops off as t is made small, so there is a tradeoft.

In any event, there is still some distortion represented by sinc(wt/2) varying in the dotted region in Figure
26.2. Usually one attempts to correct for this aperture distortion by building into the analog post-filter an
exactly compensating boost at frequencies near the cutoff region of the filter.

Thus, if the post-filter would normally be some F(w) cutting off in the region of the second dotted line in

Figure 26.2, a correcting filter would have the spectrum F(w)/sinc(wt/2). This filter needs to know the
aperture time T in addition to the cutoff frequency. Such a filter is said to have "sine x over x correction".
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27. The Discrete Fourier Transform

Up to this point, Xpu1se(t) has always been considered a continuous function of time t. A simple pulse
train was formed as X(t) = X Xpuise(t-tn) and an amplitude modulated pulse train as X, yn Xpuise(t-tn)
where t, = nT1. Now for the first time we wish to consider a digital approximation to Xpu1se(t). That is
the main subject of this section, and we shall develop it in analogy to Section 22 for the Digital Fourier
Transform.

In a slight reversal of our normal order of doing things, in section (a) we shall develop the Discrete
Fourier Transform (DFT) for a pulse train, then in section (b) we develop the Discrete Fourier Transform
for an isolated pulse, this latter being the traditional form of the DFT.

(a) The Discrete Fourier Transform for a Simple Pulse Train x(t)

Recall from Section 15 the discussion of the Fourier Series Transform with complex coefficients cy. This
was summarized in box (15.12) from which we quote,

Fourier Series Transform: (complex form)

cm =(1UTy) [ Z dt Xpu1se(t) €1 = (1/Ty) [ OTl dt x(t) e imo1t (14.16) 27.1)

x(t) = § Xpulse(t-nT1) = § C et HOLE (14.1) + (15.9) (27.2)

n=-o m= -0

Here, x(t) is an infinite pulse train created by superposing pulses Xpu1ise(t) at spacing T1. Thus, x(t) is a
periodic function with period Tj.

We wish now to redefine our concept of interval At. In our previous discussion, we set At = T;. Here we
wish instead to break up each interval T1 into N pieces of size At, so now we have:

At=T1/N W1 = (27‘[/T1) = 27!/(NA'[)
T1=NAt (2n/N) = o1 At
tn = nAt ®1tn =n 01At =n (2n/N) . (27.3)

Here t, = nAt represents a sequence of sample times for x(t). We still have our same periodic pulse train
as in (14.1) which we then evaluate at discrete times t = t, to get (27.5).

x(t) = § Xpulse(t-mTy) . (14.1) (27.4)

m = -0

X(tn) = z Xpulse(tn-mT1) . (27.5)

m = -0
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There are N points t, per period T;. If we rewrite (27.2) evaluated at these points, taking w; from (27.3)
and setting t = t, = nAt, we get

[00)
X(tn) = Y cpetmE/M (27.6)
m = -0

So far we haven't really done anything except examine x(t) at some sample points.

Following an approach similar to that of Section 22, consider now the following non-equation,

[o0]
em # (1/T1) Y AtXpuise(tn) e ™12 27.7)

n=-00
Only in the limit At — 0 does (27.7) become an equality, since it then reproduces (27.1). So let's define

something new called c'y, that is equal to the right side of (27.7) for a specific finite At = T1/N :

o0
cm =(1/T1) Y AtXpuise(tn) e ™15 (27.8)

n=-o0

Using (27.3) this becomes

0
Cm = (IN) Y Xpuise(ts) €75 27/, projection = transform (27.9)

n= -0

Recall that Xpu1se(t) is usually taken to be a pulse which vanishes outside a range of width Tz, and in this
case the sum in (27.9) has only N non-vanishing terms.

In the Fourier Series world, one can have any number of unique cy, coefficients. For the c'y in (27.9) this
is no longer true. There are in fact only N unique values of c'y because they keep repeating. This is
because (27.9) implies that

C'mtkN = C'm for any integer k (27.10)
due to the fact that ¢™* (FN)/»(28/N) _ g-ikn(2m) _ 1

So ¢'y is a periodic digital sequence of period N.

We claim now (to be proven in section (b) below) that the correct expansion of pulse train x(t) to
accompany projection (27.9) is the following:

N-1
X(ta) = 3 cpetim (/M expansion = inverse transform (27.11)
m=0
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Due to the periodicity of ¢'p shown in (27.10), the expansion (27.11) can also be written as

N/2-1

Y cpettt (2n/M) N even
m=-N/2
X(ta) = iy (27.12)
C'm e+imn(2n/N) N Odd
m = -(N-1)/2

Proof of (27.12): For N even write the claimed result separating off the negative part of the series,

N/2-1 -1 N/2-1
Z Cvm e+imn(2n/N) _ z C'm e+imn(2n/N) + Z C'm e+irnn(21':/N)
m = -N/2 m =-N/2 m=0

In the first term replace m by m' = m+N to get

-1 N-1 -1
Z ¢ e+imn(2n/N) _ Z ¢ e+i(m'—N)n(2n/N) _ Z . e+i(mv)n(2n/N)
m=-N/2 m'=N/2 m'=N/2

where we have used (27.10) to say c¢'m -y = ¢ and e** 2 2%/M — | Changing m'—m we then write
the our two-term sum as

N/2-1 . N-1 , N/2-1 _ N-1 .
Z C'm e+J.mn(2r:/N) — z C'm e+J.mn(2rl/N) + z c'n e+:|.mn(2rl/N) _ Z ' e+1mn(2n/N) .
m =-N/2 m=N/2 m=0 m=0

But this the sum in (27.11), so we have proven (27.12) for N even. The proof for odd N is similar and it is
left to the reader.

We can now verify that our new transform approaches the Fourier Series Transform (27.1) and (27.2) in
the limit N—oo. The first line below is the large N (small At) limit of (27.9), while the second line is the
limit of (27.12) for even or odd N where N>>1 ( use is made of the relations in (27.3) and limy—w tn =

limy_,o (nAt) =1t) :

o0
limy—e C'm = limyoe {(1/T1) Y At Xpuise(ta) € ™1} = (UTy) [ Xpurse(t) e ™18 =cp
-0

n = -0
N/2 0
limy o X(ta) = limygo { Y. cme™™itn) = 3 cpet™™it =)
m = -N/2 m= -0

This new transform pair (27.9) and (27.11) we shall call the Discrete Fourier Transform of a Pulse
Train, as opposed to the Fourier Series Transform pair given in (27.1) and (27.2). We reserve the term
Discrete Fourier Transform to refer to the transform of an isolated pulse. As we shall see in section (c)
below, for this normal DFT, the sum in (27.9) becomes finite.
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In the Discrete Fourier Transform, time is "discrete", only t, appear, and therefore we only see functions
evaluated at these discrete time points,

Xn =X(tn)

Xpulse,n = Xpulse(tn)

In contrast, the Fourier Series Transform has a continuous time variable t and functions Xpu1se(t) and
pulse train x(t) appear.

Both transforms have discrete spectra as indicated by ¢ and c'p, and this is because in both cases the pulse
train is a periodic function.

Just as a reminder, with the Digital Fourier Transform we dealt with sample sequences like yn = y(tn) =
y(nT1) where T; was the spacing between pulses composing a pulse train. In such a sequence, there is
only one sample per T; period. In contrast, with our current Discrete Fourier Transform discussion, y, =
y(tn) = y(nT1/N) and there are N samples per T; time period. In both cases one could argue that the
sequence is a set of digital or discrete values, so the transform names are somewhat arbitrary.

(b) Proof of the Discrete Fourier Transform for a Simple Pulse Train x(t)

To show this transform really works, we insert (27.9) for ¢'y into (27.11),

7z

N-1 0
X(tn) _ C'm e+:|.mn(2n/N) _ Z [(1/N) Z Xpulse(tk) e—lmk(2n/N)] e+:|.mn(21':/N)
0 m=0 k= -0

m

z

0
= (I/N) z Xpulse(tk) e+1m(2n/N) (n-k) . (27.13)
0

k=- m

We now quote an obscure identity proven in Appendix B which says

N-1 0
> gHims (2n/N) _ Y e, mn N>0 s = integer . (B.1)
m=0 m = -

This is a discrete version (s = integer) of (13.2) (s = real) which we quote for comparison

o0
e = Y 27d(s - 2mm) -0 <§ <00 ) (13.2)

-00 m = -0

M8

m
Setting s =n-k, (B.1) says [ since dn-x ,mn = Ok, n-mn |

z

0
gHm2e/M (k) - _ Ny Sk, n-mN - (27.14)

0 m = -0

m
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Then we find that

X(ta) = (1/N) Z Xpulse(tk) N Z Ok, n-mn = Z Z Xpulse(tk) Ok, n-mN
k=-0 m = -0 m=-0k=-0

0

©
= Z Xpulse(tn-mN): Z Xpulse(tn -mTy) . (27.15)

m= -0 m = -00

Since this reproduces the pulse train (27.5), we conclude that indeed (27.11) is the expansion that
accompanies the projection (27.9).

At this point, we make a box to summarize the Discrete Fourier Transform of a simple pulse train:

Discrete Fourier Transform of a Simple Pulse Train (27.16)

1. Let Xpu1se(t) be any reasonable pulse. Construct a simple pulse train x(t) with spacing T1:

x(t) = %O: Xpulse(t - nT1) = x(t + mTy) = x(t) (27.5)

n = -0

By its construction, x(t) is periodic with period T;. If x(t) is a known periodic function of
period T1, a candidate for Xpu1se(t) is x(t) over any one period (and zero elsewhere).

2. Break up each T; interval into N steps of width At =T;/N. Let t, = nAt = (n/N)Ty .

3. Define the Discrete Fourier Transform coefficients c'p by this projection = transform:

o0
¢n = (I/N) Y Xpuise(ta) €73 22/M) m = integer (27.9)

n= -0
Only N of these are unique because c'y is periodic in index m with period N:
C'[m¢nN] =Cm n = any integer (27.10)
4. The pulse train at sample points t, is then given by this expansion = inversion:

N-
X(ty) = 3 clpetimn /N (27.11) but see also (27.12)
o

—_

From this last result we may confirm that x(t, + mT1) = X(t,) so x is indeed periodic.
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(c) The Discrete Fourier Transform for an Arbitrary Pulse

The results of box (27.16) apply to any sampled pulse Xpu1se(t) . We could consider, for example, the set
of Xpu1se(tn) functions which are non-zero only for t, = nAt lying inside some limited temporal range
indicated by A <n < B. For such functions (27.8) will have the form,

B
Cm = (I/N) Y Xpuiselta) e ™ 2/M (27.17)
n=A

The inversion formula continues to be (27.11)
N-1 .
X(ta) = Y clpetim@n/m (27.11)
m=0

If the range (A-B)At > Ty, the above stated transform is valid, but the pulse Xpu1se(tn) cannot in this case
have an arbitrary shape. This is because (27.11) forces x(t, + T1) = x(tn), meaning x(t) is periodic. For
example, if (A-B)At = 1.3 T, then the portion of Xpuise(tn) in (T1, 1.3T1) must be a replication of the
portion of Xpu1se(tn) in (0, 0.3T7). If we want a DFT pulse transform that allows for arbitrary pulse shape,
we must restrict A and B so that (A-B)At < T1. We can of course consider pulses which are restricted to
(A-B)At < T; to be special cases of pulses defined on (A-B)At = T1, where we just add zero padding to
arrive at the interval T;.
Therefore we restrict A,B so that (A-B)At=T; or (A-B)=T1/At=N.

In this way, we arrive at this special case of the transform of the box (27.16) which applies to an
arbitrary pulse of width T; (that is, a pulse having only N discrete values)

N-1
Cn = (IIN) Y Xpulse(tn) €™ @™ m=01.N-1 (27.13)
n=0
/I @n/N) = @At
N-1 _
Xpulse(tn) = Y Cipetimn(2n/M n=0,1,..N-1 (27.11) (27.19)
m=20

This is the official Discrete Fourier Transform (DFT). Due to the periodicity property (27.10), the sum
in (27.17) could be taken over any set of N adjacent steps, and without loss of generality we take these N
steps to be 0,1,...N-1. If one were to regard the pulse as being translated to some other set of N steps like n
= -3,-2,-1,0,1,... N-4, the coefficients c'y, would be exactly the same apart from a simple m-dependent
phase. For example, let X'pu1se be the translated pulse. Then,
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N-4 N-4
dn= (I/N) Z X'pulse(tn) e—:.mn(2n/N) = (1/N) Z Xpulse(tn—3) e—:Lmn(Zn/N)
n=-3 n=-3
N-1 _
=(I/N) Y Xpuise(tn:) e™*0('73) (20/0) //n'=n+3
n'=0
. N-l . .
_ e+:.3m(21'l/N) { (I/N) Z Xpulse(tn') e—:.mn(2n/N)} _ e+:.3m(21'l/N) C'm
n'=0
= eri3men)at o (27.20)

This result is a reflection in the current context of the time-shift rule (12.1) which we restate here as
X(t+3At) et 308t X () (12.1)
Note that c'y, refers to the spectral frequency mms.

We now summarize the DFT in a box:

Discrete Fourier Transform for an Arbitrary Pulse (27.21)
1. Let Xpu1se(t) be an arbitrary reasonable pulse defined for t in (0,Ty1).

2. Break up T; into N steps of width At = T1/N. These relationships hold

At=T1/N o1 = (2n/T1) = 2m/(NAt)
T1=NAt (2w/N) = w1 At
tn = nAt ®1tn =n w1At =n (2n/N) (27.3)

Thus, the sequence values of interest are Xpu1se(tn) forn=0,1,2..N-1.

3. Define the Discrete Fourier coefficients c'p by this projection = transform:

N-1
¢m = (IN) Y Xpulse(tn) e 27/ m=0,1..N-1 (27.18)
n=0

4. The accompanying expansion = inverse transform is given by

Xpulse(ta) = D Cipeti™ /M n=0,1,.N-1 (27.19)
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In the above box one could of course replace Xpu1se(tn) by some generic function x(t,) defined on (0,Ty),
and one could go further and write x(t,) as X, to get this more common statement of the DFT:

N-1

cm = (AN) Y xpe imn2n/M =01, N-1 projection = transform
n=0
N-1 _
xn =(1/A) Y cpetime/M -1 N-1 expansion = inverse transform (27.22)
m=0

Here we have added an arbitrary constant A to the first equation and 1/A to the second which maintains
the validity of the DFT transform pair. If one takes A=N, the 1/N factor moves to the second equation.

Another choice is A = \/ﬁ to make the two equations symmetrical. The transform pair is also valid if the
phase signs are switched, just as with the Fourier Integral Transform. This would be associated with a
version of (B.1) having the opposite phase sign obtained by just complex conjugating (B.1).

(d) Comments on the Discrete Fourier Transform

One might wonder about the purpose of the Discrete Fourier Transform of a Pulse Train, and its relation
to earlier transforms. This can be illuminated by a simple set of pictures.

First, go back to the Section 2 analysis of a making a pulse train x(t) by superposing shifted copies of
pulse Xpuise(t). Imagine, as in the discussion at the end of Section 14, that Xpu1se(t) is @ Gaussian which

of necessity extends beyond the domain of one period T;. Here is a picture of this pulse:

I ZN

Figure 27.1. The pulse Xpu1se(t). Bars are distance Ty apart. Fig 27.1

If we now superpose these pulses, we get the following pulse train x(t), as was shown in Fig 14.2,

RN/ 2aNVy/2aNve

Figure 27.2. The function x(t) is the heavy curve. It is the sum of the gaussians. Fig 27.2

This picture gives us a chance to repeat a point made earlier, namely that Xpu1se(t) is not unique. One
could use instead a portion of the heavy curve between any adjacent pair of bars.
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The heavy curve is our pulse train, and we have chosen the most complicated case, that where the pulses
overlap. Typically they do not overlap.

Now, the heavy curve is a periodic continuous function of time x(t), and it has in principle an infinite set
of Fourier Series coefficients c,. These coefficients are really determined from the underlying pulse

Xpulse(t). In general, it takes an infinite number of time points to represent the smooth function Xpu1se(t),
so there are an infinite number of coefficients ¢y in the "transformed space" where these coefficients live.

We know that the transform of the Gaussian Xpu1se(t) is a Gaussian Xpu1se(®), and we know that the
Fourier coefficients are given by

cm = (1/T1) Xpuise(mwi)  where o1 = 27/Ty .

One can visualize (see Fig 14.1) the infinite set of the cy as tracing the envelope of this gaussian
Xpuise(®). Of course it may happen that many of the ¢y vanish if Xpu1se(t) has simple harmonic content.
The point is that there could be an infinite number of ¢y,

This infinitude matches the infinitude of real points along the pulse Xpuise(t). If we consider the regular
Fourier integral spectrum Xpu1se(®) in its own right, we again have an infinitude of complex numbers
needed to describe the pulse in the transformed space, subject to X(-o) = [ X(®)]* of (7.3) which knocks
down this complex double infinity to a single infinity, balancing the time side of the transform.

Having said all this, we are now ready to move from analog to digital. Consider the same pulse Xpu1se(t)
evaluated only at the discrete points ty, so the pulse is now represented by this sequence of numbers:

Xpulse(tn) th =1n At

and we assume that there are N sample points in each period Tj. In our figures below, N = 8, and we
approximate the tail of the Gaussian with a few extra points.

Here then is a picture of the set of numbers Xpu1se(tn) Which describe our pulse:

Figure 27.3. Pulse is now a set of 18 numbers xn(pulse) . N =28 Fig 27.3

Now as before, build a digital pulse train by superposing pulses:
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Figure 27.4. Digital pulse train represented by the fat hatched bars. Fig27.4

In this figure, the thin dark bars are the numbers which describe the pulse. The fat hatched bars represent
the sum of the thin bars -- remember that we have overlap here.

Note that the resulting sequence -- the fat bars -- form a periodic sequence, just as we had a periodic
function given by the heavy curve in Figure 27.2. Note also that again we could have used an "equivalent
pulse sequence" here consisting of just the set of 8 fat bars in one interval.

Thus, although our original pulse contained 18 numbers, the minimal pulse contains only 8 numbers. If
we now compute the Discrete Fourier Transform coefficients cy' according to the formula in box (26.15),

o0
¢m = (IN) Y Xpuise(ts) e2™ 20/

n= -0

we find that only 8 of the c'y are unique because of the translation rule shown in the same box. Select
those with m = 0,1,2,3,4,5,6,7. We should be happy to find that it takes only 8 numbers in the transform
space (where the cy' live) to represent the 8 numbers in the time domain which represented our pulse in its
minimal representation -- the 8 fat bars in period Ti. For this minimal pulse, there are only 8 non-
vanishing terms in the above sum. Thus, the cy' are related to the eight fat bar heights by a set of numbers
which form an 8x8 symmetric matrix, namely

an — (I/N) e—imn(Zn/N)
in terms of which we have

Cm = Zm Mmn Xpulse(tn)

or
¢' =M Xpuise (27.18)
Xpuise =M1 ¢' =N M* ¢ (27.19)

Of the 64 matrix elements of M, only 8 are unique, and these 8 elements lie equally spaced on a circle of
radius (1/N) in the complex plane.

As a possible application of the Discrete Fourier Transform (DFT), consider some sort of digital circuit

that puts out a set of numbers that repeat after every N numbers. Perhaps this is what a scrambler does
with a constant input. In this case, one can think of the set of N numbers as tracing the envelope of a pulse

107



Chapter 3: Sampled Signals and Digital Transforms

Xpulse(t). The appropriate "frequency domain" transform of this repeating sequence of numbers is the
DFT. In the frequency domain we get a finite set of N numbers cy' as the transform.

Just as with regular Fourier series coefficients, the DFT coefficients ¢', are a measure of the frequency
content of the signal. Recall that the pulse train x(t) is mapped out by:

N-1 N-1
X(tn) — Z C‘m e+1mn(2rl/N) — Z Cvm e+1mw1tr1 0y = (21‘5/T1)
m=20 m=0

One should think of n taking lots of values and tracing out the envelope of the function x(t). Clearly,
coefficient c'y is the weight of frequency component mm;. So ¢'o measures the DC component, and c'y
measures the amount of frequency component 1 and so on.

There is a limit on how high a frequency component one can have. Consider a sine wave with period At =
the sample spacing. It would have the same value at every sample point, and would thus show up in the
DC component. The frequency corresponding to period At is @y = Nwj. This is why ¢'y = ¢'o. In a similar
fashion, potential frequencies w, with n>N are also "aliased" down into lower frequencies according to
the translation rule for the c'y. Thus, the highest frequency we can really have is (N-1)w;.

So this gives a reasonable "Fourier explanation" of why there are a finite number of distinct c'yp
coefficients involved in the spectral expansion above for x(tp).

We repeat one more time an important fact stressed earlier: as N (the number of sample points per Ty
interval) increases, the number of DFT coefficients ¢'y, increases as well, and these c'y becomes closer and
closer to the Fourier Series coefficients ¢ In the limit N — o, c¢'n = cn, and the DFT and the Fourier
Series exactly align.

For finite N, the ¢, differ from the c, in exactly the same way that the area under a stepwise

approximated curve differs from the area under the smooth curve. This fact follows directly from the
definitions of the ¢'p and cp.
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Chapter 4: Some Practical Topics

This chapter applies the results of earlier chapters to a few simple test situations and applications. By
providing some wordy discussion of seemingly mundane topics, we attempt to prop up our so-far mostly
mathematical approach to Fourier analysis. It is in matters like these that one's understanding is really put

to the test.

28. Do FIR filters have linear phase?

We shall show in two different ways that a FIR filter has linear phase provided it has symmetric

coefficients. The first method is direct, the second more intuitive.

Method 1

We saw in (21.5) how a digital filter is represented by a set of numbers b,. Recall the Z transform

projection,
e8]
B"(z)= Y. baz ™ . /I FIR filter
n= -0
Since z lies on the unit circle, we may represent it as z = ¢*® as in (24.1). Thus,
- © -
B"(e*®) = 3 bye ™ . // FIR filter
n= -0
Assume that by, is a finite set bg, b1, ba....bx. Then,
N-1
B"(z) = Z bn zt = bo + by 77+ bo 772+ ... by-12~ (N-1) .
n=0
Assume next that the set of by, is "symmetric" such that bg = by-1, by = by-2 and so on.

It is not hard to obtain our conclusion using general N, but it is a lot easier to see what is
going on if we pick some sample N values.

Let N = 5. Then we have

4
B"2)=3 baz™ =bo+biz ! +byz % +bsz™> +byz?
n=0
=bg + bz 77t bz ¢ +biz 7 + boz'4 // assume symmetric
=772 (boz” +b17z + by + b1zt +boz7?)
=272 [bo(z? +27%) + ba(z +z7") + bs] .

2 3

(28.1)
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Now set z = ¢*® and continue along,

:e—2ie [bo(€2i9+e_2ie)+ bl(eie+e—ie)+ bz]
=2¢72*% [bocos(20) + bicos(0) + ba] . 2=(N-1)2

The phase of this filter is -260. If we used N = 7, a repeat of the above analysis would give
B"(z) =2¢73%® [bocos(30) + bicos(20) + bacos(0) + bs] 3=(N-1)/2
with a phase of -30. For a general odd value of N, the z phase comes out being -i[(N-1)/2]6 .

Now consider even values of N. For N =4 we have

3
B"(z)=Y baz™ =bo+brzt +byz 2 +bpz>
n=0
:Z—1.5 ( bozl.s +b1 Z.5 +b1 Z—.5 +boz—1.5)
=2¢"*1 %[ bgcos(1.50) + bycos(0.50)] . 1.5=(N-1)12
For N = 6 the result would be

=2¢7*2-5[ bycos(2.50) + bycos(1.50) + bz cos(0.560)] 2.5=(N-1)12 .

For a general even value of N, the phase comes out being -[(N-1)/2]6 which is the same as the phase for
the general odd N value. Thus we have shown that, for general N, and using 6 = wAt from (24.1),

B'(z) =2 ¢ teAt(®N-1) /2 [ real sum of cosine terms ] (28.2)
According to the definition of "filter phase" in (21.14), our filter B"(z) has
phase =+ [(N-1)/2] At ® . (28.3)
Since this phase is linear in o, our symmetric-coefficient digital FIR filter has "linear phase". Using the
same definition of group delay used for an analog filter in (21.19), the group delay for such a linear phase
digital filter is

T4 = d(phase)/dw = At(N-1)/2 = a constant (28.4)

so we expect a symmetric FIR filter to exhibit good fidelity when it acts on an input signal.
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Method 2

Consider the Fourier integral spectrum X(w) of a real-valued pulse x(t) that is symmetrical and centered at
t=0. Since x(-t) = x(t), we can fold the negative portion of the dt integration in (1.1) over to the positive
side. Doing this gives x(t) times e **% + ¢**®* = 2cos(wt). Thus, everything is real, and X(®) must
therefore be real. We have already seen several examples of this: o(t) gives X(w) = 1, a square pulse gives
(A7) sinc(wt/2).

If we displace the pulse to the right by some amount of time MAt, then X(w) is no longer real, it picks
up the usual shift phase from (12.1) which here would be exp(-ioMAt).

We now construct a digital filter O"(z) = B"(z)I"(z). The input will be a unit pulse at time 0 so in(t) =
dn,0 and therefore I"(z) = 1 from (24.8) and (24.9) with m=0. The output of the filter is then O"(z) =
B'"(z). Consider an N=3 filter with B"(z) =a + bz ™! + az 2. This corresponds to output signal o(0) = a,
o(At) = b and o(2At) = a. Since this is a symmetric pulse centered at t = At, we know from the previous
paragraph that the spectrum of this pulse has a phase ¢ ** relative to the real spectrum of a similar pulse
centered at t = 0. Next, consider an N=4 filter with coefficients a,b,b,a. The output will be sequence
a,b,b,a centered at t = (3/2)At, so its spectral phase will be e 1 (3/2)8 relative to that of similar pulse
centered at t = 0. In both cases, we see that the output pulse is centered at t = [(N-1)/2] At, so this must be
the group delay of a symmetric filter with N coefficients. The filter phase must then be the function ¢ =
[(N-1)/2] At ®, which is linear in ®, in agreement with the result of the more formal Method 1.
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29. A Simple Digital Low-Pass Filter
This section describes a particular implementation of a digital low-pass filter. There is a whole world of
such filters, and this design is meant only as an illustration. In Section 30 the filter described here will be

used as a 4x oversampling interpolation filter for a D/A converter output design.

The ideal "brick wall" filter has this spectrum,

1 B(0)
Pe Fig 29.1
Recall our box-shaped pulse in the time domain (height 1, width t) and its spectrum
x()=[0(t+1/2)-0(t-1/2) ] (9.1)
X(w) =t sinc(w1/2) . (9.2)

For this x(t), (1.1) gives the X(®) shown. If we try X(®) = [ (0 + ©¢) - 0(0 - ®c) ] in (1.2), we know the
result will be (1/2w) * 2w sinc(twc), just swapping the variables t«>m and 1/2—w.. We thus obtain the
following brick wall filter B(w) of Fig 29.1 and it associated time-domain pulse shape b(t),

B(w) = [6(0 + oc) - O(w - 00c) ] (29.1)
b(t) = (m/we) sinc(wet) . //'b(t) is even in t (29.2)

As mentioned in Comment (1) at the end of Section 3, since b(t) is a filter kernel, it has dimensions of
inverse time and the filter spectrum (transfer function) B(w) is dimensionless.

Recall the Convolution theorem (3.6),
o(t) = f © e b(t-t")i(t" = O(») = B(®) (o) (3.6)

where i(t) is the input to a filter and o(t) the output. Using i(t) = 8(t), we get o(t) = b(t), so b(t) is the
impulse response of the filter. [In this special situation, we are not following our Section 3 Comment (1)
convention since this i(t) has dimensions of inverse time instead of being dimensionless. ]

A digital filter approximating (3.6) has this form,

o(tn) = D At b(ty - tm) i(tm) where t, =nAt. (21.4)
m = -0

or
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o0
On = 2 Atbppin . (29.3)
m = -00
If we set the input to a digital unit impulse at t =0, i(tp) = im = Om, 0, then the output is
Oon = Atbyp (29.4)

so At by is the unit impulse response of the digital filter. Recalling from (3.2) the symmetry of the
convolution equation (or just set m' = n-m) we can write (29.3) instead as

on = Y At inm ba. (29.5)

m = -0

In equations (29.3) and (29.5) we think of i, and o, as being dimensionless, and by, as having dimensions
of inverse time so At by is dimensionless. In (24.6) we used h, = At by, but here we stick with by,.

Example: We assume these parameters, since the resulting filter will be useful later on :

Ti1=1

o1 =2n/T1 =2xn

Wc=01/2=7 // Nyquist rate, see end of Section 20

At=T1/4=1/4 // filter will be clocked at 4x rate (29.6)

Maple computes the by, from (29.2) as follows (tiny offset added to avoid divide by zero in the hand-made
sinc function)

TL := 1; wl := 2%Pi/T1; wc := wl/2: dt := T1/4:
sinc = x -> sin(x)/(x):
for i from -10 to 10 do b[i] := evalf((Pi/wc)*sinc(wc*i*dt+.0000001)) od:

for i from 0 to 10 do printf("b[%d] = b[%d] = %6.3f\n", i, -i,b[i]) od;

b[0] = k[O] = 1.000
b[1] = k[-1] = .900
b[2] = B[-2] =  .637
b[3] = k[-3] = .300
b[4] = k[-4] = -.000
b[5] = b[-5] = -.180
b[6] = k[-6] = -.Z12
b[7] = b[-7] = -.129
b[3] = k[-8] = .000
b[3] = b[-9] = .100
b[10] = k[-10] =  .127 (29.7)

The filter has symmetric coefficients b-, = by, since b(t) in (29.2) is even in t, so it will exhibit a linear
phase response as discussed in Section 28. This in turn means a constant group delay as in (28.4).
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We can verify the locations of these points on the sinc curve,

pl := plot((Pi/wc)*sinc(wc*n*dt+.001),n=-10..10):
s = seq([k,b[k]],k=-10..10):

p2 := pointplot({s},symbol = circle ):
display([pl,p2], xtickmarks = 20);

10 -W -
02]

Fig 29.2
The digital filter implementation using (29.5) is just this equation (At= 1/4),
10 10 -10
4o = Z in-m bm = 1inbo + Z In-m bm + Z in-m bm
m=-10 m=1 m=-1
10 10
=inbo+ D in-m bm + 2. in+m bm // since by = by
m=1 m=1
10
=1ipbo + Z [in—m + in4m ] bm
m=1
= inbO + [in—l + in+1 ] bl + [in—2 + in+2 ] b2 + oLt [in-lo + in+10 ] bl . (298)
This equation is implemented in the following piece of hardware,
. input sync ) / . )
In+11 In+10 In+9 In+2 Int1 In
——» D Q——>»D Q—e—»D\QF——»D Q—e—>»D Q
b b b b > all registers clocked
onclkdx=T1/4

In-10

. blU b9> b2 bl

output sync

114 o o
— 23D Qn_+1’

>

Fig 29.3

114



Chapter 4: Some Practical Topics

Notice that the registers on the top march samples left to right, while those on the bottom go right to left.
The clock lines are not drawn; all registers are clocked with period At = T1/4 = 1/4. The registers (D flip-
flops) sometimes appear as boxes containing z ! as in Fig 24.4. If a register input is in41 in the middle of
a clock period, that register's output is the previously clocked sample i,. Usually the clock is a square
wave signal and the registers transfer input to output on the positive clock edges of the square wave. The
circled plus signs are adders, while lines marked with an X indicate multiplication by the constant
appearing next to the X. All lines indicate busses containing some number of bits used to represent the
digital signals, perhaps 8, 10 or 12.

An actual design might be done a bit differently using pipelining registers to avoid the large
combinatoric delay built up through the long string of adders at the bottom (if speed is an issue).

We now wish to compute the spectrum ("transfer function") of this digital filter to see how close it comes
to being a "brick wall" with cutoff at w.. Basically, we want to compute the Digital Fourier Transform
spectrum associated with the finite sequence of samples by. Recall that At by, is the dimensionless impulse
response of the filter.

bm = (Wwe)sinc(wemALt) m=-10to 10, else 0 21 "taps" (29.9)

We know that if we include terms from m=-c0 to m=+o0, we shall obtain for the Digital Fourier Transform
spectrum B'(®) an exact brick wall box-shaped filter with image boxes going off to the left and right. But
for m limited to the range (-10,10), which makes use of 21 by, coefficients (a 21 "tap" filter), we expect to

get only an approximation to Fig 29.1. From box (23.5),

10 _
B'(0) = (T1/4) Y by e ienTi/4 (29.3)
n=-10

Here is a plot of the central peak for a filter of 21 taps (blue) compared with one of 101 taps (red). Notice
that the cutoff frequency is at we = 7, and as usual plots are of | B'(®) |, so the ringing on both sides of the
peak is "rectified",

for i from -50 to 50 do b[i] := evalf((Pi/wc)*sinc(wc*i*dt+.0000001)) od:
asum := w -> (1/4)*sum(b[n]*exp(-I*n*w*T1/4) ,n=-50..50):

bsum := w -> (1/4)*sum(b[n]*exp(-I*n*w*T1/4) ,n=—10..10):

plot ( [abs(asum(w) ), abs(bsum(w))], w = -10..10, color = [red,blue]);

,

2 4 . B 8 10 Fig 29.4
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The 21-tap blue curve "brick wall", though not perfect, is pretty good, giving a fairly steep edge while
maintaining a linear phase characteristic.

Below is the same plot with a wider range of @ (called w in the Maple code), showing the two nearest
image spectra. Because we have selected At =T1/4 = 1/4 (4x oversampling) for this filter, the first image
spectrum on the right is centered at 40, =4(2m) =25.

plot([abs(asum(w) ), abs(bsum(w))}], w = -30. .30, color = [red,blue])
0.6
0.6
0.4
0.2
_B,U....EWU...D....m....v;\hi(....p‘hanh

Fig 29.5

In this Section we have described a particular example of a low-pass filter. One problem that is evident
from the plots above is that there is ringing in the spectra, known as "the Gibbs phenomenon". This can
be reduced by multiplying the filter coefficients by a symmetric Gaussian-like weighting or "window"
function. There are many proposed window functions associated with names Bartlett, Hann, Kaiser,
Hamming, Blackman, etc.
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30. Use of Oversampling in a D/A Converter Design

Here we discuss the design of an output circuit which contains a D/A converter. We are not concerned
with the internal design of the actual D/A converter "chip" itself.

(a) A very simple D/A converter
Consider the following finite-length digital signal, which we assume has time spacing T1,

Va (0=-5..5) = { 1,2,3.3,2,1,1/5,-1,-2,-2,-1}

3_
o
— 1
.............. S e s
£ 8545 20 1Lzﬁj?
14
-21 Fig 30.1

All samples other than those shown are 0.
Using an arbitrary pulse shape Xpu1se(t), we can construct an amplitude-modulated pulse train x(t)
whose spectrum is X(®), as shown in summary box (25.4),

x(t) = Z Yn Xpulse(t -tn) th=nT; ¥Yn = ¥(tn) (30.1)

n=-o0

X((D) = (I/Tl)Xpulse((D) Yv(m) ’ (30.2)

where from summary box (23.5),

Y'(w)=T; f yne T /1Y"(z2)= Y'(0)/T1 (30.3)

n=-o0

If we were to select Xpu1se(t) to be a box of height 1 and width Tz, then we could regard the stair-step
outline function shown in Fig 30.1 as a candidate analog signal y(t) whose samples are the yn. In this
special case, y(t) = x(t) so Y(®) = X(®). From (9.2) and (12.1) we have

Xpu1se(®) = Xpox(®,T1) = ¢ *%T1/2 Ty sinc(wT1/2) (30.4)
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where the phase arises since the box (0,T1) = (0,1) is shifted T1/2 to the right of the position of the
symmetric box used in Section 9. Then using (30.2),

[e 0]
Y(0) =X(w) = g i0T1/2 sinc(wT1/2) Y'(w) = g i0T1/2 sinc(wT1/2) Ty Y, yn e *@°T1 . (30.5)

n=-o0

Y () is the Fourier Integral Transform spectrum of the stair-step analog signal in Fig 30.1. Here are plots
first of |Y'(w)| from (30.3) using Fig 30.1 data, and second (red) of |Y(w)| using (30.5).

vy := array(-5..5,[1,2,3,3,2,1,.2,-1,-2,-2,-11):
¥Yp = w ->» sum(y[n]*exp(-I*n*w*T1l) n=-5..5):
plot(abs(¥Yp(w)), w = -20..20, color = [red,blue] ,numpoints = 1200} ;

LSV I AW N

20 10

ASNSOL S AWV S LV

10 20
Y'()| Fig 30.2

-,

sinc = x -> sin(x)/(x):
Y i= w > exp(-I*Ww*T1/2)* sinc(w*T1/2)*Yp(w):
plot([abs(Y(w)),abs(15*sinc (w*T1/2))], w = -20..20, color = [red,blue], numpoints =1200);

mm sl
10 20
uhf

Y (®)] Fig 30.3

We see the expected image spectra in Y'(®) in the first plot, but these spectra are quite suppressed in the
second plot due to the taming effect of the sinc function zeros in (30.5), as shown in blue.

The above discussion describes the output of the following simple n-bit D/A converter design.

n A n, B analog y(t)
F D Q f/ D‘;A —yn _ y(tn)

clkix —p clk1x —p th=nT;

Fig 30.4
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The purpose of the register on the left is to provide a stable signal on bus B to the D/A converter. We
assume that the D/A converter is "glitch free" on its output, and just does what it should do.

(b) Oversampling just the D/A converter

We now trivially modify the above design by changing the D/A clock from clk1x to clk4x which runs 4X
faster than clk1x,

n A n B analo t
¥n = ¥(ta)
clk1x —p clkdx —p ta =1 (T1/4)

Fig 30.5

The D/A converter is now "4x oversampling" the data on the B bus. Besides making the D/A converter
work harder, it seems clear that the output signal x(t) will be exactly the same as shown in Fig 30.1. Thus
the plots of | Y'(w) | and | Y(®) | = | X(®) | shown above apply to this design as well as that of Fig 30.4.

It is useful, nevertheless, to think of the output of the oversampled design as follows, where the
nonvanishing y, amplitudes are numbered n = -20 to + 23,

3_

s

R THTTETE 3
14 H-u «H-ﬂ

Fig 30.6

Now the output rectangles are 1/4 as wide because the D/A is clocking 4X faster. The analog outline is
the same, but our analysis will be different. We shall now compute X(w) in terms of the thin rectangles of
Fig 30.6. Looking at the four yo = 1 samples to the right of the vertical axis, those four boxes will make
this contribution to the spectrum

X(0) = Xpox(®,T1/4) [... +yo+yoe ¥@T1/4) 4 yo e 2i0(T1/4) 4y o=3ia(T1/4) 4 (30.6)

-iw(T1/4)

Each thin box has a phase ¢ relative to the box to its left due to (12.1). Since the pulse is 4x

narrower than before, Xpox(®,T1/4) is given by (30.4) with T;—T1/4.

We can write the square bracket in (30.6) as
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[1+e—iw(T1/4) + ¢ 2i0(T1/4) | ,-3i0(T1/4) 1v0 =F() yo . (30.7)

Every group of four terms will have this same common factor F(®), so we can factor it out of the entire
sum. The sum now looks like this:

X(0) = Xpu1se(®,T1/4) F(®) { ... yo+ y1 e 40T/ 4y, m8ia(Ti/a) o v (30.8)

But now the expression in curly brackets is exactly Y'(w)/T1 of (30.3), our original Digital Fourier
Transform spectrum of y(t). Thus we conclude that

X(w) = (1/T1) Xpuise(®,T1/4) F(o) Y'(o)
= [e'i‘“’Tl/8 (1/4) sinc(0T1/8) | F(o) Y'(®) . (30.9)

So this is X(w) as computed in terms of the thin boxes of Fig 30.6. But we already argued that
oversampling the D/A does not change the analog output signal x(t) or its spectrum X(w), so somehow the
expressions in (30.9) and (30.5) must be the same. This can only be true if

e 30T1/2 Gino(wT1/2) = [ e *T1/8(1/4) sinc(wT1/8) ] F(w) ?
or, writing out the sinc functions,

e/ 2 sin(0T1/2)(2/0T1) = [e**7/%(1/4) sin(0T1/8) (8/0T1) ] F®) ?
or ) .
e-:.mTl/Z Sln((DTl/z) — [ e-10T1/8 sln(OJTl/g) ] F(O)) ‘7

-ieTy1/4

To verify this fact, we define z=e ( variable for the Z transform). The above then reads

222 = [ V-2 [ 1 +z2+ 22+ 27 ] ?
or
(1-zH= (1-2)(1+z+22+72%) ?

But this is a standard factorization so we find that X(w) is indeed the same either way we compute it. For
some other oversampling factor like 6x or 8x, the verification is similar. We have just shown that

Xbox(OJ,Tl) = F((D) Xbox(m;TlM')
which we can think of as saying the product of two filters on the right gives the one on the left.
(¢) Add zero-stuffing to reduce aperture

We now add a multiplexor to our previous D/A converter design which causes the first sample in each
group of four samples to pass through, but "grounds" the last three samples:

120



N/

2o

!

clk1x —p

Q

mux

n, y(n)

Chapter 4: Some Practical Topics

zero-stuffing control ——

/
0 —

S

clkdx —

clk4x

D/A |

analog y(t)

¥n = y(in)
ta =n(T1/4)

Fig 30.7

The output of this design is the following analog signal with pulse amplitudes y, ( where n = -20 to +23

as before, but three of every four samples in the region of interest are zero),

— — 3_
2_
]
..... —‘ L o
E 5 4 24 1 U éH 7
RE
-2

Fig 30.8

Due to the zero stuffing, we have in effect reduced the aperture of the signal from 100% to 25%. We saw
in Section 26 how this broadens the sinc function envelope (narrower box = broader sinc) which in turn
reduces the sinc distortion of the main spectrum. That same effect appears below.

Versions of equations (30.1,2,3,4) which apply to Figure 30.8 are (Xpu1se is now the thin box)

x(t) = z Yn Xpulse(t -tn)

X(0) = (4/T1)Xpuise(®) Y'(0),

Y'(@)=(To/4) X yae oo/t

n = -oo

n=-o0o

tn=n (T1/4)

¥Yn = ¥(tn) (30.1)

Xpulse(®) = Xbox(co,Tl/4)=e'i“’T1/ 8 (T1/4) sinc(wT1/8)

Combining the pieces gives,

o0
X(w) = o-ieT1/8 sinc(wT1/8) [ (T1/4) D yn e-imnT1/4]

n=-oo

_ e-imTl/S sinC((DTl/g) [Y'(w)]

(30.2)

(30.3)

(30.4)
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The plot of |[Y'(w)| is the same as shown in Fig 30.2 but with 1/4 the amplitude ( the amplitudes y, shown
in Fig 30.8 are stored in array yz[n] as will be shown later),

¥p = w —> (Tl/4)*sum(yz[n]*exp(-I*w*n*T1/4) , n = -50..50):
plot (abs(Yp(w)), w = -20..20, color = red, numpoints = 1200) ;

and the X() plot is this,

X 1= w —-> exp(-I*W*T1/B)*sinc (W*T1/8) *¥Yp (w):
plot([abs (X(w)),abs(3.75*%sinc (w*T1/8))], w = -30..30, color = [red,blue],numpoints = 1200) ;

a0
Fig 30.10

The good news is that the blue sinc distortion is smoother near the central main spectrum (compare to Fig
30.3). The bad news is that there are lots of high-amplitude image spectra the must be dealt with.

(d) Add an ®1/2 digital low-pass interpolation filter

The new D/A design is this,

mux digital filter

2(n)
—D Q D Q J Bl(o) D Q DA |_analog y(t)

0 —
clkix —p S clkdx —p clkdx—p clkdx—p clkdx —p

zero-stuffing control ——
Fig 30.11

where B'(o) is the transfer function of a low-pass filter which is clocked at the faster clk4x rate. We add
low-cost registers at each stage in the pipeline to provide a stable input to the next stage.
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In Section 29 we constructed an approximate brick-wall filter with this spectrum B'(®),

we = wl/2: dt := T1/4:
for i from -10 to 10 do b[i] := evalf((Pi/wc)*sinc(wc*i*dt+.0000001)) od:
Bp :=w -> (1/4)*sum(b[n]*exp(-IT*n*w*T1/4) ,n=-10..10):

plot (abs(Bp(w)), w = -30..30);

S Mg
0.5
0.6
0.4
0.2
30 20 -10 J 10 w 20 0
Fig 30.12
The output spectrum of the Fig 30.11 design which includes this filter is then
Xnew(®) = B(o) X(®),
where X(w) was plotted in red in Fig 30.10. Here then is a plot of Xpew(®) :
plot ( [abs(Bp(w) *X(w)) ,abs(3.7h*sinc(w*T1/8))], w = -30..30,color = [red,blue]);
30 -20 10 10 w 20 30
Fig 30.13

The effect of the digital filter is to remove the image spectra from Fig 30.10, a process sometimes called
alias-rejection. Since this low-pass filter is not a perfect brick wall, there is some small distortion of the
central spectrum. On the other hand, the aperture reduction due to oversampling with zero-stuffing has
broadened the sinc hump perhaps alleviating the need for a sin(x)/x post-filter (Section 26). Residual high

frequency data in the signal can be removed by a low-cost analog filter located to the right of the D/A
converter in Fig 30.11.

Since we never specified the original signal y(t) for which Fig 30.1 is the sampled version, it is difficult to
compare the spectrum of that y(t) with the output of the Fig 30.11 design. Nevertheless, plotting the time-
domain output of the Figure 30.11 design is quite interesting.

It was noted that the thin bar amplitudes shown in Fig 30.8 (3/4 of which are 0) are stored in array
yz[n]. Here is how that array is computed from the original amplitudes y[n] of Fig 30.1:
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for i from -100 to 100 do w=z[il]

for i from -5*4 to 5*4+3 do
if frac(i/4)=0 then y=z[il]
else yz[i] := 0, fi;

od:

yv[floor(i/4)1]

Chapter 4: Some Practical Topics

fiprefill with =zeros

In terms of these yz amplitudes, the convolution sum in (29.5) which defines the action of our

intepolation filter appears as

(Yout)n = (1/4) Z (Yz)n-m bm

m = -0

(29.5)

where (Yout)n 18 the output of the filter which becomes, after two 4x clock delays, the output of the design

of Fig 30.11.

Notice that the aperture duty cycle of 25% reduces the amplitude of the the filter output by 1/4, and
there will be a corresponding reduction in the time-domain filter output signal. As aperture goes to 0, the
entire signal eventually goes away. This fact, glossed over in Section 29, is one cost of using a small
aperture. For comparison purposes, we shall omit the 1/4 factor in the following code which computes

(Yout)n for our 21 tap filter,

for i from -100 to 100 do b[i]
for i from -40 to 40 do b[i] :=
for n from -20 to 20 do

yvout [n] := sum( vz[n-m]*b[m],m=-10..10):

od:

Here is a plot of the output sample values yout[n],

peointplot ({seq([i,yout[i]],i=-40..40) },color

# prefill with all zeros
evalf((Pi/wc)*sinc(wc*i*dt+.0000001)) od:

red,thickness = 2,symbol = box);,

Fig 30.14
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Since the D/A converter holds each sample for duration Ti/4, the actual analog output will have the

following form, which we obtain using our ancient Maple V's primitive histogram routine (which we have
been painfully using to make all the bar plots above),

for i from -40 to 40 do bar[i] := Weight({i/4..(i+1)/4,yout[i]/4) od:
histogram([seq(bar[n],n=-40..40)] ,color=gray) ;

R

Fig 30.15
This may be compared with our starting digital signal of Fig 30.1,

3_

2 Fig 30.1

The output Fig 30.15 seems a little "ratty". If we increase the filter from 21 taps to 41 taps, things
improve significantly, though there is still some ringing before and after the output pulse of interest
(recall the comment about Gibbs phenomena at the end of Section 29).

for i from -100 to 100 do b[i] := 0 od: # prefill with all zeros
for i from -20 to 20 do b[i] := evalf((Pi/wc)*sinc(wc*i*dt+.0000001)) od:
for n from -40 to 40 do
yvout [n] := sum( vz [n-m]*b[m] m=-20..20):
od:
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e Jﬂ
5

- HAAAA e

Fig 30.16

In the literature of oversampling, our oversampled digital low-pass filter is usually referred to as a digital
interpolation filter, for obvious reasons comparing Fig 30.1 and Fig 30.16. In this application, since 3 out
of every 4 incoming samples are zero from the zero-stuffing logic, it is possible to implement the filter
more efficiently that we show in Fig 29.3 using polyphase techniques.
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Chapter 5: Dispersion Relations

Chapter 5: Some Theoretical Topics

In this chapter we wander off on a more theoretical topic before returning in Chapter 6 to the practical
computation of the power spectra of specific pulse train line codes. The material in this chapter is not
used in that computation and the uninterested reader would do well to skip Section 31.

31. Spectral Dispersion Relations

(a) A simple integral equation for X(®) analytic in the upper half plane

Let X(®) be some arbitrary function of the complex variable ® which has two properties: (1) X(®) is
analytic in the upper half ® plane; (2) On any ray to o in this upper half plane, X(w) — X(), a constant

which could be 0. Later we shall consider the case where "upper" < "lower".

Consider then the following vanishing contour integral, where o is real,

[ do X&) _ G1.1)

o'-0

Here, C is a counterclockwise contour which goes around the upper half ®' plane, but which detours
infinitesimally around and above the pole at ' = ®. The integral vanishes as usual since we can shrink
the contour away to nothing.

. [ o

» S
> Zay
w

Fig 31.1
We can regard this integral as being made of three pieces:

(1) infinite semicircle. The contribution here is, using ®' = Re*® and thinking R— oo,

, X(w' U i@ X(Reie) . T i .
fsc do é:ol = IO (Re E’1d9)R—ei'e_—(D ~ i IO do X(Re*®) = X() in

(2) tiny semicircular detour around the pole at ® = @'. This gives minus one half the pole residue since the
path goes half way around this pole the wrong way, so the contribution is — it X(®) (see Appendix C text
below Fig C.1, the partial residue rule).

(3) the two pieces (-0,w-€) and (w+e,+0) along the real @' axis as e—0. This is basically the integral
along the real axis but missing the single point ® = ®'. As noted in Appendix C, this is called a Cauchy
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principle part (principle value) integral, and sometimes people (including us) denote it with a little tick

mark through the integral, jc, while others use the notation Pf or p.v. f The principle part integral is a

limit just as are the previous two pieces of the contour C.

Thus, we can rewrite (31.1) as follows:

X(e0) in — i X(@) + F 2 dor 22D _

o'-0

or
X U
X(0) = X(@) + (1in) §7 dor 22 (31.2)
0'-o
where X() is analytic in the upper half plane and in this half plane on any ray X(w) — X()
This is an integral equation for X(w®) which involves a principle value integral of X(m).
(b) A simple integral equation for X(®) analytic in the lower half plane
We now repeat the previous section with upper — lower.
Let X(®) be some arbitrary function of the complex variable @ which has two properties: (1) X(®) is
analytic in the lower half ® plane; (2) On any ray to oo in this lower half plane, X(w) — X(), a constant

which could be 0.

The new contour of interest is this

Lo

v
&

Fig 31.2

The differences now are that the great circle contour is now clockwise instead of counterclockwise, and
that the little detour contour now goes "the right way" around the pole at ®' = ®. As a result, the
contributions from both these terms get negated, but the principle part integral is unchanged. Equation
(31.1) is as before but C is now this new contour

X(@) ,
Je do <52 <0 31.1)
so that
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» | X
X(eo) in +in X(@)+ f.7 dw'é%l =0

or
X(o'

X(0) = X(e0) ~ (1im) § , do' =2

(31.3)

X(w) is analytic in the lower half plane and in this half plane on any ray X(w) — X()

Comparing to (31.2) one sees that the only difference is the sign of the integral. One way to understand
this result is to think of reflecting the ® plane through the real axis, so that the imaginary axis is reflected
and this is accounted for by taking i — - 11in (31.2) to get (31.3). If we now define ¢ by

_ {4—1 if X(w) is analytic in the upper half plane with ray limit X(c0) 314
© = |1 if X() is analytic in the Jower half plane with ray limit X(c) (314)
We can combine our two results as follows :
. © X(o'
X(0) = X(0) + o (1in) § 2, dot S22 (31.5)

With our adopted phase sign convention e”*** in the Fourier Integral Transform (1.1), we normally obtain
spectral functions X(®) which are analytic in the /ower half plane and so ¢ = -1. For other sources (such

as Stakgold) which use the reverse sign ¢"*“* of the Fourier transform phase, one would use 6 =+ 1.
Example
We considered an RC filter in Section 4 (b) and found there the following transfer function,

1 (HRO) (k)
1+ioRC  ©-i1/RC o-it

G(w) = 1=RC (31.6)

This function has a pole in the upper half plane at @ = i/RC and is analytic in the lower half plane with a
ray limit there G(w) — 0. For this function, (31.3) or (31.5) with 6 = -1 claims that

fe,  G)
G(o) = (i) 2 do' (31.7)
or
1 . 0 , 1 -1/t . . 0 , 1
1 +iorC ~ ~ (V/im) :F-OO do'oe o-ir - ~ WG JE-OO do (0"-0)(0'-i/1)
_ f = SO S f _1 o
= (I/n7) 7, do o"(@" to-i7) (I/mt) J_, dx x(x ta) a=o-i/t, t=RC .

As a principle value integral exercise, we now evaluate the integral shown to verify that it really comes
out being G() :
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B 1 . -€
j[:_oo dxm = limeg_o [ f_ f x(x +a)
= (1/a) lime o { ln( ) o +1n( e ]

= (1/a) lime—o { In(—— —In(1) + In(l) - ln( )} =(1/a) lime—o { ln( ln(

£+a gta g+a cta ) }

= (1/a) lime_,o { In(——= )} =(1/a) lime—o {1n(—)} = (1/a) lime—o { In(- 1-ig") }

8+a €
=(1/a) lime_o { In(e™*™) } = (1/a) (-in) .

The term -ig' represents the fact that the log argument has a small negative imaginary part, which takes a
bit of work to show:

eta _ ate ate _ o+ 2ielm() e a4 2ieC1/n) -

gea  ae a*e  |a°-2eRe(a)+&°  |a*-2co+&°

We have then shown that the right side of (31.7) evaluates to the left side,

~himy 2 d'i—l () £ 2 dx—— = (1) (1/a) (i) = - =L~ ().

x(x +a) a ot
(c) Dispersion Relations for X()

Notice in (31.5) the very important factor of (1/i). If we now break X(w) into its real and imaginary parts
and then write down the real and imaginary parts of equation (31.5), we find that Re(X) and Im(X) are
related to each other by the following two equations:

Re[X(w)] = Re[X(w0)] + o(1/m) J:ZZ do' Im|X(0)] (31.8a)

o'-0

Im[X(w)] = Im[X()] - o(1/m) § % doy SR (31.8b)

-0

Basically, this says that the real part of X(®) along the real axis completely determines the imaginary part,
and vice versa. One cannot arbitrarily set the real and imaginary parts independently. This is a general
fact about analytic functions X(®).

Next, let us assume in addition that X(w) is the spectrum of a rea/ function x(t). As we saw in Section 7,
this implies the reflection rule X(-w) = X(w)*, which says X(w) is Hermitian. Thus, we can fold the
negative portions of the above integrations over to the positive side. First (we omit principle value tick
marks just for a while),
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fodmme —f [d"]ngmH f [d"]ngwH

=00

e f+ [ d H]_m[&(x)_)]. l[ [d H]_m[&(’)_l]. l[ d HM

”+(D

and therefore

J-oo dm,lm)'(gm’n _ foodm,Imp'(Qm'Q f o’ ngc)H
-0 0 0+

=00

= [, do' Im(X(@)] o = =2 [ do R

'+0) _

The other integral can be folded in a similar manner,

0 Re[X(@")] © Re[X(@")]
f do' ; = ... = - f do' :
-0 -0 0 w't+o

f_: dw’ﬁc[%ﬂ f do' Re(X(0)] [- =—

1 Re[X(o'
e ] =20 [ a0 <G

+(D

We then rewrite (31.5) as , valid for X(—w) = X(w)* (tick marks restored),

Re[X(0)] = Re[X(w)] + o 2/n) f do'e’ I—“;ggo%ﬂ (31.9a)
Im[X(0)] = Im[X(«)] - 62/m) F do RZXO? (31.9b)

These two equations are completely general, given the assumptions we have made. They are associated
with the names Kramers and Kronig who wrote similar equations in 1926 for certain functions
connected with the index of refraction and the dispersion of light (hence "dispersion relations").

(d) Dispersion Relations for y(®)

In filter theory, one thinks of X(w) as the "transfer function" of a filter. It is usually easier to think in
terms of the function y(®) which we define as

Y(@)=-1n[X(0)] =a(®)+ip(e) . (31.10)
Then we get
X(w) = V(9 = gm(@) gmih () (31.11)
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Notice that we defined y(®) with a minus sign, so both exponents have minus signs. The real quantities
o(m) and B(w) are the attenuation and phase functions of the filter.

Can we apply the dispersion relations to the function y(®) instead of X(w) ? Yes, provided y(®) meets the
same requirements assumed for X(m). If X(w) has a pole in the upper half ® plane, as in (31.6), then y(®)
has a branch cut singularity in the upper half plane starting at the pole and going off to the left. No
problem since y() is still analytic in the lower half plane. However, consider:

v(®)= -In[X(0)]=+In[ I/X(w)] .

This says that a zero in X() is just as bad as a pole from y(®)'s point of view. A zero of X(®) in the
lower half plane means y(®) has a branch cut in the lower half plane starting at this zero location and
going off to the left, and this invalidates our conditions (c = -1).

Thus, we must now assume that X(w) has neither zeros nor poles in the lower half plane, which maps into
the Z Transform H"(z) having neither zeros nor poles outside the unit circle in Fig 24.1. A filter satisfying
this condition is called a minimum phase filter.

Since we have assumed X(®) goes to X(o0) on the great circle at infinity, we know that y(®) goes to ()
= -In[ X(0)], so no extra assumption is needed here. If X(0) = 0, then y(e0) = -00, which is a little
inconvenient. It just says that the attenuation of our filter is infinite as @ — oo.

So now we can write the dispersion relations analogous to (31.8) for y(®) instead of X(®), assuming now
that X(w) has neither poles nor zeros in the lower half © plane. We must choose ¢ = -1 in (31.4), and note
that Re[y(®)] = a(w) and Im[y(®)] = B(®) :

(@) = o) + o (1/m) 2 dor X2 (31120
B(@) = Ben) —o (1/m) % dor XD (31.12b)

Now if x(t) is real so that X(o) = X(-0)" , we find that v(®) is also Hermitian since X(w) =¢™Y (@) .
X(-0) = X(w)* = v(-0) = y()* (31.13)
= o(-0) =o(w) and B(-0) = - B(w)

Since y(®) is Hermitian, we can process (31.12) just as we did processed (31.8) to get

() = () + o 2/m) Fo do'e ;)Eg%}z (31.14a)
B(@) = Ben)—0 2/m) o Fi do' s (31.14b)
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The main point of the above is that the phase of a minimum phase filter is completely determined by its
attenuation, and vice versa. Even for general filters there will be some relation like the above, but it will
include terms to describe the zeros of X(w) in the lower half plane. The conclusion that the phase and
attenuation cannot be independently set is unavoidable.

(e) Dispersion and Attenuation
We showed in (21.19) that the group delay of a filter is given by
19 = do/dw where B(0) = B(w)| e **(®) .
Translating that into our current context, we get
() = dB(w)/dw where X(w)=e Y@ = gm0 omif(@) (31.15)

If we define the integral appearing in (31.14b) as K(w), including the (2/7),

K(o) = 2/m) §5 do' —“gmz (31.16)

-0

then we find that
©(0)= df(w)/do = d[ o K(n) | /do .

If the integral K(w) were somehow a constant k, we would conclude that t(m) = k, and the filter would be
"non-dispersive". As discussed in Section 21 (b), this means the filter is "linear phase" and the group
delay is a constant independent of ®. All frequency components of a pulse packet would then traverse the
filter in the same time, so the pulse does not spread out (disperse) in time.

Obviously K(w) cannot really be independent of ®, so a non-dispersive minimum phase filter does not
exist. However, over certain ranges of @ where K(w) is very slowly varying, such a filter can be
reasonably non-dispersive. This would be a region of @ far away from any region where the attenuation
a(w) strongly varies.

Crude Proof: Suppose a(w) is very smoothly varying near some o. In the integral (31.16) for K(w)
near ® we expect the main contribution to come from ®' close to ®, (w-a,0+a) for small a, since the
denominator is 0 and therefore amplifies the numerator there. The denominator is roughly 2o(®'- ®)
which is a pole. If we assume that a(w) has some linear form a(®') = a(®) + (0-0')o'(®) near w, then
this integration region which would normally be highly amplifying in fact yields the following,

K(o) = (2/m) fooo d@'a"fg%{ =~ @m) [ 0‘;":‘ do' “(60)+('g)—032’)a'(m)

o -0

J-ma d(n' ) +(2/n)0t(0)) { J-m+a 0-0' d(n

~2m) (@) 5= { ;
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= (2/m) o(w) ﬁ {0} +(Q2/m) d(w) ﬁ 2a = (2a/m) ﬂw@l ~ 0 since o'(®) is small

The rest of the integration region which is far from o yields a contribution to K(w) which is weakly
dependent on ® and which we can regard as roughly constant K(w) = k for some band Aw. We then
get our desired approximate linear phase and constant group delay, and therefore very small
dispersion,

T(w)= dpf/do =d[oK(wn)]/do = d[ok]/do =« .
However, if a(w) varies significantly near ®, our linear term with o'(w) might be large and there will
likely be additional higher terms in the Taylor expansion of a(®) so K(w) might then vary strongly
with o due to the integration contribution from region (w-a,c+a). In this case, we get non-linear phase
and dispersion.
To repeat the claim above: For o far from regions where attenuation o(w) significantly varies, we expect
K() to be roughly constant and so we have nearly linear phase, nearly constant group velocity, and small

dispersion.

Attenuation and dispersion are intertwined. You can't have one without the other. This is a general fact
one learns from the dispersion relations, without any specific filter in mind.

(f) Application to coaxial cable

Consider an infinitely long coaxial cable driven at its left end at z = 0. A coaxial cable acts as a filter
G(w). In the frequency domain, if we drive the cable with I(w), the output O(w,z) at z is

O(w, z) = G(o, z) I(®) G(w) =g Y@= Y(®) = a(w) + iP(o) . (31.17)

For a coaxial cable one has

y =4/(R+ioL)(G+woC) (31.18)
where R,L,G and C are resistance, inductance, conductance (across the dielectric) and capacitance all per

unit length of the cable. If we ignore ohmic losses in both the conductor and the dielectric, then R=G =0
and we get

y=i(o\/L_C.

The inductance L is generally independent of ®, but C = g(w)2neo/In(b/a) = k1 &(w), where g(w) is the
dielectric "constant", which in general is not constant as a function of ®. Thus we have

v(w) = i(m’Lkl \Ve(o) .

From Maxwell's equations one knows that the index of refraction of a medium is given by
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n(w) =\pe =\/e(0) /ka .
So we then have,
Y(®) = ion(Lky k2 n(®) = ioks n(o)

=iwks[ Re(n) +iIm(n) | = - wkslm(n) + imksRe(n) = a(w) + if(w)
SO

a(m) = -okslm[n(m)] B(w) = oksRe[n(w)] .

If it were true that Re[n(w)] were independent of ®, then B(w) would have linear phase and we would then
have constant group delay and no dispersion in the coaxial cable.

It turns out that the index n(w) has the right properties for the dispersion relations (31.8) to be valid, so

Re[n(®)] = Refn(eo)] + o(1/m) § % der IR (31.19a)

0'-0
Im[n(w)] = Im[n(eo)] — o(1/m) § = dor R (31.19b)

o'-m

where usually Re[n(e0)] = 1 and Im[n(e0)] = 0. If it happened that Im[n(®w)] were very small, then
(31.19a) says that Re[n(w)] = Re[n(w)] = constant, just what we want to get no cable dispersion.

In a non-polar dielectric, like polyethylene or teflon, n(w) does in fact have a very small imaginary part
for frequencies below the electromagnetic resonances of the medium. Thus, if we could ignore ohmic
losses in the conductors, coaxial cables using these materials as dielectrics would be non-dispersive up to

infrared frequencies -- where vibrational and rotational resonances set in.

Dispersion relations are often written for other functions such as the dielectric constant (). In this case
one can regard the relationship between electric displacement D and electric field E

D(0) = e(w) E(®) (31.20)
as a "filter", where everything is evaluated at the same point in space.
(g) The Dispersion Relation expressed in terms of the Hilbert Transform

Recall the integral equation which is the starting point for the dispersion relation discussion above,

X(0)=X(0) +io (1/n) §.7 dm'%_%',l (31.5)
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_ {Jrl if X(w) is analytic in the upper half plane with ray limit X(co)

= |1if X(w) is analytic in the lower half plane with ray limit X(o0) (31.4)

where we have introduced some offsetting minus signs. The integral appearing here is in fact another
transform in our growing cornucopia of transforms, this one being the Hilbert Transform,

Xn(w) = (1/7) J:ZZ do' %%; . // projection = transform (31.21)

Thus, it happens that the dispersion relation (31.5) can be written
X(w) = X(©) +10 Xp(w) . (31.22)

If X() = 0 and ¢ = +1, any solution to the dispersion relation (31.5) must be a function X(w®) which is
equal to its own Hilbert transform times ic. In Appendix C we find that (with f = 1)

X(o) = e*® = Xn(0)=-ie*® . (C.43)

This X(w) is then a particular solution to the dispersion relation since i Xn(®) = ¢*® = X(») and in the
upper half plane X(o0) ~ e* (*3%) = ¢
X() = 0 in the lower half plane.

The general study of the integral equation (31.5)

=0. In (31.7) we found another solution for the case o =-1 where

X(®) = X() + o (1/im) §2 do’ == X(o) (31.5)

O'-0

and its possible solutions is complicated because the kernel 1/(w'-w) (called in this case a Cauchy kernel)
is singular (it blows up when ® = ®'). See for example Polyanin and Manzhirov Chapter 15. It is more
useful to think of the dispersion relation as an integral condition which a spectrum X(w) must satisfy
rather than an integral equation which completely determines that spectrum.
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Chapter 6: Power in Pulse Trains
32. The Autocorrelation Function
Here we deal with some preliminary matters before studying the power spectra of pulse trains.

Start with a reasonable function x(t). Define the autocorrelation function of x(t) as follows:

) = [ 7 dtx(@)* x(t +1) . (32.1)

The integrand is the function evaluated at time t' times the same function evaluated at later time t'+t.
Some sources define ry(t) with an extra overall "normalizing" constant factor. For example, if one

were to define ay(t) = rx(t)/ T where T is the duration of a pulse train, then ax(t) and rx(t) have different
dimensions. Below we show that our rg(t) has dimensions of energy, so ax(t) would have dimensions of
power. We prefer defining autocorrelation as shown in (32.1) with no normalizing constant.

A simple reflection property follows from the above definition (use t" =t'+t):
rx(-t) = rx(t)* . (32.2)
For real x(t) then rx(t) is an even function of t, in (32.1) we could put either +t or -t in the last parentheses.

Although we have not yet mentioned statistics and randomness, one could easily imagine the following
situation. Suppose x(t') is some sort of random function ("noise") that takes values in the range -1 to 1. It
seems likely that for a value of the separation t that is larger than some small value, one might get rx(t) =
0. The vague argument would be that there is no "correlation" between x(t') and x(t'+t), so the product of
these two functions ought to be pretty random, and a sum of random numbers in the range -1 to 1 ought to
be zero. Even in this case, we can see that the result is not zero if t = 0, since we are then summing a
positive quantity. In fact, r,(0) is the area under x(t)2.

(a) Autocorrelation function for a Square Pulse

Before going any further, let us compute the autocorrelation function for some simple case we are
familiar with. A good candidate is x(t) = a square pulse of width T and amplitude A. As in (9.1),

Xputse(t) = A [ O(t +1/2) - 0(t-1/2) ] . 9.1)

One can easily do the above integral (32.1) to get the answer, but it is very obvious what the answer is.
We are multiplying a box times a box shifted by t. Where they overlap, the integrand is AZ. The boxes

only overlap if the absolute value of shift t is less than the width t of the pulse. If this is so, the size of the
overlap is 1 - [t|. If |t| is larger than 1, there is no overlap, so the integral is 0. Thus,

rpurse(t) = A%(T-[t) O(t - [t]) = (A%) [ 1-[t/t]6(c - |t]) (32.3)
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and we find that the autocorrelation function is a triangle whose base is twice the pulse width,

Xpulse(t) Ipulse(t)

L
T -T2 /2 .Ir t —p -T Tt —p

Fig 32.1

In general, if x(t) has some finite width t, r,(t) will have width 2t.
(b) Energy, power and spectral energy density for a finite signal x(t)

The total energy in a finite duration signal x(t) can be computed in either the t-domain or the ®-domain
using Parseval's formula (10.5), to which we add 1/R to each side,

X(@)?

E= f_‘: dt [x(t)2/R = f_‘: do 5o

(32.4)

If we think of x(t) as the voltage across a resistor R, then dt xz(t)/R is the energy delivered to the resistor
in time dt, and the integral on the left is the total energy in signal x(t). The dimensions on the right are,
looking at (1.1),

X@f 2 o2 _ e
do iR - seC (volt-sec)“/ohms = (volt“/ohms)sec = watts-sec = joules = energy . (32.5)

Setting R = 1Q), we can write this as

o0 o0
E= [ Tdtpt) = [ do &o) (32.6)
p(t) = |x(t)|2 = energy density in the t-domain (joule/sec = watt) ( = instantaneous power)
p(t)dt = energy in dt (joules)

&(w) = [X(0)|?/21 = energy density in the @-domain (joule-sec)
&(w)dw = energy in dw (joules)

We shall refer to &(w) as the spectral energy density of signal x(t) whose Fourier Transform is X(w).
The isolated single pulse Xpuise(t) has a corresponding Epuise(®). The function p(t) is the "temporal
energy density".

(¢) The Wiener-Khintchine relation

Changing to t" = -t', we can trivially rewrite the definition (32.1) as follows:

rx(t) = f:) dt" x(t - t") x(-t")* . // energy units (32.7)
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From now on, we assume x(t) is a real valued function. Recall now the convolution theorem (3.6),
o0
a(t) = f dt" b(t-t") c(t") = A(®) =B(0) C(o) . (3.6)

We see that (32.7) has the standard convolution equation form where we select

b(t) = x(t)
c(t) = x(-H)*

B(w) = X(w)
C(o) = X(w)* // from (7.2)

<«
<«
Thus, the diagonalized frequency domain form A(®) = B(w) C(®) is

Ru(0) = X(0). (32.8)
Dividing by 2n we find that

E(w) = (1/21) Ry(®) . (32.9)
This says that the spectral energy density () of signal x(t) is 1/2n times the Fourier Integral Transform
Rx(®) of the autocorrelation function rk(t) of the signal x(t). This result is sometimes called the Wiener-

Khintchine [Khintchin] theorem.

Note also from (32.1) that r«(t) evaluated at t = 0 gives the total energy in signal x(t),
© 2 ..
rx(0) = f dt [x(t)|* = E = total energy in signal x(t) (32.10)
-00

For us, the significance of (32.9) is that we can "inject statistics" into a computation of the autocorrelation
function, and then we will know the power spectrum of our statistical signal from (32.9). All we have to
do is Fourier transform the autocorrelation function rx(t).

(d) Verification of Wiener-Khintchine for a Square Pulse

Equation (32.3) gives the autocorrelation function rx(t) for a square pulse. One can insert this into the
Fourier transform (1.1) to compute Rx(®),

Re(@)= [ © dt(A20)[1-|t]/t]e7*t =2(A2%r) [ (:dt(l—t/r) cos(ot)

=2(A%1) (1-cos(a1))/(031) = 4(A%1) sin(01/2)/(0?1) = (A%T?) sin®(01/2)/(01/2)?
= (A1) [ sinc(01/2) 12, (32.11)

and this is recognized from (9.2) to be [X(w)|? for the square pulse, in agreement with (32.8) .
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(e) Cross-correlation, convolution, and autocorrelation

Notation: a* means complex conjugation, b * ¢ means convolution, b * ¢ means cross-correlation .

The cross-correlation of two functions b and c is defined this way

bxe)ty= [~ d bE)e(t+) = (cxb)*(-t) (32.12)

where the right equality is easy to show setting t+t' = t". So in general, b* ¢ # c*b . According to our
autocorrelation definition (32.1),

® = [ dt x(t)* x(t 1), (32.1)

the autocorrelation of function b is the cross-correlation of b with itself, so rp, =b % b.

In Section 7 we noted that a function is Hermitian if £*(-t) = f{(t).
Fact: If b and ¢ are both Hermitian, then b* ¢ =c*b. (32.13)
Proof: bxc= [~ dtb*t)ettt)= [ dtb(-t)eR(-tt) = [ dt bt H)cH(t") =ckb

=00 =00 =00

If b and ¢ are both real and both even, they are both Hermitian so again, bxc=c*b.

The convolution of two functions b and ¢ we saw from the (3.1) and (3.2) was this
(bke))= [ dt' b(t)e(t-t) = (ckb)(t).
-00
In order to relate these two operations, we need to show more detail in the notation. Thus, using t" = -t/,
o0 o0
[b(t) * c(t)](t) = f dt' b*(t")c(t+t") = f dt" b*(-t")c(t-t") = [b*(-t) * c(t)](t) .
If b(t) is a Hermitian function so b*(-t) = b(t), then we have shown that :

Fact: Ifb is Hermitian, then b* ¢ =bskc. (32.14)

If b = ¢ = real, then we have from (32.1) and (32.2),
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)= [ debebE+) = [ dt b(t)b(t-b)
=00 =00
so we have just proven part (a) of this fact, while part (b) was shown above (32.13),

Fact: (a)Ifbisreal, then i, = bX*b =bx*xb

(b) Forany b, i, = b*b (32.15)
(f) Z Transform Wiener-Khintchine relation for a Pulse Train
The Wiener-Khintchine relation was stated above in section (c) as
Rx(®) = [X(@)? (32.8)

where Ry(®) is the Fourier Integral transform of the autocorrelation function rx(t)

ot = [ dt x()* x(t + 1) . (32.1)

in the case that x(t) is real. Once we know about the convolution theorem (3.6) for the Fourier Integral
Transform, we see that the Wiener-Khintchine relation is just the application of this theorem to the
particular convolution equation (32.1).

From the amplitudes y, of an infinite pulse train one can define an autocorrelation sequence in analogy
with the autocorrelation function,

. 1 N
rs = limyg_w [m ZNyn* Vats | = <Yn* Vo+s™1 . (32.16)
n

1
Although r(t) (our particular (32.1) definition) has no normalization factor, we have added m to the

definition of rg in order to obtain the finite result rs = <yp* yn+s>1. The label 1 on <...>; reminds us that
this is an average over a single sequence y, . Later we shall use <...> without a label to indicate an
average over an ensemble.

It is convenient to use this shorthand notation for rg,

1 X T1
Is = (2N+1) z Yn* Yn+s = T
n

= -00 n

M8

Yn* Yn+s (32 1 7)

-00

where T = (2N+1)T; is the duration of the pulse train. We know that this infinite T is going to cancel
another T in any "application” so we allow it to exist temporarily, as in (33.22) where T = [276(0)]T1 .
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The Z transform of g is given by

—

R"(z) = Z 1s2°° = Z {T Z ¥n™* Yn+s}Z_s = T Z Z [yn* Zn][Yn+s Z_(n+S)]

s =-0 s =-0 n=-ow n=-0§=-0m

—3

-1
T

n

[yn* 2" ] [ymz™"] m = n+s

M8
™8

0 m = -0

T L L T T
"7 WA ] =T Y@ = T YO

so we have obtained a Z Transform version of the Wiener-Khintchine relation. We may regard this simple
result as an application of the Z Transform convolution theorem (24.5) to the particular convolution sum

T
(32.17) with At — ?1 . Here is comparison of the two cases:
" T1 " 2 . . .
R"(z) = T | Y"(2) | Z Transform Wiener-Khintchine (32.18)
Ry(®) = [X(w)f* . regular Wiener-Khintchine (32.8)

Here X(w) is the Fourier Integral Transform of the pulse train x(t),

X(t) = Z Yn Xpulse(t ‘tn)- (25.1)

n=-o0
while Y"(z) is the Z transform of the sequence of pulse train amplitudes.

The results of this section apply to finite as well as infinite pulse trains. In a way, this fact is obvious if
we just pad out the finite pulse train with 0's to make it infinite, but it is still worth showing explicitly.
The appropriate autocorrelation sequence for a finite pulse train is given by,

1 N . .
s = 2N+ ZNyn* Yots = <Yn* Yn+s>1 // finite pulse train (32.16)'
ne.

If we assume yn vanishes outside the range -N to N, then rg vanishes outside the range -2N to 2N, in
accord with the analog comment above that rg(t) has twice the width of any finite x(t). We shall
nevertheless show Xg below as having an infinite range, though we know the range will really be finite

when the summand is examined.
We then compute R"(z) as above
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o0 -s 0 1 N _ 1 o0 N _
R"(z) = Z I'sZ = Z { (2N+1) Z Yn™ YntsZ s } = (2N+1) z Z Yn™ Ynts Z °
§ = -0 n=-N

§ = -0 = =- s=-o n=-N

1 N @ i}
“oNT) & 2 YaT¥ms 7T

n=-N s=-0

Now let m = n+s and replace the s sum with an m sum,

1

N )
o) X L yatymz OV

n=-N m=ow

But now the range restrictions from yp, on m gives us this final result

1 N N - 1 N N i
~(2N+1) ZN ZNY"* ¥m 7 =GN ( ZNYn* ") ( ZNymZ ")
n=- m-=- n=- m=-
so then
[ 1 " 2 Tl " 2
= = z W w T = 1. .
R"(z) —m [Y"(2) | =T | Y"(2) | here now T = 2N+1)T (32.18)'

which has the exact same form as (32.18).
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33. Spectral Power Density of a Simple Pulse Train

In subsections (a) through (d) we deal only with simple pulse trains. Along the way, certain facts are
developed which apply to general as well as simple pulse trains and these will be gathered up and
summarized in the first part of Section 34.

Comment: Some texts use the phrase "power spectral density" (PSD). Although this wins on Google by a
ratio of 3 to 1, we still prefer the phrase "spectral power density", and the same for "spectral energy
density".

(a) Computation of X(®) and |X((x))|2 for an infinite Simple Pulse Train

This is the first section in which we use the 6(0) notation of Appendix A which may make the reader feel
a bit uncomfortable. In subsection (b) we shall repeat everything for a finite pulse train and then take the
limit N—oo to obtain the same results without using 6(0). In both sections we shall include the Z
Transform in passing, but our main work is in the o variable, not the z variable.

From Section 14 (a) we know the spectrum of an infinite pulse train formed from pulses Xpuise(t)
separated by time Tq ,

X(t) = 2 Xpulse(t - nT1) (14.1)

n=-o0

X(®) = Xpuise(®) § 21 3(wTy - 27m) . (14.4)

m = -0

We can obtain the same expressions from box (25.4) which summarizes amplitude modulated pulse trains
by setting all amplitudes to y, =1,

X(t) = 2 ¥n Xpulse(t -tn) = ) Xpulse(t -tn) (33.1)
n=-o n=-o
X((D) = (I/Tl)xpulse(w) Yv(m) = Xpulse((’)) Y"(Z) (332)
w . (:D =
Y"(Z) — Y'(Q))/Tl — z Y e-lonTl — Z e-lmnTl ) (333)
n=-00 n=-00
iwTq ]

Y'(w) is the Digital Fourier Transform of y, = 1, and Y"(z) is the Z Transform, where z=¢
In (33.3) we then use (13.2)

0 0
Y etk = Y opd(k - 2nm) -0 <k <o (13.2)

n = -0 m = -00
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so that (33.3) becomes

Y'2z)= Y(o)/Ti= Y "1 = 3 218(wTy - 2nm) (33.4)
n=-00 m = -00
and then (33.2) says
o0
X(®) = (1/T1)Xpu1se(®) Y(©) = Xpuise(®) 2 273(wT; - 2mm) (33.5)

m = -00
in agreement with (14.4) quoted just above (33.1).

To find the power spectrum of a signal x(t), our first task is to compute | X(®) [*. From (33.2) we get
X@)* = Xpurse(@)* (UTD)* [Y'(@) = [Xpuise(@)* | Y"@) [* . z=¢*" (33.6)

We therefore must deal with the following object, using (33.4),

1Y'"@) P = (UT)? [Y'(@) = [ f 2md(wTy - 2mm) ]2, (33.7)

m= -0

and we are now faced with the issue of squaring delta functions. Formally these objects don't exist in the
realm of distribution theory, but (as discussed in Appendix A) we can deal with them in an ad hoc way
which proves to be useful. Consider,

[ §2n8(0)T1-2nm) 12 = § 2n8(wTy - 2mm) § 218(wTy - 27n)

m = -00 m = -00 n = -oo
[e¢]
> 2n8(wTy - 2nm) 2nd(wTy - 27tn) .

Looking at the product of the two delta functions, there can be no contribution to the double sum unless m
=1, SO We continue

o0 a0
= > 2m8(wT1 - 2mm) 278(0) = [273(0)] D, 2n8(wTy - 2wm)
m = -0 m = -00
so that

[ §2n8(wT1—2nm) 12 = [273(0)] § 2nd(wTy - 27m) . (33.8)

m= -0 m= -0

The object d(0) is formally undefined, but in Appendix A we ascribe the meaning that 2m16(0) = 2N+1 in
the limit that N— oo and we can always "undo the limit" when necessary. We shall firm up this idea in
section (b) directly below. So we have shown then that
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1Y"(2)|? = (UT1)? [Y'(@)]? = [275(0)] § 2n8(wTy - 2nm) (33.9)
or -

Yn 2 Y, 2 .

'[znéz(ﬁ')] = (UTy)* |[2n(5w(_2)|)] = Y 2md(wTy - 2mm) . (33.10)

Then from (33.6)
X(@)? Y@ Y'()®
[273(0)] = |Xpulse(03)|2 [275(0)] = |Xpulse(03)|2 (l/Tl)2 [275(0)]

o0
= [Xpuise(@)? Y 218(wTy-2nm) . (33.11)
m = -0
We shall now repeat the above set of steps for a finite pulse train.

(b) Computation of X(®) and |X((D)|2 for a finite Simple Pulse Train

Our finite pulse train always has pulses ranging from n = -N to N instead of from n = -0 to . We start
off exactly as in the previous section but with limited sums,

N N
x(t) = Z Yn Xpulse(t -tn) = Z Xpulse(t -tn) (33.12)
n=-N n=-N
X(0) =(1/T1)Xpu1se(®) Y'(©) = Xpuise(®) Y"(2) (33.13)
N - N .
Y'(2)=Y'(0)T1 = ¥ yne " = ¥ 0" : (33.14)
n=-N n=-N
In the last line we then use (13.3),
N i +
S etk o sin[(N+1/2)k] L= 2 55(kN) -0 <k<oo (13.3)

N 2 sin(k/2)

where J5 is a periodic delta function model discussed in Appendix A (b). Equation (33.14) becomes
N .
Y'2z)= Y(o0)Ti= Y e **"1 = 2135(wT1,N) (33.15)
n=-N

and then equation (33.13) says
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X(0) = Xpu1se(®) 27 85(0T1,N) . (33.16)

This Js is periodic with period 2z and has identical peaks separated by 2xn. For finite N, these are peaks of
finite width and height. Squaring, we find

| X(0) = | Xpuise(®) [ [27 85(0T1,N)]* . (33.17)

Recalling the definition of the d¢ delta function model from Appendix A (A.20),

[2735(k,N)J?
2w dg(k,N) = W (4.20)
we obtain
X _ X 2 21 36(0T1,N 33.18
(N+1) | Xpuise(®) [ 27 86(T1,N) (33.18)
and this is the finite pulse train result. We can then take the limit N—oo and make use of (A.21),
limy_0 86(@T1,N) = > 3(wTy - 2mm) (A.21)
m = -0
to find that
i X@P 2 3
IMN—w0 [(2N+1)] = | Xpuise(®) | 2. 2n8(wTy - 27nm) (33.19)
m = -0
and this replicates (33.11) with the promised connection 27t6(0) = limy_, (2N+1).
It is useful now to provide some side-by-side comparisons of results :
o0 X o0
Y'2z)= Y(o)/Ty= Y e*"T1 = 3 2718(wT; - 21m) infinite (33.4)
n=-ow m = -0
N .
Y'2z)= Y(o)Ti= > e *"T1 = 2135(wT1,N) finite (33.15)
n=-N
X(®) =Xpuise(®) 2. 2n8(wT: - 2nm) infinite (33.5)
m = -00
X(0) =Xpuise(®) 27mds(wT1,N). finite (33.16)
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K@) _ 2 3 s .
2n5(0)] ~ putse(®) 2. 2n3(wTy - 2mm) infinite (33.11)
m= -
X(w)? 2 .
ON+1) | Xpuise(®) [© 21 d6(0T1,N) finite (33.18)
IX(w 2

One can interpret m as the value of |X(0))|2 per pulse in an infinite pulse train.

(c) Spectral Power Density of a Simple Pulse Train

In this section, everything is in the frequency domain, nothing is in the time domain.

Recall from (32.6) that
&(o)= |X(co)|2/2n = energy density in the ®w-domain (joule-sec) (32.6)
&(w)dw = energy in dw (joules)

where &) is the spectral energy density of signal x(t) whose Fourier Transform is X(w).
If we divide &®) by 2N+1 or 2n6(0) we obtain the pulse train's average spectral energy density per

pulse, which is the same as the energy density of an average pulse in the pulse train. Using our two
expressions above for infinite and finite pulse trains, we then find

& X(w)? ] © o
I3 X(w)?
(2151?)1) =2n(§°§)+|1) :ﬁ Xpurse(®) 2 27 86(@TLN) . finite (33.20)

If we divide the spectral energy density of the average pulse by T1, we obtain the spectral power density
of an average pulse, and this is the same as the average spectral power density of the pulse train. Thus,

o &) X@P? 1 2 z o
P(0) = T2[275(0)] = 27T1[275(0)] = Xpuise(®)|” (1/T1) 2, 2nd(wTi-2nm) infinite
m = -00
&) X(@)? 1 :
P(0) =T.oN+T] ~ TN+ ] 2% Xpu1se(®)® (1/T1) 27 Sg(@T1,N) . finite
(33.21)
If is perhaps helpful to define
3 { [278(0)]T1  infinite pulse train
“ | @2N+1)T;  finite pulse train (33.22)

Then (33.21) maybe be restated
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& X@P 1 e
P(o) = %) = | 2(ﬂz| = |Xpulse((o)|2 (1/T1) Y. 2nd(wTy-2mm) infinite
m = -0
o) X 1 .
P(w) = JT—Z ="5xT " on |X1;,ulse(co)|2 (1/T1) 2n d¢(wT1,N) . finite (33.23)

Meanwhile, our Xpu1se(t) which lasts only for duration Tj itself has an energy and power density,

15e(0) _ Xputse(®)”
Pou1se(®) zaP“TT =T : (33.24)

Note: Even if Xpu1se(t) is wider than T; as the Gaussians are in Fig 14.2, the pulse is associated with the
interval of width T1, and Xpu1se(®) involves the time integral over all of Xpu1se(t). It is convenient to
think of the pulse as the black curve in Fig 14.2, in which case the pulse really fits within Tj.

We can then write (33.23) in the following compact form

o0
P(0) =Ppurse(®) D, 2nd(0Ty - 2nm) joules infinite

m = -0

P(0) =Ppurse(®) 27 d6(wT1,N) joules finite (33.25)

Notice that 6(wT1-2am) and 6¢(wT1,N) are both dimensionless, so the dimensions in each equation
trivially match. A power density #(®) has dimensions of energy = joules, so that #(w)dw then has the

dimensions of joules/sec = watts, and this is the pulse train power contained in interval do of the
spectrum.

For the infinite pulse train, we are always allowed to write

21 8(wTq - 2em) = (27/T1) &(® - m(27/T1)) = ®1 &(® - mw1) w1 = 2n/T1
to get
o0
P(0) = Pourse(®) 1 X, (o - moy) infinite (33.26)
m = -0

which shows more explicitly that the power lines occur at the harmonics ® = mw;. Recall now these
earlier facts,
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C((D) = (I/Tl)Xpulse((D) (]4.]4)
Cm = c(mw1) = (1/T1)Xpuise(Moy) . (14.10), (14.8)

For the infinite pulse train we can then write, using (33.24),

o0 X 2 0
5)((’)) = fppulse(w) ®1 Z 5(0) - m(Dl) = L%((DN %_TE z 8((0 - InCO]_)
1 1
m = -00 m = -00
Xpuise(@)® & , 2 ® )
= —Lz—Tl > d(w-mw1) = (@ Y d(o-moi) = 2, |c(moi)® d(w - moi)
m = -0 m = -00 m = -00
so that
P) = Y lea® 8w - moy). (33.27)
m = -00

This gives the power spectrum of a simple pulse train in terms of the complex Fourier Series coefficients
Cm-

Recall from box (15.12) that Dim(cy) = Dim[x(t)] = volts (say), so |cm/2 = watts into a 1Q resistor, and
since 0(® - mw1) has dimensions sec, |cm\2 d(® - mmi) then has dimensions watt-sec = joules, as befits
any #(w) object.

If we assume x(t) is a real pulse train, then X(w) is Hermitian, X(-0) = [ X(®)]* by (7.3), which
means

c-m = (1/T1)Xpurse(-mo) = (1/T1)[Xpuise(M®)]* = cp*
SO

lc—ml? = |cnl? x(t) real (33.28)

and then we can fold the negative part of the sum in (33.27) to get

(o) = § cal® 3( - m@1) = |col® §(w) +2 io: lcal® 3(0 - moy) . (33.29)

m= -0 m=1

Finally, recalling from our Fourier Series box (15.2) that ¢ = [ ap - ibn }/2 and bo= 0, we get

P(©) = ag? d(w) + (1/2) f (am2+bg?) 8(® - mo1) . (33.30)

m =1
(d) Average Power P of a Simple Pulse Train

We seek an expression for the average power P in a general pulse train. This is of course a time domain
quantity, not a frequency domain quantity.
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P =] total energy in pulse train / time duration of pulse train | = average pulse train power

=am [ T dtxP= 7 do K@) // from (32.4) with R = 1Q
=00 -00 2TET :

SO

P = f_: do P(®) . // from (33.23) (33.31)

This is certainly reasonable since $(®) is the average spectral power density of the pulse train. Recall that
x(t)|? is the "instantaneous power" of signal x(t) at some instant of time t, so P is the time average of this
instantaneous power.

For the special case of an infinite simple pulse train, we found above that

P(0) = g‘, cal? 8(02 - mw1) =a0” 3(w) +(1/2) g: (2n’+bn”) (@ - me1) .

m= -0 m=1

Therefore the power in a simple pulse train is given by (33.31) as

0
P = lcml® =202+ (1/2) 3 (ap>+bn?) . (33.32)

-00 m =1

™8

m
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34. Spectral power density of a General Pulse Train
(a) General Pulse Train results and connection with the Autocorrelation Function

Certain results of the previous section apply to general pulse trains. They are gathered here:

&(w) = [X(0)|?/271 = energy density in the ®-domain (joule-sec) (32.6)
_ J [2md(0)]T1  infinite pulse train
- { (2N+1)T; finite pulse train (33.22)
2
_do) X0
P(w) = T = onT (33.23)
_ epulse((l)) |X ulse((’))|2
fppulse(m) = T, = p21‘[T1 (33~24)
0
P=[" doPo) . (33.31)

We now bring the autocorrelation function into the discussion, but only in passing. Let x(t) be an arbitrary
but real pulse train, and recall that

rx(t) = f ? e x(t) x(t'+1t) . (32.1)
-00
Then, using T from (33.22),
rx(0) = f © gt x(t)2 =P T = E = total energy in the pulse train (34.1)
-00
so the average pulse train power maybe written in terms of the autocorrelation function evaluated at t =0,
P =r14(0)/T . (34.2)
We diagonalized (32.1) treated as a convolution equation to obtain
X(@)[* = Ra(0),
called the Wiener-Khintchine relation. Here Ry(®) is the Fourier Integral Transform of the autocorrelation

X(w)?
function rx(t) of x(t). Then from (33.23) that (@) = | 2(1{12' we get

P(0) = Ry(0)/ (2nT) . (34.3)
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In this way, both P and #(w) can be expressed in terms of the autocorrelation function. Thus, one
approach to finding P and #(w) for a pulse train is to try and determine r(t).
Here then is a box summarizing all the general pulse train results:

Energy and Power Properties of a General Pulse Train (34.4)
(o) = |X(co)|2/2n = energy density in the w-domain  (joule-sec) (32.6)

_ | [2#6(0)]T1  infinite pulse train

- { (2N+1)T; finite pulse train (33.22)

& X(0)?
P () E(—(D) = X(®) = Ryx(w)/ 27T) joules (33.23) and (34.3)
T 2nT
Eputse(®) _ [Xputse(®)[®

Pourse(®) =" = (33.24)
P=["doP0) =rl(0)T watts (33.31) and (34.2)

If P(H)df = P(0)do = P(®) 2rdf , then P(f) = 2nP(w).

(b) Spectral power density for a General Pulse Train

In Section 33 (d) we dealt with simple pulse trains. Here we consider the more general amplitude

00 N
modulated pulse train. In all equations, one can replace Y. by Y to adapt the equation to a finite
n= -0 n=-N
pulse train instead of an infinite one. We start then with
o0
X() = 2 Yn Xpulse(t-tn) (25.1) (34.5)
n=-o0
X(0) =(1/T1)Xpu1se(®) Y'(®) = Xpuise(®) Y"(2) (25.3) (34.6)
© .
Y'2z)= Y(0)/Ty= Y yae ***™1 | (24.2) (34.7)

n= -0

To find the frequency-domain power spectrum of a signal x(t), our first task is to compute | X(®) |°. From
(34.6) we get

X(@)]? = Xpuse(®)]? (/T)? [Y'(@)? = [Xpurse(®)f | Y"(z) [? z=e*T1 (34.8)
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We therefore must deal with the following object, using (34.7),

o0

Y'@ [ = UT)* Y@ = | X yae ™™ |2

[ee] [o0] X
Y Y Ya*yacto®mT (34.9)

0 0
— -ionT +iomT _
= Z Vn € 1 Z Ym* e 1 =
n=-00 m= -0

n= -0 m = -0
so that
o0 o0 X
| X() |2 = | Xpu1se(®) |2 )y 2 Yn*yne*® (mon) Ty (34.10)
n=-00 m= -0
From box (34.4) we then have
&) = X(@)?2n = (121) | Xpuise(®) * | Y"(2) |2
o0 o0
= (121) | Xpurse(@) > X X yu*yn et (34.11)
n=-00 m= -0
&(o
2@ =22 = (122T) | Xpurea(®) I V') 2
o0 o0 i
= (121T) | Xpuise(@) * Y Y ym*ypee®™ ™1 (34.12)
n=-0 m=-0
which we can write as (again using box (34.4) results)
o0 o0 i
E0) = T1 Pourse(®) | Y"(@) P = T1i Poutse(®) Y Y yo*ynet®® ™M (34.13)
n=-0 m=-0
Ir) ') Tl " 2 P T1 < < iw(m-n) Ty
P(w) = qulse(m) T |Y"(2)|” = qulse((ﬂ) T Z Z Yn™* Yn€ (34.14)
n=-0 m= -0
o0
P = f do (@) . (33.31) (34.15)
-00
Using the Z Transform Wiener-Khintchine relation (32.18) that R"(z) = ?1 | Y"(z) |2 we get
&)= T1 Ppurse(®) | Y"(2) P =T Ppouise(0) R"(2) (34.13a)
(34.14a)

Ty
P(®) = FPpurse(®) T [ Y"(2) ? = Pourse(0) R"(2)

where R"(z) is the Z transform of the autocorrelation sequence rg obtained from the yy,.
Not knowing details of the yy there is not much else we can do in these expressions.
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(c) Pulse Trains with Repeated Sequences

Consider a pulse train composed of some general pulse shape Xpu1se(t) whose amplitudes are repeated
sequences of A,B. We shall compute the spectrum X(w) and spectral power density #(w) by two different
methods.

The first method is more or less brute force, and it reveals a potential pitfall in using the 5(0) notation
and shows a clean way to avoid the pitfall.

The second method, much simpler, is to use the Fourier Series results in box (15.12) applied to the
repeating sequence.

We then state X(w) and P(w) for a few special cases including various square waves.

Appendix F treats the general case of a repeated sequence {A,B,C,D......}.

Method 1: Brute Force Calculation of X(®) and #(w) for repeated A,B case.

Our starting point is (34.8) with (34.7), where we assume N is large and later we will take N—oo :

X(w) = (I/Tl)Xpulse(w) Y'(o) = Xpulse((D) Y"(z) (34.6)
X(@)? = [Xpurse(@)® (1/T1)? [Y'(@)? = [Xpurse(®)? | Y"(2) [* z=¢'"1 (34.8)
N .
Y'"(z)= Y(0)/Ty= Y yne *®°TL (34.7)
n=-N

The main problem is to compute Y"(z) and then square it. We have
N
Z Vn e-imnTl =A Z e-imnTl + B Z e-imnTl )

n=-N neven n odd

Now process the sums as follows, where

N/2
Y oeterTi = Y 7e@MTL where we used n = 2m
n even m=-N/2
. N-D2
> eTienTi = 3 e (2m T where weusedn=2m+ 1 .
n odd n=(-N-1)/2

We assume N is very large, so we regard (N+1)/2 = N/2 . We then find

N N/2
Y"(Z) — Y'((D)/Tl — z Va e—:u.)nT]_ — [A+ B e—lel] Z e—lw(2m) Tq .
n=-N m=-N/2
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We now use (13.3),

g i o sin[(N+1/2)k]

dnsin(k2) - 2mOs(N) o sk 3
n=-N
to write
N/2 .
3 eI = op §5(20T1,N/2)
m= -N/2

where 05 (and g to come soon) are explained in Appendix A (b). Therefore,
Y"(z) = [ A+Be **"1] 2185 20T1,N/2) . (34.16)

Using this Appendix A result,

o0
limy_o 85(k,N) = > 8(k-2wm) (A.19)
m = -00
we obtain the N—oco limit for our spectrum

Y'z) = [A+Be ™21 Y §(20T1-2nm)

m = -0

= (12)[ A+ B e 1] (1/Ty) 2n § 8o - mw1/2)

= (12) o1 § [A+B(-1)" d(w-mwi/2) (34.17)
and correspondingly
X(w) = Xpuise(®) (1/2) o1 %o: [A+B(-D" 13(0 - mo1/2). (34.18)

m = -0

There is a certain logic to the [ A + B ¢™**T1] factor in (34.17). If we set A = K and B = 0 we get one
result, and if we set A =0 and B = K we get the same result multiplied by ¢ ***™* . The second pulse

train is just the first pulse train shifted T units to the right, and this adds phase e **""2 as in (12.1).

If we were to square (34.18) and use our usual 276(0) = 2N+1 association, we get a result that is off by a
factor of 2. The reason is that our pre-limit sums are going from -N/2 to N/2, so we would get the right
answer if we were to adjust and say 2md(0) = N+1. Rather than make an arm-waving argument to this
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effect, it is safer to continue along with our pre-limit expressions, having paused to take the limit for the
spectrum X(w) as in (34.18).

So, backing off again from limit, we square (34.16) to get
IY"(2)? =|A + Be™*T1? [27 85(20T1,N/2)]2 .
Then from (A.20) applied with N — N/2

1 [2785(k,N/2)]?

de(k,N/2) = b W (4.20)

we get

IY"(2) =|A + Be™*T1? [27 85(20T1,N/2)]?
or
1 [2n85(20T1,N/2)]?

Y"(2)]? 1
1on (N+1)

2n(N+1)

=|A + Be 19T12 b= JA+Be T2 §620T1,N/2) .

Now for large N we ignore the difference between N and N + 1 and so on, so we divide both sides by 2 to
get,

Y" 2 .
2n(2§\21)+|1) = (1/2) |A +Be ™12 §6(20T1,N/2) .

Notice that a very important factor of 1/2 appears on the right in the last step. We now insert the squared
pulse spectrum to get

X(0)P , Y'@P

27‘[(2N+1) = |Xpulse((’3)| 27[(2N+1) = |Xpulse((’3)|2 (1/2) |A+Be_imT1|2 85(2(DT1,N/2)

2
®
If we divide both sides by T; the left side is % where T is the length of the pulse train and this in
turn equals P(o), all as shown in box (34.4). So for large N we have shown that
P(®) = Xpurse(®)® (1/T1)(1/2) |A + Be ** 1 §620T1,N/2)

= Ppurse(®)(1/2) |A + Be 297112 21 §6(20T1,N/2) | (34.19)

Now at last we take the limit N—oo0 and use

limy_0 86(k,N) = § §(k-2mtm) (4.21)

m = -0
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to get our desired infinite pulse train result

P(0) = Ppurse(®)(1/2) |A +Be 29712 Y 27 520T; - 2nm)

m=-o

e
FPpurse(®)(1/4) |A +Be *°T12 (1/Ty) Y 2n8(0 - mo1/2)

m = -o0
o0
= Ppurse(®)(1/4) (/T1) Y |JA+B-D™ P 218(0 - moi/2)
m = -00
[ee]
= Pourse(@)(1/4) o1 Y. {]A?+ B + 2Re(AB*)(-1)™ } 8(® - mm1/2) . (34.20)
m = -0o
Summarizing the key results:
Fig 34.1
[e 0]
X(®) = Xpuise(®) (1/2) 01 Y. [A+B(-D™ 150 - moi/2). (34.18)
m = -0
P(®) = Pourse(®) (1/4) 01 Y. {|A?+ [B]? + 2Re(AB*)(-1)™ } 8(0 - mo1/2) . (34.20)
m = -00

Method 2: Fourier Series Calculation of X(®) and #(®) for repeated A,B case.

We regard our A,B pair of pulses as a single pulse xpyrsg(t) of width 2T;.

_ A Xpulse(t) 0<t<T;
XpuLse(t) = B Xpuise(t-T1) T1<t<2T;

We then apply the Fourier Series results of box (15.12) but with T;— 2T1 (so w1 — ®1/2)

x(t) = 2. Xpurse(t-n2Ti)

n=-o0o

2T i
Cn=(12Ty) [ 7 dtxsuss(t) L2

We then calculate Cy, as follows
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2T —j
Cm = (1/2T1) J.O 1 dt XPULSE(t) € imogt/2

T -3 2T .
=2ty A [ . b dt xpurse(t) € ™2 + (12T B [ . 1 dt Xpu1se(t-Ty) e 2M01/2

1

T i s T . '

= (1/2’1"1) A J‘O 1 dt Xpulse(t) e 1mm]_t/2 + (1/2T1) Be imwqg (Tl/Z) fo 1 dtv Xpulse(t') e imegt /2

=(2) [A+BEDRT () ™ di xpunaa() e7434/2

=(1/2) [A+B(-1)"] cmy2
so that

Cn= (12) [A+B(-1)"] cuy2
where c, are the Fourier coefficients for a simple pulse train made from Xpu1se(t) pulses. The spectrum
can then be read from box (14.12) item 3, where we continue to replace Ty — 2T1 ,

@
X(®) = Y. Cp 21 8(w - mw1/2).
m= -0

But from (14.10) and (14.8) we know that

cm/2 = (1/T1)Xpu1se(mwi/2)
so that

Cn =(1/2) [A+B (-D)"] (I/T1)Xpu1se(me1/2) .
Then

X(0) = § {(1/2) [A+B (-D)™] (1/T1)Xpu1se(mo1/2)} 21 8w - mw1/2)
= Xpuise(®) (1/2) 01 i [A+B(-1)"]80 - moi/2)

m = -00
which agrees with our Method 1 result (34.18).

Then from (33.29) we get
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P(0) = ICal? 8(® - m©1/2)

M8

-00

= i | (/T1)Xpuise(mea/2) (172) [A+B(CD"]1? 3(0 - moy/2)

0

(1/T1)? | Xpurse(®) |? (1/4) § ITA+B(-D™]? 8(o - mw1/2) // now use (33.24)

m = -0

= Poulse(®) (1/4) o1 § { |A]2 + B + 2Re(AB*)(-1)™ } 8(o - mo1/2)

m

and this agrees with our Method 1 result (34.20).
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Special Case 1 : Symmetric and Square Waves
Suppose A =1 and B = -1. Then
{|A2+ B + 2Re(AB*)(-1)™} = {1+1-2(-1)™=2[1-(-1D"] .

Our general results were these

X((D) = Xpulse(@) (1/2) 01 §: [A + B(-l)m ] 8(0) - mm1/2) .

m = -0

P(0) = Ppurse(®) (1/4) o1 S (AR +[Bf + 2Re(ABH-1P | 8(o - mon/2)

m = -00
which become
X(w) = Xpulse((’)) (172) 1 Z [1- (-l)m ] 6(w-mm1/2)
m = -0

P(©) = Ppurse(©) (12) 01 2 {1-(-D"} (0 - mw1/2)

or

EACE=IZAN
TS

X(o) = Xpulse(@) ®1 z (o - mm1/2)
m = +odd

P(w) = ‘(Ppulse(@) o1 z oo - mw1/2) .
m = +odd

Square wave pulse train with peak-to-peak = 2 units and period 2T

Xpulse(®) = Ty sinc(wT1/2)

Pourse(®) = Xpuise(®)|?/ (20T1) = (1/o1) sinc*(0T1/2) .

(34.18)

(34.20)

Fig 34.2

(34.21)

(9.2)

(34.22)

To apply equations (34.21) we evaluate the above at ® = mw1/2, ©T1/2 = mn/2 so sin(mn/2) = 0 for m

even and (-1) @172 for m odd. Therefore,

Xpurse(M®1/2) =Ty (-1) ™ /2 / (ma/2) = (2/m) Ty (-1) ™72 (1/m) = Hw1) (-1)™ 72 (1/m)

Ppuse(Mo1/2) = (1/o1) (-1) ™1/ (ma/2)? = 2/m)*(1/01) (-1) ™V (1/m?) .

For m odd, (-1) ™) =1, so we get
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X = 4 Y D"™V2(1/m)so - moi/2)

m = +odd

P(0) = 2m)?* 3 (U/m?) 8o - mwi/2) .

m = +odd

Square wave pulse train with peak-to-peak = 1 units and period 2T

In (34.23) X goes to 1/2 and & goes to 1/4 :

1/2

T,

-1/2

X = 2 Y D™D21/mso - moi/2)

m = +odd

P(0) = (I/m)? Y (1/m?) 8o - mwi/2) .

m = +odd

Square wave pulse train with peak-to-peak = 2 units and period T :

In (34.23) replace w1 — 207 :

4—T1

Y

-1

X = 4 Y D™D21/m)so - mo)

m = +odd

P(0) = 2m)?* 3 (I/m?) o -mei) .

m = +odd

Square wave pulse train with peak-to-peak = 1 unit and period T7 :

In (34.25) X goes to 1/2 and & goes to 1/4 :

Chapter 6: Power in Pulse Trains

Fig 34.3

(34.23)

Fig 34.4

(34.24)

Fig 34.5

(34.25)
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1/2
T >
-2 Fig 34.6
X = 2 Y H™V2(1/m)e - mor)
m = +odd
P(0) = (I/n)? 3 (U/m?) o -moi) . (34.26)
m = +odd

In (17.9) we showed that for the above square wave cg = (1/am) (i)* ™ for odd m. Then (17.4) says

X(@) = Y cm2nd(e-moi)= Y (I/am) ()™ 2n8(e - mor )

m = +odd m = +odd
=2 3 (I/m)(-1)™V/25w-moy) . // agrees with (34.26)
m = +odd

The power density from (33.27) is

o0
P0) = Y lew?® 8(@-mo1) = Y (I/zm)® §(o - mo;) . // agrees with (34.26)

m = -0 m = +odd
Special Case 2 : Every other pulse is zero.

Here A =1 and B = 0. Our general results (34.18) and (34.20) become

AT N

Fig 34.7
X(w) = Xpulse(@) (12) o1 z o —mcol/2)
m = -00
P(©0) = Ppurse(®) (/D) 01 Y, (o - mo1/2) . (34.27)
m = -0

Inserting the same square wave pulse shown in (34.22) this becomes

X(w) = T OZO: sinc(mm/2) 6(® - mw1/2)

m = -0

P(w) = (1/4) §: sincz(mn/Z) oo - mm1/2) .

m = -0

)(m-l)/2

Separating out the m = 0 term and using sin(mmn/2) = (-1 we get
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«—T,—p
Fig 34.8
X = 2 Y (/m) -D)™V/2 50 -mwi/2) +(1/2) 215(w)
m = +odd
P(o0) = (/%) 3 (1/m?) 8o - mwi/2) + (1/4) () (34.28)
m = +odd
These match (34.24) but here we have DC terms.
Special Case 3 : Recovering the Simple Pulse Train Spectra
Here A =1 and B =1. Our general results (34.18) and (34.20) become
X(®) =Xpuise(®) (12) 01 2 [1+(-1D" ]8(® - moi/2) (34.18)
m = -00
P(©) = Ppurse(®) (12) 01 2. {1+ (-D*} 3(0 - mo1/2) (34.20)
m = -00
or
X(w) = Xpulse((D) o1 z oo - mm1/2)
m = xeven
P(0) = t(l)pulse((D) 1 z 0(® - mw1/2)
m = xeven
or
NN AN
< Tew Fig 34.9
o0
X(®) =Xpuise(®) ®1 Y, &(® - mo) // agrees with (14.5) for simple pulse train
m = -0
o0
P(0) = Ppurse(®) ®1 Y, (o - mw1) // agrees with (33.26) for simple pulse train
m = -0
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Exercises for the Reader:

Chapter 6: Power in Pulse Trains
(a) If the repeating amplitude sequence is A,B,C show that
A A o0
X(®) = Xpuise(®) (I3[ A+Be ™ +CeM ] o; > §(0 - moi/3)

m = -0o

e
P(®) = Pourse(®) (1/3)? |A +Be ™91 + Ce ™21 o Y §(0 - moi/3) .

(34.29)
m = -00
(b) If the repeating sequence is yo,y1....yp-1 show that
1 P-1 KoT 0
X((D) = Xpulse((’)) F [ Z Yke_l ¢ 1] 01 Z 8(03 ‘m(Dl/P)
k=0 m = -0
1 P-1 . 0
P(0) = Fpurse(®) p2 | X yxe M 01 X 80 -moy/P). (34.30)
k=0 m = -
These results can be expressed in terms of the Z Transform Yp'"(z) = Sr=o® yx z F of the repeated
sequence, where z= ¢**®T1
1 o0
X((D) = Xpulse(@) F YP"(Z) W1 Z 8(0) 'm(ﬂl/P)
m = -0
o, @ 1 " 2 <
P(®) = Pouise(®) pZ | Ye"(2) [F 01 2 (0 - moy/P) (34.31)
m = -0
Hint: These two equations are derived in Appendix F as (F.12) and (F.23).
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35. Statistical Pulse Trains
(a) What is a Statistical Pulse Train?

Suppose we use a logic analyzer or digital scope to capture a 1 GHz PAM signal (zeros and ones) for 1
usec so a sequence of K = 1,000 symbols yn are stored. We could compute the average value for this
sequence and we might find <yp>1 = 0.55. Here <...>; refers to a horizontal average over a single pulse
train amplitude sequence. By its definition, this average cannot depend on the index m, we are just
computing an average of the yn values in the sequence,

<Y1 = (I/K) 2m=1K Ym .

Now it might be that during this 1 psec, there was something unusual about the data being sent, so that
this measurement of <yp,>; = 0.55 is not really representative over a longer term. One alternative would
be to capture a much longer sequence. Rather than do this, our approach will be to capture very many 1
usec pulse trains and form an ensemble of these representative pulse trains. Perhaps we do this for a
whole minute, so the ensemble then has a huge number (call it I) of pulse trains. We then write down
these amplitude sequences in a vertical list on a very long piece of paper, one sequence below the next.
We then number the positions in the sequences 1 to N and we then define <yp,> as the vertical average
through this ensemble of the sequences in position m. This vertical average is written

<Yo> = (/1) izr yu P

and in theory this could be different for different columns m. For example, consider this ensemble of
sequences which has K =6 and I = 3:

1 2 3 4 5 6

a b c 4 e f£ sequence #1

a' b' c¢' 4' e' f! sequence #2

a" b" c" d" 4" f£" sequence #3 Ensemble Fig 35.1

We would have

<yw>1 = (atbtctdte+f)/6. // horizontal average for the first sequence
<y3> =(c+c'+c")/3 // vertical average for column 3

Our pulse train sequence has a random variable Y associated with each pulse train position, m =
1,2..K, and the vertical average <yn> is the expected value of Yy over the ensemble, normally written
<ym> = E(Yp). The experiment associated with Y, is the generation of a pulse train by some Apparatus,
the experiment is run many times, and the outcomes for random variable Yy, are the values of the symbols
located in position m of these pulse trains. See Appendix G for the meaning of "random variable".

The ensemble is characterized by various statistical properties, such as E(Ym) or E(YnYnYx), each
being a vertical average down through the ensemble. Our statistical pulse train is an idealized pulse train
whose amplitudes form a statistical sequence whose statistics ( like E(Yy) and E(YoYmYx) ) exactly
match those of the ensemble. It is not any particular member of the ensemble, since any member might
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deviate somehow. And it is certainly not the average of the pulse trains in the ensemble, since this average
pulse train would have amplitudes yn, = <yn> which has nothing to do with anything ( and also would
have illegal symbols, e.g., ym = 1/2). If K were very large, a pulse train of the ensemble might come close
to being a statistical pulse train.

Common usage refers to our statistical pulse train as a random pulse train whose sequence of
amplitudes is a random sequence. The problem with this terminology is that the word "random" suggests
for example that <yp> = the mean value of Yy, in the ensemble = 1/2. That is to say, the word random
suggests a flat distribution where p(1) = 1/2 and p(0) = 1/2. But if p(1) = 1/3 and p(0) = 2/3, our ensemble
would still be associated with a statistical pulse train, Any value of p = p(1) would describe a statistical
pulse train, along with the other statistical properties. This same subtle implication of the word random
appears in Appendix G on "random variables" and basic probability theory.

In what follows, we shall only be concerned with the first and second order statistics of the statistical
pulse train, which are <yp> = E(Yy) and <ypyn> = E(YnYn).

How many member pulse trains must the ensemble contain? Could it have only two pulse trains? The
answer is that the ensemble could be small, but then the statistical properties of the random variables as
discovered by the ensemble would have a large amount of error. For example, for column n there is some
normalized distribution pyn(yn) associated with the random variable Y. Suppose y, took values from
{1,2,3,4,5,6}, and suppose pyn(yn) were a flat distribution. Here might be the different views of pyn(yn) as
obtained from ensembles with [ =2, 50 and 1000 pulse trains :

pYn(}’n) I=2 pYn(Yn) [=50 pYn(Yn_) I=1000

L cLao bl Lt

1 2 3 4 5 6 1 2 3 4 5 -8 1 2 3 4 5 6
n —>p n—py n-—p

Since E(Yn) = Zn ¥n pyn(Yn), the error propagates into this and all other expectation values associated
with the statistical pulse train. For any required degree of accuracy o of the statistical quantities, we can
find some value I4 such that for I > I5 the ensemble will realize that accuracy. In theory, we just imagine
that I = oo, and then everything is perfect.
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(b) The region of support for y,yn+s for a finite pulse train

The product of amplitudes ymym+s appears many times below. For a finite pulse train it is useful to see
where the product vanishes and where it does not vanish in terms of m and s. In the previous section we
discussed a finite pulse train having y, with n = 1 to K, but now we instead have y, with n = -N to N so
our finite pulses train now have (2N+1) amplitudes y,. We imagine the finite pulse train embedded in an
infinite pulse train that has all zeros to the left of -N and to the right of +N. In this case we may write for

this infinite pulse train,
YmYmts = Ymym+s O(m < N)O(m >-N) 6(m+s < N)O(m+s > -N)

= YaYmes 0(m < N)O(m >-N) 0(s < N-m)0(s > -N-m) (35.1a)

where we use an inequality-style Heaviside step function 0. The product of the four 0 functions and thus
the quantity ymyms+s vanishes outside the gray parallelogram in this drawing of the (m,s) plane,

A
S
e - r - 2N
""""""""""""""""""""" i""“"""" - = N
& i
> H
&
N\ "
: >
TS
b
/;)
---------------- e wee -N
e b --2N
-N
Fig35.2
Thus, assuming m is in range -N to N, we may write
_ Jymym+ts for-N-m<s<N-m
Ym¥ms = { 0 for s <-N-mors>N-m (35.1)
Below we shall be interested in the following quantity (the autocorrelation sequence),
1 i .
Ts = < Ym¥m+s™1 = IN7] > YmYmts // a horizontal average (35.2)

m= -0
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1 o0
=5NT] L YaYames O(m < N)O(m 2-N) 6(s < N-m)0(s = -N-m)
m= -00
1 o0
=5NT L YaYmes O(m < N)O(m 2-N) 6(m < N-5)0(m > -N-s)
m= -00
1 min(N,N-s)
=N 2 Yo¥ms - (35.3)

m = max(-N,-N-s)

The range of m appearing in this sum is represented by a red line in the figure for two positive values of s.
For s > 2N there is no range left so rs = 0, and the same when s < -2N. Thus, we may regard

Is = s O(s<2N)O(s>-2N) . (35.4)

Another quantity of interest, R"(z) = Z Transform of s, therefore has this restricted sum range for a finite
pulse train,

0 2N
R'(z) = > 1s2%5= ) 152 °%. (35.5)
S = -0 s=-2N

Notice that <ypym+s™>1 = I's does not depend on m due to its "horizontal" average definition shown in
(35.2). The non-dependence of <ymym+s>1 on m has nothing to do with "stationarity" as will be discussed
below. That is, <ymym+s>1 is for a particular pulse train, it is not an ensemble average.
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(c) The Spectral Power Density for a specific pulse train

There are many ways to write the power density expression for a pulse train, see (32.18) and (34.14a). For
an infinite pulse train we may write (reader should perhaps ponder each form),

© o
P(w) = prulse(m) Z <YmYm+s~1 z° = t(i'pulse((lo) Z 1 2°°
§=-00 §=-©
" Tl n 2 Tl z
= {Ppulse((’)) R'"(z) = g’pulse(w) T | Y"(z) | Is=' 1 Z YmYm+s
m= -0
T, © ) o )
:{Ppulse(@)T ( Z szm)*( z Ynzn)
m= -0 n=-w
T, © © ]
= Pputse(@) T (X X YaYn Z") //z=e"" so (2 =2"
m=-0n=-0
T, © © )
= Poutse(®@) T (X X YmYmes Z°) J(0) INFINITE (35.6)
m=-0§=-0

Recall that T is the duration of the infinite pulse train, written as T = 216(0) in (33.22). This T always
cancels away, so we are not concerned about its infinite nature. It is a limit (2N+1)T1 as N—oo.

For a finite pulse train we find, using (35.3) and (35.5) and Fig 35.2,

2N 2N
P(w) = prulse(m) Z <YmYm+s~1 z° = t(i'pulse((lo) Z 1 2°°
s=-2N s=-2N
1 ) min(N,N-s)
= fppulse(w) R"(z) = fppulse(w) m | Y"(2) | Is = IN+1 Z YmYm+s

m = max(-N,-N-s)

1 N B} N B}
:fppulse(w)zNH (X2 szm)*( 2 YnZn)
m=-N n=-N
N N

1 -
= Ppulse(®) IN+1 (X2 > Ym ¥n ")
m=-Nn=-N

1 N N-m _
= Ppurse(®) 5377 ( > Y YmYmts Z - ) P(w) FINITE (35.7)

m=-N s=-N-m

In the last expression, the sum on s is represented by the blue line in Fig 35.2. In all these expressions,
one can regard ymym+s and ym Yn as being stripped of their Heaviside 6 functions as in (35.3). That is to

say, there are no places in any of the above expressions where ymym+s = 0 because it is out of range. Later
when we add stationarity, we will replace yn Vm+s by f(s) which is never 0 in an out-of-range sense.
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(d) The mean Spectral Power Density for an Ensemble of pulse trains

We now apply our ensemble average <....> to the previous equation groups to get for the infinite case,

0 0
<P(w)>= t(i'pulse((’)) Z <<¥YmYym+s~1~ z® = {Ppulse((’)) Z <rs> z7°

S = -00 § = -00
" Tl " 2 Tl z
= Ppuise(®) <R"(2)> = Ppuise(®) T < | Y"(z) "> <Ts” =" Y <YuYm+s™
m= -oo
Tl o0 o0
:{Ppulse(@)T <X ¥mz" (X ynz")>
m = -oo n= -0
Tl 0 0
= Ppulse(®) T (X2 2 YnYa> 20 0)
m=-00n= -0
Tl 0 o0
= Foutse@) T (X Y <YnYmrs> 2°) <#(o)> INFINITE ~ (35.8)
m=-0s=-0m0
and for an ensemble of finite pulse trains,
2N 2N
<P(w)>= fi'pulse(@) Z <<yrr1Ym+s>1>Z_s = fi‘pulse(@) Z <rg> z®
s=-2N s=-2N
1 ) min(N,N-s)
= fi‘pulse(m) <R"(Z) > = *{i'pulse(@) IN+1 <| Y”(Z) | >, <rg= = IN+1 Z <YmYm+s~
m = max(-N,-N-s)
1 N _ N _
= Poutse(®) 5377 <( Z Yz (X ynz™)>
m=-N n=-N
1 N N
= Ppuise(®) IN+1 (X 2 <Ynya> Z°7)
m=-Nn=-N
1 N N-m
= Fputse(@) 77 (X 2 YmYmes™ Z°) <¥(w)> FINITE (35.9)
m=-Ns=-N-m

(e) Adding Stationarity to the Ensemble Situation

The stationarity assumption is that the Apparatus generating the pulse trains of the ensemble is a
"stationary stochastic process" which means (at least) that

<ym> does not depend on m // where <yp> does not vanish
<Ymym+s> does not depend on m // where <ymym+s> does not vanish (35.10)

Recall that for a finite pulse train, <yy,> vanishes outside the range (-N,N) while <ypym+s> vanishes
outside the gray region in Fig 35.2. For an infinite pulse train these objects don't vanish anywhere.
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From Appendix G we know that

cov(X,Y) =E(XY) - uxply (G.24b)
=>coV (Ym,Ymts) = <Ym¥Ym+s™ - <Yo<Ymts™ = <YmYm+s™ - <ym>2 // stationarity of <yp>

Assuming <yp> and <ypmym+s> are stationary is the same as assuming <yp> and cov (Ym ,Ymts) are
stationary. If we make no stationarity requirement on other statistical measures (like <ym3>), this limited
sense of stationarity is usually called wide-sense stationarity (WSS).

This stationarity assumption applies to both finite and infinite pulse trains. It is an assumption about the
process which generates pulse trains regardless of their length.

It is helpful to define p = <yp> and f(s) = <ymym+s™> and rewrite the stationarity assumption in this manner
for a finite pulse train, where the second equation invokes Fig 35.2's gray region,

- >_{p for - N<m<N
Ym™ =10 for m<-Norm>N

_Jf(s) for-N-m<s<N-m .
“YmYmes™ = { 0 for s <-N-m ors>N-m // m in (-N,N) (35.11)

For an infinite pulse train, the upper lines apply and then <yp> = p and <ymym+s™> = f(s) everywhere.

With this stationarity assumption, we can write

T, & T od
<rs>= Tl 2 YnYmts™ = Tl fs) 2 [1] =1f(s) // infinite pulse train
m = -o0 m = -0
1 min(N,N-s) 1 min(N,N-s)
<rg> = IN-+1 Y YnYmts> = IN+1 f(s) 2 1=
m = max(-N,-N-s) m = max(-N,-N-s)
1 S
= 5NT1 f(s) 2N+1 - |s|) // see red lines in Fig 35.2
2N+1 - . .
= m‘ﬂ f(s) // finite pulse train
To summarize :
<rg>= f(s) // infinite pulse train
2N+I - . .
<rg>= m‘ﬂ f(s) // finite pulse train (35.12)
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Here then are the infinite pulse train expressions assuming stationarity :

0 0
<P(w)>= {i’pulse((’)) Z <<¥YmYym+s~1~ z® = {Ppulse((’)) Z <rs> z7°
S = -00 § = -00
@ " I Ta " 2
= Ppuse(®) R"(2)> = Fpurse(®) T <[ Y"(2) [*> <rs> = f(s)

Ty < m < n
:‘?Pulse(m)T<( ZYmZ )*( Zynz )>

m = -0 n=-o0o

Tl o0 [00)
= Ppuise(®) T (X 2 Yn¥a> 2" )

m=-00n=-00

= Ppurse(®@) Y f(s) 2°° <%(w)> INFINITE (stat) (35.13)

§ = -0
In the last line we used

Ty S < -s Ta < -s < < -s
T(Y X Yaymez2%) =T (X f©2°) L= X sz
= _ S = -00

m = -00 S = -00

and then the last line just replicates the first line given that <rs> = f(s).
And here are the finite pulse train <#(w)> expressions assuming stationarity :

2N 2N
<P(0)>= ‘(Ppulse((’)) Z <<}’mym+s>1>Z-s = t(Ppulse(@) Z <rg> 2z °
s=-2N s=-2N
1 2N+1 - |s

= ?pulse(w) <R"(z) > = ‘(Ppulse(w) IN+1 <| Y"(Z) |2> <rg> = IN+1 f(S)

1 N N
@) o <( 3y 2y (3 ya )

m=-N n=-N

1 L. ]

= Ppulse(®) IN+] (X 2 <Yayn> Z2°7)
m=-Nn=-N
2N
2N+1 - -

= {Ppulse(@) Z f(s) m‘ﬂ z S <P(w)> FINITE (stat) (35.14)

s=-2N

In the last line we did this manipulation on the last line of (35.9) (see the gray region in Fig 35.2)

1 N N-m B 1 2N min(N,N-s) _
AT 2 2 Ym¥ms™ 20 S 3NGT X 2 flyz”
m=-Ns=-N-m s = -2N m = max(-N,-N-s)
1 2N _ min(N,N-s) 1 2N B
TON+1 2 f(s) z7° > (1] = IN+1 2 f(s)27% (2N+1-1s])
s=-2N m = max(-N,-N-s) s=-2N
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One again, we see that the final expression in (35.14) replicates the first one with <rg> as shown.
(f) Adding Independence along with Stationarity to the Ensemble Situation
As shown in Appendix G, if Yy, and Yy, are independent random variables, then for s # 0,

f(S) = <ym Ymt+s> = E(YnYmts) = E(Yn)E(Ymts) = <yu><Ymts™ = <Yn><Ym> = <ym>> // stationarity
or
f(s) = p2 n= <ym>

But for s = 0, the result is different. We write
f(0) = <ymyw> = <ym>> = 0>+ p? where 6% = <yp®>- <yp>2 = <yp>>- p? (G.30)

To summarize:

2.2 -0 - // stationarity and independence assumed (35.15)

For the last time (1), we consider the various <#(w)> expressions now with stationarity and independence
assumed. Rather than write all the expressions, we focus just on the first equation (same as the last) of the
group (35.13) for the infinite case,

0

o0
<P(w)> = ‘{i'pulse((ﬂ) Z <rg> z° = t(i‘pulse((’)) Z f(s) z°
§=-00 §=-00

= fppulse(w) [ f(O) + Z f(S) z® ]
s#0

= Poutse(®) [(6P +p2) + 12 Y 27°]
s#0

0
= Ppuise(®) [0+ 12 Y 2]  //now use (13.2) with z=e**™1 to get :

§ = -0

o0
= Ppurse(®) [6° + p? Y 2nd(wTy -2nm)] . <P(0)> INFINITE (stat+indep)  (35.16)

m = -0

We shall return to this classic result below. Meanwhile, we have from the first equation (same as the last)
of the group (35.14) for the finite case,

2N
_s 2N+1-1s
<P(0)> = Fpuise(®) Zsz(S) z° mu
§=-
_s 2N+1-|s
:‘(PPulse((D)[ f(O) + %0 f(s) z*® mu ]
]
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2N+1 -|s| _
~ Praraa(@) (o2 + 112 + 2 Y L ey
2N+1
s#0
2N

2N+1 - -

= Pourse(@)[ 6° + 1 m‘ﬂ z"%] // see App. D and comments below
s=-2N

.2
1 sin“[(N+1/2)oT;]
= Ppulse(0)[ o + p? NI sinZ(@T1/2) ] // now use (A.20) to get:

= Pourse(®)[ 6° + p? 21 d6(0T1,N) ] . <P(w)> FINITE (stat+indep)  (35.17)

The evaluation of the g in the third last line is non-trivial and is carried out in Appendix D. The last line
expresses the second last line in the language of Appendix A where ¢ is the delta function model shown
in (A.20). From (A.21) we know that

o0
limy_o 06(k,N) = > 8(k-27m) (4.21)
m= -0
so the last line of (35.17) becomes in the limit N—oo,
o0
<P(0)> = Pouise(®)[ 6* + p?2r Y §(k-2mm) ]
m = -0
which (as expected) agrees with the last line of (35.16) for the infinite case.

Evaluation of the Xg in (3.17) is not really necessary since we can compute <#(w)> using a different
equation from the group (35.13), namely

N N

1 m-n
<fl’((,0)> = g)pulse((’)) IN+1 ( z Z <Ym Yn~ Z ) . (35.18)
m=-Nn=-N

Sometimes double sums (or double integrals) are easier to evaluate than a single-sum representation of
the same function. The double sum in (35.18) may be evaluated as follows, using (35.15),

N N _ N ~ )
2 2 ymynZt = 2 [ X (02T + X fnom) 2" ]
n=-N m=-N n=-N m=n m#n
N
= 3 [(®+p?) +p% Y 22T+ //in firstterm Y, z"™ =1
n=-N m#n m=n
N 2 2 N -
= X [c" +p® X 27" +]

n=-N m=-N

N N
CN+D) S+ 12 (Y ) Y 2
n=-N m=-N
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=(2N+1) 6% + p? [ 271 8s5(wT1,N) J? // from (13.3) used twice with k = ©Tz
= (2N+1) 6% + p? [ (2N+1) 21 8¢(@T1,N) ] // from (A.20) (35.19)

and therefore

<P(0)> = Pou1se(®) { 2N+1) 6% + 2 [ (2N+1) 27 86(wT1,N) 13

2N+1
= Poutse(@)[ 6° + p* 21 36(@T1N)]

which agrees with the last line of (35.17), and we bypassed doing the Appendix D sum.

(g) Comparison between the two kinds of averages <..> and <...>;

We now want to compare the two averages appearing in the above equations :

<ym>1 cannot depend on m from its definition as a horizontal average over a sequence.
<ym> might depend on m, but does not with the stationarity assumption

<YmYm+s>1 = I's cannot depend on m from its definition (32.17), but generally depends on s
<YmYm+s> may depend on m as well as s, but with stationarity depends only on s

<YmYm+s>1 1S not associated with any random variables
<YmYm+s> 18 associated with random variables Yy, and Yp4s as outlined in section (a) above

If Y and Yp4s are independent random variables, then <ypym+s™> = <yn>< Ym+s> (see App G).
In contrast, the statement <ypym+s™>1 = <V>1< Ym+s~1 = <Yn~1< ¥m>1 = < ym>12 might be true,
but has no connection to any random variables upon whose independence this factoring could be

postulated.
(35.20)

In order to make a connection between these two kinds of averages, we have to make some assumptions.

For an ensemble of pulse trains of very long length (large N), we assume that each ensemble member is a
"statistical pulse train" in that it very closely has the statistics of the ensemble as a whole. This does not
mean that the ensemble pulse trains are the same.

One implication of this assumption is that all member pulse trains (i = 1,2.. I) then have the same
autocorrelation function and we may then write
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rs(i) = (1)

= <ymym+s>1 " = (IN) Zpe1™ Y™ ymes*) = the same foralli=1to L.

I's = <YmYym+s™1 - (35.21)
Consider then,

PO <Ym¥m+s™ = N <Vm¥m+s™> - // stationarity
On the left side of this equation we insert the definition of <ymYym+s™>,

<Ym¥mes> = (1/D) Ziz1® ym ™ ymes P, (35.22)
with this result

Za=1” (/D) Zic1” yu ™ ymes ™ =N <ymymes™
Now reorder the sums to get,

(N/D) Z=" [(IN) Zne1” Y ymes VT =N <ymymes™

(N/D) Zi=1" <ymymes™1 Y =N <ymymes>

(/1) Bia1t <Ya¥mis™1 = <YaYmts™ // use (35.21) and cancel the N's

Ya¥ms™1 [ (/D) Zima™ 1] = <ymYmes™

Vm¥Ymts~1 = <YmYmts™ - // horizontal average equals vertical average
As a special case, we can set s = 0 to get

<Yn2>1 = <ym>>.

In similar fashion, our very large N assumption implies that all pulse trains in the ensemble have the same
horizontal mean, so

<yp>1 M = <yp>1 . (35.23)
Repeating the above steps now for <yp >,

PO <ym> = N <yp> // stationarity

o=t [(/D) Zim1 T ya Ml = N <yw>

(N/D) Zi=1" (IN) Za=1™ [yn @1 = N <yp>
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(N/D Zim1® <yp>1 ™ = N <yp>
(M Zica® <yp>1 = <yno> //use (35.23) and cancel the N's
<Vm”1 = <Ym -

Thus, assuming stationarity and very large N, we have found that

<YmYm+s~1 = <YmYm+s™
<YmYm>1 = <VmYm™
<Y1 = <ym> . // all three lines only for very large N (35.24)

These relations are equalities for N = oo, are approximately valid for large N, and are invalid for small N.
If we add to our assumptions so far that Y, and Ym+s are independent, not only may we write

E(¥YuYmts) = E(Ym)E(Ymts) = VnYmts™ = Vo< Ym+s™ // independent, s# 0
but we may also write, using stationarity and independence

<Ya¥mts™ = <Y< Vm> = <Yn>> s#0
which by (35.24) then justifies the claim sometimes made that,

Vm¥mt+s”1 = <Vo1< Vw1 = <ym>12 s#0 //stationary + independent + N—oo (35.25)
(h) Miscellaneous topics
The Two Methods for computing (®)

From (35.6) and (35.8) we have obtained these two general "formulas" for the spectral power density of a
an infinite pulse train, prior to assuming stationarity or independence. We first write these as

P(®) = Pourse(®) ( 2 1s2°°) first line of (35.6) "autocorrelation"
S = -00
Tl o0 _ o0 _
P(©) =Ppurse(®) T( X ¥mz " )*( L ynz™) (35.26)
m = -00 n=-o©
Tl o0 o0
= Pouise(®) T ( > Y Yaya Z¥T) third line of (35.6) "double sum"

m = -00n=-00

The corresponding equations for finite pulse trains are,
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2N
P(®) = Pouise(®) ( 2 1s27°) first line of (35.7) "autocorrelation"
s=-2N
T1 N N
P(©) =FPpurse(®) T( X ¥nz " )*( X ynz™) (35.26)'
m=-N n=-N
T1 N N
= Pouise(®) T ( > Y Yaya ZT) third line of (35.7) "double sum"
m=-Nn=-N

In either case we have two distinct methods for the computation of (). We might call these the
autocorrelation method which uses rg, and the double-sum method which directly uses the y, data
without the intermediary of rs. We saw earlier that the double-sum method provided an easier pathway

for the finite pulse train case, leading to the last line of (35.17) using the steps shown in (35.19), but in
general the autocorrelation method is the one most commonly used.

The autocorrelation method will be used in Section 37 for the AMI line code, in Section 38 for the
Change/Hold Line code, and in Appendix F for infinite pulse trains with repeated subsequences such as
the Maximum Length Sequence output by a shift register generator.

The equivalence of #(®) and <P(®)> for infinite pulse trains

We now rewrite (35.26), this time using an ensemble average on the lower equation,

o0
P(®) = Ppuise(®) ( 2 <YmYm+s™12 ° ) one pulse train (35.6)
S = -0
1 o0 0
<P(0)> = Fpuise(®) T ( > Y <Ymym+s> Z °)  ensemble of pulse trains (35.8)

S =-00 m = -00

When stationarity is assumed for the process creating the pulse trains, in the second line above we may
slide <ym Ym+s> z ° to the left through the X, sum, which sum becomes Z,[1] = T/T; and we then have
this pair of formulas

[e 0] e8]
P(®) = Pourse(®) 2 <YmYmts™1Z ° = Ppuise(®) ( 2 1s27°) one pulse train  (35.7)
S = -00 § = -00
o0
<P(©)> = Pouise(®) D <YmYmes™ Z ° . ensemble of pulse trains (35.8)
S = -00

(35.27)

Our point is merely that, according to (35.24) which states <ypym+s>1 = <YmYm+s™, the two right hand
side expressions are the same for infinite pulse trains, and there is no distinction between <&(w)> for the
ensemble and #(w) for any member of the ensemble. There is also no distinction between rs and <rg>

since every pulse train in the ensemble has the same autocorrelation function as in (35.21).
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Facts about Infinite Uncorrelated Statistical Pulse Trains
Here we use the word "uncorrelated" as a sort of euphemism for what is really a stationary and
independent statistical pulse train as described above. It is true that independent does imply uncorrelated

as shown in Appendix G (c). Since the converse is not true, our term is somewhat inaccurate.

In the special case of stationarity and independence, we found that from (35.12),

2
s#0
fs =<ts> =f(s) = { R Yo =l <yn?> =07+ (35.12)
where
1 N
rs = limy_e0 [(2N+1) Z Yn Yn+s 1. (32~16)
n=-N

A plot of rg is usually presented in this traditional manner,

W2 + o2
. . . . l~l2
3 z 1 iR 2 ? Fig 35.3
and the corresponding ensemble average power spectrum was shown in the last line of (35.16)
%
<P(0)> = Ppurse(®) [+ p? Y 2n8(wTy - 2nm) ] . (35.16)

m = -

The spectrum has a continuous piece 62 Ppourse(®) proportional to the variance o2 of the y, over the
ensemble, and a discrete set of lines proportional to the square of the mean p = <yp,> of the ensemble.
According to the comments above and (35.24), we can think of <#(®w)> = P(») of any member of the
ensemble, | = <yp> = <yp>1 as the mean for that member, and similarly 6% = <ym2> - uz =o?= <ym2>1 -
uz as the variance for that member of the ensemble. With this reinterpretation of pz and o2 as properties
of a single pulse train, we then have for any member of the ensemble,

P(0) = Pourse(®) [ 0>+ p? i 2n8(0Ty - 2tm) | . (35.28)

m = -0
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Since

210(wTq - 2mom) = (21/T1) 6 (© - 2mm/T1) = ®1 O(® - mw1) = &( 0)21 - m) (35.29)

we can write these alternate forms for (35.28) :

P(0) = Fpuise(®) [6° + 01 1% Y d(o-mor)] (35.28a)
m = -
P(©)= 6% Ppuise(®) + 0117 Y Ppurse(mor)d(o - mor) (35.28b)
m = -00
2 2 - @
P(0) = Poutse(®) [0° +1* X 8(-m)] (35.28¢)
m = -0
P©)= 0 Pputse(®) + 1 Y Prutse(mo) 8- m) (35.28d)
m = -0
Verification of (35.28) // "trust but verify"

To find external verification for (35.28), we write the expression in terms of f where © = 2xf,

Xou1ea(®) . 2
Ppoulse(®) = | p21;;(1 ) = |x92;s:;1(ﬂ| /1 (34.4) and text after (1.4)

P(f) =219 (w) /1 (34.4) last item
21t 8(wT1-2mm) = 27t 8(2afT1-2am) = (1/T1) o( f- m/T7) .

Then (35.28) becomes

2 2
5= P() ! ;;s;fﬂ' (o*+ 7 X 8(f-mTy))

Tlm:_w
or
2 2 o«
p(t) = “ITT(Q' (o + $—1 > ¥(f-m/Ty) ) . (35.28¢)

This may be compared to result (A.17) in Appendix A of Xiong which we quote,

2 me k
v, (f) = |G(T{]|| (gg } ?a Z 5(f — ¥}) (A.1T)
- QED
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Specialization for symbols in the set {A,B}

As a simple example, suppose the set of symbols that our y; can take is just {A,B}. Then the pmf
distribution associated with random variable Yy (see Appendix G) is quite simple :

pya(X) =p ifx=A
va(X) = 1- ifx=B . 35.30
p p

We can then compute
p= <ym> =[pJA+[l-p]B. (35.31)
For n # m we then have
Yayn> = <yw>? =p*= {pA+(1-p)B }?
~ [pp] AA + [p(1-p)] AB + [(1-p)p]BA + [(1-p)(1-p)|BB (35.32)
and for n =m,
<yn?> = [p]JAA + [(1-p)] BB.. (35.33)
In the square brackets [..] we indicate the probability of some case occurring, and this is multiplied by the
value that the quantity in question takes in that case. Notice how the long expression for <ymy,> makes
complete sense if one enumerates all possibilities. The variance may be computed as
2 _ 2 2 _ 2
6" =<yn">-p" = [p]AA+[(I-p)] BB- {pA+(l-p)B}
= [p(1-p)] (A-B)? (35.34)
where Maple helps out,
p*A"2 + (1-p)*B"2 - ( p*A + (l-p)*B)"2: factor(%);

(4= B (-1+p)

With the reinterpretations of p? and o2 noted above (now applying to a single pulse train), we then have
for our infinite statistical pulse train with independent amplitudes in the set {A,B}

P(®) = Pourse(®) [0 + p? i 2n8(wTy - 2nm)] (35.28)
= Ppu1se(®) [ p(1-p)(A-B)? + (pA + (1-p)B)? S 2n8(0Ty - 2m)] . (35.35)
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For the interesting case that p = 1/2 this becomes

P(0) = Ppurse(®) [ % (A-B)? +i (A+B)? § 218(wTy - 27tm)] (35.36)

m = -0
For the classic unipolar case A = 1 and B = 0, both coefficients are 1/4. For bipolar with A =1 and B = -1
the coefficients are 1 and 0. Since the mean is then p= 0, the discrete spectrum goes away. Since for both
amplitudes |ym | = 1, we are not surprised to find 6% = 1.

(i) Statistical Uncorrelated Pulse Trains: Summary and Example

Here then is a brief summary of the above results:

Spectral Power Density of an Uncorrelated Statistical Pulse Train (35.37)
0 N
X(t)= 2. Yn Xpuise(t-nT1) //or Y., for a finite pulse train
n=-w0 n=-N
o0
P(0) = Ppuise(®) [ o2+ Mz > 2nd(wTy - 2mm)] // infinite (35.28)
m = -00
P(®) = Pourse(®) [ 6 + p? 21 56(0T1,N) ] // finite (35.17)

If symbols are restricted to {A,B} then :

1
o2= p(1-p) (A-B)? and for p = 1/2 o’ =7 (A-B)? (35.34)

(A+B)? (35.31)

1
u =pA+(1-p)B and forp=1/2 “2 1

Example: Suppose A =1 and B = 0 so that o2 = p(1-p) and uz = pz. If we go on to assume p = 1, then
every pulse has amplitude 1 and we have a simple pulse train. In this case 6> =0 and p® =1 so

o0
P(©) =Ppurse(®) . 2nd(wTy - 2mm) joules
m = -0
which agrees with our infinite simple pulse train result (33.25). As we reduce p below p = 1, the line
spectra are scaled down by p? = p% < 1, and a continuous spectrum starts to appear with 62 = p(1-p). The
randomness (variance 62) of the amplitude magnitudes creates a continuous component in the spectral

power density. As p reaches p = 1/2, we get 6% = 1/4 and u® = 1/4 to give this classic result

P(0) = Ppuise(®) [(1/4) + (1/4) 2. 21 8(wT1- 2mnm) ] p=1/2 (35.38)
m = -0
Finally, when p reaches p = 0, then every pulse has B = 0, x(t) = 0, 6% =0, uz =0, and so #(w) = 0.
There is nothing left.
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(j) A numerical example of a Statistical Pulse Train

Recall from box (34.4) that for a finite pulse train,

o e T -l @539
Therefore we can write the last line of (35.17) as,

<X()*> 2

ToNt) | [Xpuise(®)[“ [(1/4) + (1/4) 21 86(wT1,N) ] . (35.40)
We shall use for Xpu1se(t) a square pulse of height A=1 and width T =Ty = 1 so that, from (9.2),

| Xpulse (@) | = sinc(w/2) . (35.41)

Since our pulse train will be fairly short (N = 20 pulses) and since we shall only average a small number
of pulse trains (M = 10), we know our result will not exactly match (35.40). Still, we hope to see in our
result some kind of continuous background spectrum which approximates the curve (1/4)|Xpu1se(03)|2 =
(1/4) sinc®(®/2), and we expect to see delta-function-like peaks which, since 2n86(0,N) = (2N+1), have a
peak value of about (1/4)41 = 10.25. Since this will be added to the continuous background, the central
peak should have a height of 10.25 + .25 = 10.5. However, for our small ensemble, we won't have
exactly p = 1/2, so the delta peak won't be exactly 10.5 units high.

We know that 8¢ has identical peaks spaced by 2z, but we expect the non-central peaks to be suppressed
by the sinc?(w/2) zeros which occur at @ = m(2n).

Here is a self-documented Maple program which generates <|X((n)|2>. The program also generates the
quantity <X(w)> upon which we shall comment in section (k) below.
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restart; assume(w,real), with(plots):
T1is pulse duration, N is number of pulses in each pulse train

Tl := 1: H := 20:
Spectium for standard box shaped pulse
Xpulse := Tl*sin(w*T1/2)/(w*T1/2):

Subsequent calls to r() will generate either 0 or 1 with prob p=1/2
r := rand(0..1):
Clear averaging accumulators. M is number of pulse trains to average
Xas means X absolute-value squared
¥ ace := 0:Xas acc := 0: M := 10:
for m from 1 to M do

Create a random pulse train

for n from -N to H do y[n] = r(), od:
Compute the Digital Fourier Transform Y'(w) of the pulse train from (23.5)
Yp = Tl*sum(y[j]*exp(-I*w*j*T1l), j=-H..HN):
Compute X(w) for the pulse train from (25.4), omitting Xpulse(w)
X = (1/T1)* Yp;
Accumulate both X(w) and [X(w)|"2, divide by M later for ensemble average
X_acc = X_acc + X;
¥as acc := Xas acc + eval(abs (X)"2) ;
od:

Compute <X{(w)> and <|X(w)|"*2= from the accumulators, but Xpulse not yet added
X av_ = X acc/M:
Xas av_ := Xas_ acc/M:

At this point, before Xpu1se(®) is added to the result, we plot <|X(w)[*>. As expected, we see the peaks of

d¢ spaced by 2m and having height around 10 units,

Plot <|X(w)|"2=/(2N+1) of (35.40) without the pulse shape

plot (Xas_av_/(2*1\l+1} , w=—-10..10,color=[red,blue] ,view=0. .12 numpoints=500) ;

121

107
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We now insert copies of Xpu1se(®) as appropriate,

Fig 35.4
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Install the pulse shape to get the true expressions for <X(w)> and of <[X(w)|"2=

- X av := Xpulse*X av :
- Xas_av := Xpulse"‘2*Xas_av_:
2
<X(w)™>

and then we can plot W for ® in the same range (-10,10)

plot([Xas_av/(2*N+1),(1/4)*Xpulse”2], w=-10..10, view=0..12 ,color =
[red,blue] ,numpoints = 500) ;
124

10

#as B

Fig 35.5
We see that the zeros of the sinc function have killed off the adjacent peaks.

Next, we restrict the plot height to be 0.8 units to view the detail, chopping off the central ¢ peak,

plot([Xas av/(2*N+1), (1/4)*Xpulse”2], w=-10..10, view=0..0.8 ,color =
[red, blue] ,numpoints = 500) ;

0.8

Fig 35.6
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<X(w)*>
The spectrum W

quarter of the sinc? curve, as we hoped it would. This tracking also occurs away from the central peak.

Here is a blow-up of the above plot for ® in the range (5, 30)

is seen to have a continuous component which very well approximates one

plot { [Xas_avf(?*l-Hl) , (1L/4)y*¥Xpulse™?2], w=5..30, view=0..0.02 ,color
[red,blue] ,numpoints = 500)

Fig 35.7

It might be noted that Maple does this work analytically, so that Xas-av is a function of ® having a large
number of trigonometric terms. For the reader's interest, we show Xas-av(w) for a typical run:

1 32(1
Kas av =4 sin(gw] [5(2 cos{ 20wl 4+ 2 cos{ 18wl +cos{ 17wl +cos{ 14 wi4+cos( 12wl + 2 cos{ 11 wi+ 2 cos( 10 w)

+oos(Fwl+2cos(8w)l+ 2cos(Iw)+ 2 cos(3w)+cos(2w)+ cos(w) + cosld w)+cos( 13 w)+cos( 15 w) +cos( 19 w))2
+%(sin(l? w4 snl 14 w4 sm 12w 4+ sind 9 w) 4+ sl 2wl 4 sindw ) — sindd w) — sind 13 w) — sind 15w — sin 19 w))2 +B(1
+2cos{19w)+2cos(16w)+ 2 cos(1d wl+ 2 cos(13w)+ 2 cos( 1l wli+cos(10w)+ 2 cos(Bw)+ 2 cos(Sw)+ 2 cos(d w)
+eoos{2w) +cos(6w)+cos(7 w) +ces(9w) +cos(17 w) + cos(20 w))2

+%(sin(10 W — sinl 2w — sl 6w — sl 7w ) — sl 9w — s 17w — ainl 20 w))2 +%(1 +ooos{ 19wl 4+ 2 cos(15w)

many terms omitted

+cos{ 18 w) + cos( 19 w))2 +%
(sin(15 ) + sin(12 w) + sin(w ) — sin(2 w) ~ sin(4 w) — sin(6 w) - sin(9 w) — sin( 10 w) - sin(17 w) — sin( 18 w) = sin( 19 w))* +

1
5(2 cos(20w)+ 2 cos(19w)+ 2 cos{ 18w+ cos{15wi+cos{1d wi+cos(11 w)i+2cos(% w)+ 2 cos(5w) + cos(d w)

+ 2o 3wl +cos{w)+cos( 12 wi+cos{ 16 w) 4+ cos( 17 w))2

+%(sin(15 w + sinl 14w+ s 11w + sin(d w) + sindw) — sinf 12 w) — sin{ 16 w) — sin{ 17 w))2] / w2

In more serious work with larger numbers, one would of course do this in a more numeric fashion, but we
are able to confirm the basic results even with this small experiment.
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(k) A paradox and its resolution

Now while here, we can back up and apply our statistical average directly to the spectrum in (34.6) using
(34.7). The result is

o0
<X(0)> = Xpuise(®) Y. <yp> e 17071 (34.6,7) (35.42)
n= -0
From (35.31) we have
<yn>=[p] A +[1-p] B =p if A=1,B=0 . (35.43)

In this case, we can extract p from the above sum, which then collapses to form the usual (13.2) delta
function sum. The result is then the same as the regular pulse train result (14.4) with an overall factor of p
out front, namely,

<X(®)> =p 2 Xpuise(mwi) 2 §( wTy - 2nm) . (35.44)
m = -0

This says that our average spectrum is 100% discrete, there is no continuous part! If p = 1/2, the average
spectrum is just 1/2 times our discrete unit amplitude pulse train spectrum (14.4). How can this be true, if
we just showed in (35.28) that the average spectral density <|X(w)*> has a continuous spectral

component?
The answer lies in the fact that <ab> # <a><b>, where <> is our averaging operation. Thus

<X(0)*> # <X(0)><X(0)*> . (35.45)
In particular we have from the second last line of (35.9) and (35.42),

N N
Yn¥n> 200 #F (X <Y Z ) (X <y ). (35.46)
-N n=-N m=-N

™Mz
Il Mz

-Nn

These double sums would be equal if <ypm yn> = <yn><yp> for all m and n, but this is not true when n =
m. The left sum in that case sees <ym2> = 02+p2 while the right side sees <ym>2 = uz.

In general we do not expect the average of a product to be the product of the averages,
1 N 1 N 1 N
(N Zi=t AiBi) 7 (g Zi=1 A1) (g Zi=1 Bi) .

In the numerical example presented in the previous section we computed <X(w)> for a small ensemble of
pulse trains. Here are plots of the real and imaginary part of <X(w)>,
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plot([Re(X_av),Im(X_av)], w=-10..10, wiew =-6..22 ,color = [red,blue], numpoints = 500)
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Fig 35.8

We can see that, apart from the noise of our low statistics, there is only the central peak and no continuous
spectrum component. A blow-up of the central region follows,

plot([Re(X_av),Im(X_av}], w=-4..4, wview =-6..8 ,color = [red,blue],numpoints = 500},
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() What role has the Autocorrelation Function played in our development?

In Section 32 the autocorrelation function was first introduced as rx(t) for x(t), and was computed for the
simple case of a box pulse. Treating the definition of ry(t) as a convolution equation, the Wiener-
Khintchine relation Ry(w) = |X(0))|2 was trivially derived, where Ry(®) is the Fourier Integral Transform
of rx(t). It was then shown that the spectral energy density of a pulse train is &(®) = (1/21) Rx(w) due to
this relation. It was then shown that rx(0) = E, the total energy in the pulse train. We then commented on
the origin of the name, showing that the auto-correlation function is the cross-correlation function of a
function with itself. Finally, we developed the Z Transform version of the Wiener-Khintchine Relation
R"(z) =(T1/T)| Y"(z) |* where R"(z) is the Z Transform of the autocorrelation sequence rs.

Section 33 (simple pulse trains) made no mention of autocorrelation.

In Section 34 (general pulse trains) it was noted again that P = r,(0)/T since P = E/T, and that (o) =
Rx(w)/ (2nT) since Ry(w) = |X(c0)|2. At the end of section (b) both & ®) and P(w) are stated in terms of
R"(z) . In particular, (34.14a) says P(®) = Ppuise(®) R"(z) where R"(z) = X 152>, and this expression
for #(w) appears throughout the current Section 35.

Comments:

(1) In the Two Methods discussion above, we showed that the autocorrelation method is only one of two
approaches one might take to obtain #(w). Thus, it is always possible to compute $(®) without ever using
or even knowing about the autocorrelation sequence rs. For example, in (35.17) the autocorrelation
method leads to a recalcitrant sum evaluation (Appendix D), whereas the double-sum method leads to an
easier discovery of #(w), as shown directly in (35.19).

(2) In some textbooks, one gets the impression that the autocorrelation function is somehow indispensable

for the development of the #(w) equations. It is not, but it is convenient for many applications. We will
use the autocorrelation method several times in the remaining Sections.
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Chapter 6: Power in Pulse Trains

36. Application to some Standard Non-Correlated Pulse Train Types (Line Codes)

Here we apply our boxed results (35.37) to statistical pulse trains of various types. When a pulse train is
in fact a voltage on a pair of wires (transmission line, such as a telephone "line"), the way in which
signals are encoded in the pulse train is called a line code. One could consider a random speed Morse
code signal going down a wire as a line code, but the term usually refers to a sequence of equally spaced
amplitude modulated pulses, meaning a pulse train. Often line codes get modulated onto an RF carrier, in
which case the line code is thought of as the baseband signal prior to modulation. For this reason, line
codes are often discussed in the "baseband chapter" of any digital communications text.

The line code names are a little strange due to their history. Here are the pulse shapes used for RZ and
NRZ lines codes. In either case a 1 is (is coded as) a pulse and a 0 is no pulse.

Xputse(t) y | Xpu1se(t)! NRZ

€—T1—p t—p —T1—p t —p
' ' Fig 36.1

On the left, since the signal returns to zero inside the pulse period, it is called a "return to zero" code RZ.
Since this does not happen on the right, that is a "non return to zero" code, NRZ.

(a) Unipolar NRZ line code

Pulse Shape. The pulse is a box of amplitude V and width T = T3,

Xpul (t)
v pulse NRZ
— T 1— t— Fig 36.2
From (9.2) we know that
Xpulse(®) = (VTy) sinc(oT1/2) = (VTy) sinc(nwﬂl) w1 =2n/T1
9 RoutssF 2 2 @ o 2 sinen - 36.1
puts(0) =255 = =(VTw)? sinc*(n - )/(2aT) = (V/wy) sinc’(x,-) (36.1)

Coding: NRZ is a normal binary signal, high for period T1 to indicate a 1, and low for T3 to indicate a 0.
Sometimes this is called unipolar NRZ since the signal never goes negative.
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[1,0,1,1,0,0,1]

A R Fig 36.3

Coefficients 62 and p? : From summary box (35.37),

A=land B=0=> 62=p(1-p) u2=p2 L=p

Spectrum: The average spectral power density for the NRZ line code is :

0
()]
P(©) = 0 Ppuree(®) + 1° T Ppulse(mor) 3( - m) (35.28d)

m = -0

P©) = (Vo) [p(p) sinc’@y) + p* X sinc’(my=) 8- m)

P(0)= (V¥w1) [ p(1-p) sincz(nmﬂl) + p? §( mﬂl) ] // any p (36.2)
P(0)= (Vo) [i sincz(nm%) +i 5(0%)] /l forp=1/2 (36.3)

The sinc function killed off all but the m = 0 line ( the "DC line").

In order to express this (and later) results in the frequency domain, we use these relations

P(0)=P()/2=n // (34.4) bottom line
1/(01 = T1/27t
Q) f
0. h = x for plots /[ f1=1/T1 (36.4)
to obtain

2 N | 2o, f .
P(f)=V*T1 [ p(1-p) sinc (nf—l) +p S(f—l)] // any p (36.2)
P(f) = V2T; [ + sinc®(n— +lai] // forp=1/2 (36.3)'
(H=VTy [ 3 sin®(my) + 3 8(F) or p .

This last line can be written
1
P(f)=V? [ i Ty sinc®(nfTy) + 7 1] // forp=1/2 (36.3)"

which then agrees with Xiong (2.25).
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Plot: Ignoring the overall factor (Vz/ml) we make this plot of P(w) given by (36.2):

1

p(1-p)

e S E e | AT A |
X Fig 36.4

The red curve should be scaled by the red factor shown on the left, and the blue delta line should be
scaled by the blue factor on the right.

Power Partition: The total power in the continuous part of the spectrum is: ( do = ®1dx )

® 2 (® 2 2
AC power = f o1dx P(xo1> = p(l-p) V f dx sinc“(nx) =p(l-p) V° .
00 =00

The total power in the DC line at @ =0 is
*® 2 [ ® 2 2ys2
DCpower= | widx P(xo1) =V2 [ dxp?8(x) =p2V
=00 =00

Thus we find that

total power = p? V2 + p(l-p) V¥ =pV?

DC AC
If p=1/2, then
total power = (1/4) V2 + (1/4) V2 = (1/2)V? (36.5)
DC AC

so half the power is in the DC line and half in the AC signal. The DC term is certainly reasonable since
we know that with p = 1/2, the average voltage is (V/2).

If one wanted to reduce wasted power, it would be good to give this signal a DC offset of -V/2 and
then there would be no DC line. This is in fact the next example if one takes V — V/2.
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(b) Bipolar NRZ line code

Pulse Shape. The pulse shape is the same as for Unipolar NRZ

xpulsa(t)

NRZ

€—T1—p

t—p

. [Q) .
Pourse(®) = (V2/c01) 51n02(7c 60_1) same as for unipolar NRZ

Chapter 6: Power in Pulse Trains

Fig 36.2

(36.1)

Coding: 1 is coded as a positive box with amplitude V, and a 0 as a negative box having amplitude -V.

[1,0,1,1,0,0,1]
1
0.57
D T
e ] 3t 5
RE
Coefficients 62 and p? : From summary box (35.37),
A=landB=-1=> 6% = 4p(1-p) u? = (1-2p)?

pu=2p-1

Spectrum: The average spectral power density for the bipolar NRZ line code is :

©
()
3)(0)) = 52 t(l)pulse(w) + “2 Z t{l)pulse(mml) 6( 03—1 - m)

m = -0

P0) = (Vi/ou) [p(1-p) sin®(xs) + (1207 3 sine?(x ) 8(- - m)

m = -00

P©) = (Vo) [4p(1-p) sinc(m =) + (1-20) 8(-) |

P(0) = (Vz/ml)[sincz(nwﬂl)] { = Poutse(®) }

which become, using (36.4),

f f
P(f) = (V2T1) [4p(1-p) sinc*(n g7) + (1-2p)° 8(3;) ]

f
P(H) = (V*Ty) [sinc*(mg )] { =Pputse(d }

/] any p

/[ forp=1/2

// any p

//forp=1/2

Fig 36.5

(35.28d)

(36.6)

(36.7)

(36.6)

(36.7)
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This last result agrees with Xiong (2.20). The spectrum is all continuous when p = 1/2 since then the DC
portion is killed off. A discrete spectrum cannot exist if the waveform amplitudes have zero mean, p = 0.

Notice that for p = 1/2, bipolar NRZ has #(0) = Ppuise(®), so the statistical pulse train spectrum is
the same as that of the underlying pulse.

Plot: Ignoring the overall factor (Vz/ml) we make this plot of <®(xw;1)> given by (36.6)

4p(1-p) &l (1-2p)°®

.“. R Fig 36.6
which is the same as the spectrum for unipolar NRZ except for the two scaling factors.
Power Partition: We can again compute the DC and AC power.
AC power = unipolar NRZ with p(1-p) — 4p(1-p), so AC =4p(1-p) V2
DC power = unipolar NRZ with p2 — (2p—1)2, so DC = (2p—1)2 %4

total power = (2p-1)2V2 + 4p(1-p)V? =V? | independent of p. (36.8)
DC AC

The total power is independent of p because a pulse has the same AC power if it goes up or down. For p =
1/2 we get

total power = 0 + V2 =vV? Ip=1/2
DC AC

and now no power is wasted pushing DC through a line. If we take V—V/2 to have a comparable peak-to-
peak amplitude, we find

AC power = (V/2)?

which is the same as the AC power in (36.5); it is not affected by a DC offset of -V/2.
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(c) Unipolar RZ line code

Pulse Shape. Here the basic pulse is a box that fills only half the time interval T;.

' xpulse(t)g
' : RZ
«T1—p t—»
e s Fig 36.7
According to (12.1) applied to the above pulse.
x(t) - X(0)
x(t-Ti2) ©  X(w)e i0T1/2 (12.1)

where X() is for a pulse of total width T1/2 centered at t = 0. The spectrum of this centered pulse is
given by (9.2) with 1= T1/2 as X(®0) = (VT1/2) sinc(wT1/4). Thus, the above pulse has this spectrum

Xpu1se(©) =€ *T1/2 (VT1/2) sinc(0Ty/4) = e *971/2 (VT1/2) sine(y o

and then

Xpuise(@) _ (VTy/2)® T o P e
Pourse(®) = puz:i = T, smcz(z 0)—1) = (V2/4w1) smcz(z (0_1) . (36.9)

Coding: 1 is coded as the presence of the pulse, 0 is coded as the absence of a pulse.

[1.0,1,1,0,0,1]

s

[ag]
-]

Fig 36.8
Coefficients 62 and p? : From summary box (35.37), coefficients are the same as for NRZ,
A=landB=0=> 02=p(1—p) u2=p2 n=p
Spectrum: The average spectral power density for the unipolar RZ line code is :
o0
P — 2 2 P o
J((D) =0 qulse(w) + W Z qulse(mml) 8( o1 - m) (35-28d)

m = -0
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O

. 2 T ® < . a2 @
P(0) = (V¥/4o1) [ p(1-p) smcz(E o) T P > smcz(E o1

[
- ) 8( - m)

m = -0

9(0) = (V4wn) [ p(1-p) sine?( ™ mgl) . pzmzzOddsin&(gm) s(mﬂl-m) 2 5(0%)] (36.10)

P(0)= (V/dar) [% sinc?( u%) + % Y sinc(5 m) S(ﬁ-m) +i 5(0%)] (36.11)

m = odd

where the last line is for p = 1/2. Then using (36.4) we write the f domain versions,

P(D = (V2T [p(1-p) sinc®(3 1) + p2 % sinc(Gm)a(f-m) +p28(£) 1 (36.10)

m = odd

P() = (V2T [ sinc?(5 1) + 7 % sinc(Gm)s(-m) + 5 8(5)] (6.11)
m = odd

. . T . . .
In all these expressions one can replace sinc?( 5 m) by its odd-integer value 2 mZ since
1
.2, T _J0
sinc (2 m)=19 4
I

Result (36.11)' agrees with Xiong (2.31) in which Ry = 1/T = our 1/T1, but he has not separated out the
three terms m = 0, m = even # 0 and m = odd.

Plot: Ignoring now the overall factor (V2/4co1) we get this power spectrum $(®) from (36.10),

p(1-p)

(PR
0.2]
........... —f"’TH"‘-h,,
& 4 5 5 40 33 4 8 &

¥ Fig 36.9

We now have three pieces: a continuous part, the DC line, and a set of lines at odd m. The main peak is
twice as wide as the NRZ peak since the underlying pulse is half as wide.
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Power Partition: Once again, we can compute the total power for each of these three pieces.

odd lines power = f ” m1dx P(X01) = o1 (V/2)2 (1/o1) p2 f ? dx sincz(%x) 2 Y 8(x-m)
=00 =00

m=135..
. T
0 T o0 Slnz(_m) 0 1
= (Vi2?2p% X sinc*(7m) =(Vi2)?2p X ——— =(V2’2p°m)* Y 2
m=135.. m=135..(5m)? m=135..

= (V/2)2 2p? 2/n)% (n?/8) = p2(V/2)?

where the sum Zodd(l/mz) =1%/8 is from Gradshteyn and Ryzhik 0.234.2. Then
® 22 [ .2, T 2 2

DCpower= [~ ordx P(xe1) = (V/2)%p? [~ dxsinc(3x) 8(x) =p® (V/2)

which is the same as the odd lines power. Finally,
: *© 2 *© .2 T 2

continuum power = f w1dx P(xm1) = (V/2)° p(1-p) f dx sinc (5 x) =2p(1-p) (V/2)

So the power partitioning is

total power = p2(V/2)? +p? (V/2)* + 2p(1-p) (V/2)?

DC other lines continuum
_ .2 2 2 _ 2 _ 2
=p“(V/2)* +p2-p) (V/2)* =2p(V/2)* =(p/l2)V* . (36.12)
DC AC

This is half of the total power of unipolar NRZ (36.4), which seems reasonable since the pulses here have

half the duration.

198



Chapter 6: Power in Pulse Trains

(d) Bipolar RZ line code

Pulse Shape. The pulse shape is the same as for Unipolar RZ

Xpulsa(t)

€—T1—p t—p

Fig 36.7
Pourse(®) = (V /4®1) sinc (5 —) (36.9)

Coding: 1 is coded as a positive pulse with amplitude V, and a 0 as a negative pulse having amplitude -V.

[1,0,1,1,0,0,1]

ﬂ| HH\ il
< U° tuut

Fig 36.10
Coefficients 6 and u® : From summary box (35.37), and the same as for bipolar NRZ
A=landB=-1=> 6% = 4p(1-p) u? = (1-2p)? n=2p-1
Spectrum: The average spectral power density for the bipolar RZ line code is :
o
P(©)= 0% Pouise(®) + 12 Y Pourse(mor) & 0% - m) (35.28d)

m = -0

P©) = (V¥/4o) [4p(1-p)sine(5 o) + (12p)° T sine®(5 o) 8( - m)

m= -0

P(0) = (V2/40)1) [4p(1-p) sinc (E —)+ (1 2p) > sinc (2 m)S(——m)+ (1- Zp) 8(—)] (36.13)
m = odd

P(0) = (V¥/401) sincz(g o% { = Ppurse(®) } /p=1/2 (36.14)

which become, using (36.4),

P(f) = (V*T1/4) [4p(1-p) sincz(% f—i) + (1-2p)* Y sinc (2 m)3( —m)+(1 2p)? 8( = & )] (36.13)
m = odd

P(D = (V*Tud) sinc®(§ 1) {=Pouraa(D | ip=12 (36.14y
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This last result agrees with Xiong (2.30). As noted earlier, sincz( % m) = 2Zm for odd m.

4 1
Plot: Ignoring now the overall factor (V2/401) we get this power spectrum from (36.13),

12,
2 B
ma{ |\
! \
{ \
4pp)  fgg] (1-2p)?
/ \
|Ill II'l
0.4 )
f \
{ \
02
——e . SN . | Ny B
5T F a5 5 4 U i3 % 3
X

Fig 36.11

B
Power Partition: Once again, we can compute the total power for each of three pieces. These are the same
odd lines power = (1—2p)2 (V/2)2

as for the unipolar RZ if we make the replacements p(1-p) — 4p(1-p) and p2—> (1-2p)2, SO

DC power = (1-2p)? (V/2)?

continuum power = 8p(1-p) (V/2)2

So the power partitioning is

total power = (1-2p)? (V/2)? + (1-2p)? (V/2)? + 8p(1-p) (V/2)?
DC odd lines

continuum

= (1-2p)% (VI2)? +[1-4p(p-1)] (VI2)? =2 (V/2)® =V?2
DC AC

1/2 all the power is in the continuum.

(36.15)
As expected, this is half the total power of bipolar NRZ since the pulses have half the duration. For p =
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(e) Manchester line code

This line code was developed at the University of Manchester probably in the World War II era. At that
time Tom Kilburn, Alan Turing and others were building the world's first stored-program computer.

Pulse Shape: The pulse shape here is the biphase (biphasic, diphase) pulse,

xpul se(t)
V Manchester

t—»

v
<« T1—> Fig 36.12

We already computed Xpui1se(®) for this pulse in (19.2), so we now set T = T1/2 and A/2 =V to get
Xpulse(®) = (4iV/m) sin?(0T1/4) = (4iV/o) sin(wT1/4) [sin(0T1/4) / (0T1/4 )] (0T1/4)

= (iVT1) sin(wT1/4) sinc(wT1/4)

|Xl(Cl))|2 Lo, T ® T ®
Poulse(®) =—% = (V2/(01) smz(z 03_1) smcz(z (0_1) . (36.16)

This spectral pulse density is 4 sin?( % mﬂl )times that of the RZ pulse shown in (36.9). This extra factor

kills off the spectrum at @ = 0.

Coding: 1 is coded as the above pulse, 0 is coded as the negative of the pulse (but some sources use the
opposite polarity),

[1,0,1,1,0,0,1]

A ininnl
Sl uny

Coefficients 6% and p? : From summary box (35.37), and the same as for bipolar NRZ

Fig 36.13

A=landB=-1=> o2 =4p(1-p) u? = (1-2p)? n="2p-1

Comment: Notice that the mean value of the waveform in Fig 36.13 is O regardless of p, whereas the
mean value p of the amplitudes yy, is given by p= 2p-1.
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Spectrum: The average spectral power density for the Manchester code is :
& o
P(0)= 0* Ppuree(®) + 0¥ X Ppuree(mor) 5 —-m) (35.28d)
m = -00
) 2T O . 2T O 2 v 2O T OO
P(0) = (V:/m1) [4p(1-p) sin”( 2 o1 ) sinc”( 2 o1 )+ (1-2p) m;_wsm ( 2 o ) sinc”( 2 o ) o( o1 m)]
.2, T ® . T © . T ®
P(0) = (V1) [4p(1-p) smz(z ) smc2(§ w—1)+(1—2p)2 3 smcz(z m)3(,--m)] (36.17)
m = odd
2 . 2, T O
P(w)= (V°/w1) sinc (5 0)_1) { = Ppuise(®) } /Ip=1/2 (36.18)
(36.17)

which become, using (36.4),
2 anm f ., m f 2 .2 T f
P(f) = (V*Ty) [4p(1-p) sin*(5 ) sinc*(5 )+ (1-2p)° X sinc®(5 m) 3(z -m) ]
m = odd
Hp=1/2 (36.18)'

.aom £ n f
P(f) = (V*Ty) sin®( 5 f_1) sinc?( 5 )l
1
As noted earlier, sincz( g m) = ZmZ for odd m. The last result agrees with Xiong (2.38). He refers to

this Manchester code as Bi-®-L.
Plot: Ignoring the leading factor (VZ/w1) the spectrum for (36.17) has this plot,

1 -
0.8+
4p(1-p) (1-2p)?
0.6
A "\
\ /A
(o] [ A
| f \
] |.I lII
] S \
! D'\? { \
(II.II III 'I .II.I\.
-’-_;_--HH /I \ fJ I\\ T --’--F?—‘---- T
: 2 1 u 2 3 4 .
X Fig 36.14

4 5
m = +odd

Power Partition:
lines power = [~ o1dx<Pxon)>=V2 2p-1)? [ © dxsin(5x)sincX(5x) ¥ 8(x-m)
-00
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= V2(@2p-1)? Y sinX(Fm)sincd(Gm)= V2@p-1)? X sin(5m) (5 m)
m = +odd m = +odd

=V2(2p-1)2Q/m)? Y 1/m? =VZ2Qp-1)2Qm)?22 3 1/m?
m = +odd m=135..

= V2 (2p-)22/n)% 2 (n*/8) = (2p-1)% V?
. o0 2 0 .2 I . 2 L8 2
continuum power = f ®1dx<P(xw1)> = V* 4p(1-p) f dx sin (EX) sinc (EX) = V*4p(1-p)
=00 =00

since the integral is just 1. Therefore,

total power= 0 + (2p-1)? V% + 4p(l-p)V?  =V? (36.19)
DC lines continuum AC

In the case p = 1/2, the lines power vanishes leaving only continuum power = %

Since the power is kept away from DC, Manchester coding is useful for AC-coupled transmission lines,
such as lines incorporating transformers. The down side compared to NRZ is that the first spectral hump
goes out to ® = 2m1, which reflects the fact that the minimum pulse width is T1/2 whereas in NRZ it is

T;. So a transmission line must then have twice the bandwidth for Manchester relative to NRZ.

(f) Noise, ISI and Eye Patterns

In general, if some spectral components are filtered away in a transmission line (or in some general signal
pathway), the corresponding pulse (by inverse Fourier Transform) has curved corners, meaning the pulse
gets rounded and spread out. This effect along with noise can result in inter-symbol interference (ISI).
The superposition of such pulses on an oscilloscope (triggered on a recovered T3 clock) for a random
pulse train is called an eye pattern. This pattern must have a central clear area to allow the two (or more
for some line codes) pulse levels to be distinguished by a receiving circuit. Here is a marginal eye pattern
for NRZ on the left, and a better one for AMI on the right (see Section 37).

Fig 36.15
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37. The AMI Line Code
(a) Pulse Shape

The pulse shape is the same as for unipolar NRZ ,

| Xpu1se(1)] NRZ

T1 t
11— I Fig 36.2

Xpulse((’)) = (VTI) Sil’lC((DTl/Z)
(36.1)
Ppuise(®) = (1/2) V?Ty sinc®(wT1/2)

However, we shall do the analysis below for a general Xpu1se(t) and insert the box shape at the end.
(b) Coding

Alternate Mark Inversion (AMI) means that a 0 is encoded as a zero (for duration T1) and a 1 is encoded
as a pulse (of duration T7) of either plus or minus polarity. As each 1 is encountered in the data, the pulse

polarity is the negative of that used for the previous encoded 1 pulse, so the 1 polarities are alternated, as
in this example

[1,0,1,1,0,0,1]
1
05
a t 4 5 i
053
RE

Fig 37.1
(c) Expectations <ym2> and <ypy,>

A zero is coded with amplitude B = 0, but a one is coded with either A = +1 or A =-1, so we have A ==+
1, B =0. Because there is now correlation between different locations m and n in the pulse train, we can
no longer use the simple results of box (35.37). Consider then the expression given in (35.33) for the
statistical average <yn>>. We assume that p is the probability of a 1 being coded, so 1-p is the probability
of a 0 being coded. Then we have

<ya’>= [pJAA+[(1-p)| BB =[p]AA =[p] (1) (x1)=p (37.1)

That was the easy one.
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For <ypym> with m # n, we have a much harder problem. Consider
<YmY¥n> = [pp] AA"+ [p(1-p)] AB' + [(1-p)p]BA" + [(1-p)(1-p)]BB'
= [pp] o o'+ [p(1-p)] 6 0+ [(1-p)p] 0 &'+ [(1-p)(1-p)] 0 O
=p2od (37.2)

where 6 =+1 and ¢' = £1. Here p2 is the probability that both slot positions yr and y,, are coded for 1.
This can happen in four different ways, as illustrated here,

m n
1

Fig 37.2
By symmetry, the probability of cases 1 and 2 is the same, and the probability of cases 3 and 4 is the
same. This is perhaps not totally obvious, but the reason will become clear below when we talk about

legal pulse patterns.

Given that both m and n are coded for 1, let X/2 be the total probability for the case 1, and Y/2 be the total
for the case 3. Then we can write

<Ymyn> = (FD(F1) X2+ (-1)(-1) p2X/2 + (+1)(-1) p2Y/2 + (-1)(+1) p?Y/2
=pA(X-Y).
Given that both m and n are coded for a 1, since we have enumerated all the cases, we must have
X+Y=1 // probability of getting any of the four cases.

Our task then is to compute probabilities X and Y.
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For cases 1 and 2 taken together, X is the probability that the gap between the coded 1's is filled with a
legal sequence of pulses. This is the key statement and the reader may want to ponder the previous
sentence thinking about probability as the number of legal ways divided by the total number of ways.
Only the legal ways can show up in a statistical ensemble.

If the gap is "legal", there must be an odd number of coded 1's in the gap, due to the AMI alternation
coding rule. Similarly, Y is the probability that there are an even number of coded 1's in the gap. Define,

k =|m-n| - 1 = size of gap
and think of X and Y as depending on k, so we write Xy and Y.

Note that Y = Yx = (1-Xx) = probability that gap has even number of coded 1's. So far, we add k labels to
our results shown above,

<Ym¥n> = p2(Xx-Yx) =p% (2Xk - 1) k=|mn/-1 . (37.3)

Assume we have a gap of size k and there exists some Xx and Yx we don't yet know. What can be said
about X and Y if the gap is increased to size k+1 by adding one more pulse period in between? Claim:

Xk+1 =Yk p+ Xk (1-p) = probability of having an odd number of coded 1's in gap k+1
Explanation:
® Yy is the probability the k gap had an even number of coded 1's. In order to make the k+1 gap have an

odd number of coded 1's we have to put a coded 1 in the new space, which has probability p.
This gives the first term Yx p .

o Xy is the probability the k gap had an odd number of coded 1's. In order to make the k+1 gap have an
odd number of coded 1's we have to put a coded 0 in the new space, which has probability (p-1).
This gives the second term Xy (1-p) .

Since this exhausts the ways we can get from k to k+1, Xy41 has the probability shown above. We could
write a similar expression for Yx+1 but it is not needed. Since Y = 1-Xyx we then have

X411 = (1-Xi) p + X (1-p) =p - pXic + Xie- pX = (1-2p) X tp . (37.4)
Now define,
a=(1-2p) => p=(1-a)/2 and 1-p=(1+a)/2

Then the above reads,

Xk+1 = aXg + p. (375)
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This is a difference equation (recurrence relation) which we want to solve for Xyx. If there is no gap at all
(k=0), we have two adjacent identical pulses which is illegal so Xo = 0. If the gap is k = 1, then the
middle element must be different from the two ends, so X3 = p, consistent with (37.5). We now examine
the recurrence relations:

Xo=0

X1 =p

X2 =a(p) +p =p(atl)

Xs = a[p(at1]+p=p(a®ta +1)

Xe =p@*+...+a
The geometric series can be summed in the usual manner and yields

Xx =p (1 -a5/(1-a)=p (1 -a")2p=(1-a5)2. (37.6)

The same result can be obtained from Maple in this manner :

p = (1l-a)/2:
Xk := rsolve({ X(k+1) = a*X(k) + p,X(0) = 0}, X): simplify(%);
1 1
——ak+—
2 2

Inserting this result into (37.3) gives
<ymyn>=p* Xk - 1) =p® (1 -a%)/2]- D =p* ((1-a")- 1) =-pa"
=- p2 glim-nl - 11 — (—pz/a) almml 37.7)
Therefore, we have our final results for our two expectations,

Ymyn> = (p*a)a™™! m#n //:a=(1-2p)
Ya'>=p . (37.8)

These results are in agreement with Bennett and Davey equations (19-111) and (19-119), and in fact it is
their method we have presented above.

(d) The autocorrelation sequence
We assume the AMI code generator is stationary as defined in (35.10). Presumably this will be the case
unless some non-stationary data stream is fed into the AMI encoder. With this assumption we can use

(35.24) to relate the ensemble averages in (37.8) of our infinite sequence to the horizontal averages
<..”1,
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Is = <YmYm+s”1 = <YmYm+s™ SZO
_ 2 _ 2
o = <ym >1 = <ym >

where rs = <ymym+s>1 18 the autocorrelation sequence for the yn. Thus we have from (37.8)

ra= (pYaal®t = paltlTh = praap’Th o s#0
ro=p (37.9)

We now plot the autocorrelation sequence for various p values using this code

restart,; N := 6: with(plots):
col := array(0..10, [red,blue,green,brown, black, magenta,green,red,brown,black,gray]):
auto := proc(s,p) if (s=0) then p else -p"2%*(1-2%p)~(abs(s)-1), fi; end:
a :=0: b := 5:
for n from a to b do
p = n/l0: if p = 1/2 then p := 0.5000001, fi, # avoid zero division
for s from -N to H+1l do r[s] := auto(s,p), od,;, #auntocorr data
q := seq([s,r[s]],s=—-N..H+1): # create auntocorr 2D point set
g[n] := pointplot([g],color = col[n],style = line,thickness = 2, view =

-0.3..0.6,xtickmarks = 10),;, # plot points and connect with lines
od:
display(seq(g[n],n=a..b)),; # superpose the graphs for a through b

Here are plots of rg for p = 0.0 (red) to p = 0.5 (black) where, as usual, we connect the discrete points of
the sequence with lines,

Fig 37.3

For p = 0, the autocorrelation sequence is a flat line (red) because in this case all symbols are 0. As the
probability p of encoding a 1 increases, the autocorrelation sequence becomes more "active" away from
the s = 0 central point. At p = 1/10 (blue), nothing much happens beyond |s| = 1. For p =2/10 (green), we
see action all the way out to |s| = 3 and even beyond. As p increases, the value of r; becomes larger and
more negative, meaning if s = 0 is a coded + pulse, then s = 1 is likely to be a -1 pulse due to the AMI
prescription. The p = 1/2 curve is magenta.

As p is further increased from p = 1/2, the density of coded 1's in the pulse train increases and the
correlation distance increases as these 1's affect each other more and more. Here are plots for p = 0.5
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(magenta) to p = 1.0 (gray). The action is so violent now that we had to increase the vertical range relative
to the previous set of graphs.

Fig 37.4
The p = 1 plot (gray) has a very simple interpretation: Now every pulse is coded as a 1, so every pulse
must alternate in polarity, so as we slip two pulse trains relative to each other to obtain the autocorrelation
sequence, if we slip an even number of symbols things are 100% correlated, and if we slip an odd
number, things are then 100% anti-correlated.

(e) Power Spectral Density Calculation using the Autocorrelation Method

As outlined in Section 35, we have two methods to find the power spectrum. Here we shall use the
"autocorrelation method" where R"(z) is the Z Transform of rs .

P(0) = Pourse(®) R"(2) z=e*T1 (34.14a)

Our task then is to compute R"(z) from the autocorrelation sequence rg given in (37.9)

rs= (-p¥a)a's! = pZalsl™t = pZ(12p)'sit s#0
o= p (37.9)
So:
0]
R'(z)= Y 127 % =p-(p%a) Y a'slz s laj<1 a=1-2p
S = -00 s#0
0 0
=p-(p*a) X a®z° + ¥ a°7°]
s=1 s=1
=p- () X (@/2)° + X (az)°] ja/z| < 1 jaz| < 1
s=1 s=1
=p-(PYa)l X {x}° + X {x*}°] x=a/z X|<1 |x*|<1

s=1 s=1
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%k
=p- (p2/a)[ ﬁ + l)fx* ] // the usual geometric series sums
_ 2 X
=p-(p7/a) 2Re[7 .

Now setting ©T1 =k we have z=e¢** and x =a/z=ae™**

ae*  (1-ae*®) o a (e™**- a)
(1-ae™**) (1-ae*™) ~ 1-2acos(k) + a’

X
1-x

and therefore

X . __a(cos(wTy)-a) B ~
Ref I-x 1= 1 +a® -2acos(wTs) a=(1-2p) p=(1-a)2
and then from (37.10),
a (cos(0T1)- a) ,  cos(wTy)-a

" _ 2 _
R"(z)=p-(p“/a) 2 1+ a2 2acos(wTy) P- 2P 1142 -2acos(wT1) -

We then let Maple work on this expression a bit,

d = 1l+a™2-2*a*cos (k) :
n := cos(k)-a:
R :=p - 2%p”2%(n/d);
2
coslk) —a
Ry 2 ? ; (k) - a)
1+a™—2acos(k)
p = (1l-a)/2:
factor(simplify(R)) ,
l(—l+a)(a:+1)(—l+cos(}:))
2

1 +a2 —2acos(h)
from which we learn that

1 (1-2%)(l-cos(@Ty))  (1-a°) sin*(@T1/2)
D=5 772- 2acos(wT1) 1 +a®-2acos(wTy) -

RH

Therefore the AMI power spectral density is given by

9(0) = Fpuraale) S OT2) — (12 1-a%) = 4p(1-
pulse(®) 1 +a2- 2acos(0Ty) a=(1-2p) (1-a%) = 4p(1-p)

which is valid for |a| < 1 which means 0 <p < 1.

X a (cos(k)- a
o R o tesea),

- 1-2acos(k) +a

(37.10)

(37.11)

(37.12)

(37.13)

(37.14)

210



Chapter 6: Power in Pulse Trains

(f) Summary, Plot and Limits of the AMI Spectral Power Density

Using X = /w1 = oT1/(2w) = fT1 = (37.15) can be written in these alternate forms (the last form uses
(33.24)),

(1-a%) sin®(0T1/2)

P(0) = Prurse(®) TT 2 2acos(@Ts) a=(1-2p)  (1-a*)=4p(1-p) (37.15)
(1-a%) [sin?(nx)] )
P(®) = Ppurse(®) 1+az-2acos(2nx) a=(1-2p) (1-a®) =4p(1-p) (37.15a)
(l—az) [sinz(nx)] 2
P(f) = 2= Ppulse(f) 1+a2—2acos(2nx) a=(1-2p) (1-a®) = 4p(1-p) (37.15b)
2 sinz(nfl"l)
P(f) = 4p(1'p) ‘xpulse(m (I/Tl) 1+(1—2p)2—2(1—2p)COS(27th1) (37~15C)

where we recall from the text after (1.4) that X(w) = X(f). This last result (37.15¢) agrees with Bennet and
Davey (19-123) but they have a leading factor 8 instead of 4. This is because they regard the frequency
range for f as (0,00) instead of (-0,00) so the left part of the spectrum is folded over to the right side giving
them an extra factor of 2.

Note that the AMI spectrum is completely continuous, there is no discrete part at all.

Setting p=1/2 gives a= 0 so (37.14) simplifies somewhat to give,

P(®) = Ppurse(®) sin®(nx) p=1/2 . (37.16)

Selecting a box of height V and width T;1 we have from (36.1)

Poutse(®) = E“’;;%?)'z = (VTy)? sincz(n(’% Y(2rT1) = (V1) sincz(no%) (36.1)
so that

P() = Vz(l/col) sinc?(nx) sinz(nx) p=1/2 X = o/m1 (37.17)

P(f) = VZTysinc?(nfTy) sin?(nfT1) p=12 x =Ty (37.17)

This last result agrees with Xiong (2.34) where the code is called AMI-NRZ.
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Plot: Ignoring now the overall factor (Vz/oal) [ or V2T1] we get this AMI p = 1/2 power spectrum

Ly

0.8
0.6
014
03]
N ' P
——m— s

% Fig 37.5

This shape is the same as the continuous part of the Manchester spectrum, but the first zero is at 1 instead
of 2 since the pulse AMI pulse is twice as wide as the Manchester pulse.

The AMI Limit as p— 0 (a — +1)

Our derivation of (37.15) by either method required that |a] < 1 to obtain convergence of the geometric
series, so we are a little wary of taking the limit a— 1. We will find, however, that the limit gives the
correct result so we must be getting convergence for the point a = 1 on the complex circle of convergence.
The same comment applies to the limit a— -1 of the next section.

In this limit p = 0, we know that our pulse train is just the constant value 0 so #(®) = 0, so let's see how
this happens from (37.15)

o o (1-2%) [sin*(@T1/2)] s, (1-a%)
J((D) = qulse(m) 1+32-2aCOS(COT1) = qulse(o‘)) [Sln (O‘)Tl/z)] 1+32'2aCOS(COT1)
Using this limit from Appendix A
. (1-a%) z
lima 41 (1/m) TraZ-2acos(2k) > &(k - mm) (A.23¢)
m = -0
we find that
0
P(®) = Pourse(®) [sin®(©T1/2)]n Y. S(wT1/2 - mn)
m = -0
o0
= Poutse(®) T D [sin®(mn)] §(@T1/2 -mn) = 0 since sin(mm) = 0 for all m

m = -0
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The AMI Limit as p— 1 (a — -1)

First of all, we can see that in this limit the AMI waveform has alternating-sign pulses. With V = 1, this
waveform matches that shown in (34.21),

P(0) = Ppurse(®) D, d(x-m/2) X=0/on; . (34.21)
n =+odd

Somehow in this limit, the all-continuous AMI spectrum becomes all-discrete! How exactly does this
happen? Consider again our continuous AMI result,

(1-a%) [sin®(nx)]
<P(@)> = Fputse(®) 152 55005(2nx) a=(1-2p) . (37.15a)

It seems possible that this becomes discrete because when a = -1, (1-a2) =0 and #(w) = 0 except possibly
at singular points where the denominator vanishes. In Appendix A it is shown that

. . (1-a%) [sin®(K)]
lima—-1 dg(k, a) =lima—,-1 (1/7) m = > 8(k-mm/2) . (A.25a)

m = +odd
Therefore we may write
P(0) = Ppuise(®)mdg(mx,a)
- ‘(I)PU159((D) T z 6(7’[X-m’l’[/2) = t(l)pulse((D) Z 6(X-m/2)
m = odd m = +odd

and this agrees with our expected result shown just above.
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38. The Change/Hold Line Code

Here we mimic the previous Section on the AMI code. The calculation of <ynyn,> is similar, but not the
same. At the end, we apply the results to the NRZI line code.

(a) Pulse Shape

The pulse shape is the same as for unipolar NRZ ,

E xpulsa(t)é
Vi : NRZ

T > Fig 36.2

Xpulse(w) = (VTl) sinc(coTl/Z)
(36.1)
g)pulse((’)) = (1/2n) V2T1 sincz(le/z)

In place of amplitude V we will have A and B as described below.
(b) Coding

The coding uses two amplitudes A and B. Hold or Change coding means that a 0 is encoded as no change
in the pulse amplitude (it holds, remaining what it was), while a 1 is encoded as a change A<>B. Here is
an example starting with an A pulse:

data
encode = [ A B B

|
[
o

0 0 1]
B B A]

>R
W~

vy

[ A ]

v v

‘_
<«
P = =

Fig 38.1
Again we shall assume an arbitrary pulse shape and insert the box-pulse at the end.
(c) Expectations <ym2> and <ymyn>

First consider
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<ya>>= [q]A® +[(1-q)] B?,

where q is the probability that slot n has y, = A. In this code, since only change and hold are coded, there
is no preference for either amplitude, so q = 1/2 and

<yn2> = (A%+B?)2 . (38.1)
We define p to be the probability of a change (data = 1), and 1-p to be the probability of a hold (data = 0).
Turning to <ynym>, consider this picture similar to that used for the AMI case, where the gap is kTjunits.

Here we arbitrarily draw A > 0 and B < 0 and we draw the pulse as square, but it could be any shape and
A and B can have any signs.

B
m n

‘ HD\
B 3 B

Fig 38.2

Denote the four probabilities as p ®*y and so on. Since slot m and slot n must each be filled with either
an A or a B, this picture shows the only four possibilities, so (different scaling relative to AMI analysis)

p P +p BB 4 p(BR), 4 p(BB),

Note that p® is the probability of slot m and slot n both having amplitude A in the statistical pulse
train. With these probabilities, we will have

<Ym¥n> =p PP AA+pPB L AB+p B BA +pB®) BB . (38.2)
In case 1, there are a certain number of holds and changes during the gap such that the overall effect is a

hold. The number of changes must have been even. But this same statement can be made about case 4, so
cases 1 and 4 have the same probability of existing in the pulse train. Similarly, cases 2 and 3 have the
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same probability and in those cases the number of changes must be odd. So now we have two variables to
worry about and they add to 1/2 :

p®R) L @B 1 (38.3)
<Ymyn~ :p(AA)kAA+p(AB)kAB+p(AB)kBA +p(AA)kBB
=p® (AA +BB) +p*® (AB + BA)
SO

<ymyn> =p P (A2 +B?) +p®®) 2AB . (38.4)

If the gap is zero, what is the probability of having an adjacent AA in the pulse stream? The probability of
having the left A is 1/2, and the probability for an A being followed by a A is 1-p. Therefore

p™o =(12)(1-p) . (38.5)
Consider now the gap as shown at value k. We claim that

p PN =p® (1-p) +pPByp . (38.6)
Proof: If it was an AA to start with gap k, then to be AA with gap k+1 we have to add another A which

has probability (1-p) since this is a hold. Conversely, if it was an AB we have to add an A which is a
change, which has probability p. Then from (38.3) we rewrite (38.6) as

p P a1 =p®¥ (l-p) +(172- p™)p . (38.7)
To simplify notation, let X = p ‘®* so that p ®®); =1/2 - Xi . Then (38.4) and (38.7) become
<Ymyn> = Xk (A2 +B?) +(1/2 - Xx)2AB = (A-B)?Xy + AB (38.8)

Xi+1 = Xk (l-p) + (1/2-Xk) P = (I-Zp)Xk + p/2
=aXyx +p/2 a=1-2p, same as for AMI (38.9)

Maple solves this recursion equation as follows, using (38.5) that Xq = (1/2)(1-p),

p = (1-a)/2:
Xk := rsolve({ X(k+1l) = (1-2*p)*x(k) + p/2, X(0) = (1-p)/2}, X):
simplify(%) ;
1 (k+1) 1
L -
4 4
so we find that
Xe=(1+a*"1y4 =p@», (38.10)
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As a check, suppose p = 0 so there can be no changes. Thena =1 and p (A2) = 1/2. We can now have
only case 1 or case 4, so we know p (AB) x = 0, and that is consistent with p (AR) ) (2B) xk =1/2.

Continuing from (38.8),
<ymy¥n> = (A-B)?Xy + AB = (A-B)?(1 +a**1)/4 + AB
=[ (A-B)%/4] a**! + (A-B)%/4 + AB
= [ (A-B)?/4] a**! + [(A+B)?/4]
=(1/4) [ (A-B)? a¥*! + (A+B)? ] (38.11)
and we note that the result is indeed symmetric under A«<> B. Again for p = 0 (always hold, a=1) we find
that <ymyn> = (A%+B?)/2 which is the same then as <y,>>. For a constant pulse train, the amount of slot
separation makes no difference.
Since k = |m-n| - 1 in general, we get these final results,
<Ymyn> = (1/4) [a"" ™ (A-B)* + (A+B)* ] m#n a=12p
<yn2> = (A%+B?)2 . (38.12)
(d) The autocorrelation sequence
We assume the Change/Hold code generator is stationary as defined in (35.10). Presumably this will be
the case unless some non-stationary data stream is fed into the Change/Hold encoder. With this

assumption we can use (35.24) to relate the ensemble averages in (37.8) of our infinite sequence to the
horizontal averages <...>1,

Is = <YmYmt+s”1 = <YmYm+s™ s#0
_ 2 _ 2
o =<Ym 1 = <¥m >

where rs = <ymym+s>1 1 the autocorrelation sequence for the yy,. Thus we have from (38.12)

rs= (1/4)[a's! (A-B)? + (A+B)?] s#0 a=1-2p
ro = (A%+B?)/2 . (38.13)

Note that for p = 0, we get rs = (1/4) [ 1's1 (A-B)? + (A+B)2 ] = (A2+B2)/2 = 19, S0 in this case the
autocorrelation plot will be a horizontal line (red below) at this value (A2+B2)/2. This is the case of never

any change, so half our ensemble is all A and half is all B which is why <ym2> = (A%+B?)2.

We now plot the autocorrelation function for various p values using this code
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restart; W := 6: with(plots): A := 1: B := 1/2:
col := array(0..10, [red,blue,green, brown,black, magenta,green,red,brown, black,gray]):
auto := proc(s,p) if (s=0) then (A"2+B"2)/2;
else (1/4)*( (1-2*p)~abs(s)*(B-B)"2 + (R+B)"2 ), fi; end:
a :=0: b := 10:
for n from a to b do
p :=nfl0: if p = 1/2 then p := 0.5000001; fi,;, # avoid zero division
for s from -N to H+1 do r[s] := auto(s,p); od, #autocorr data
q := seq([s,r[s]],s=-H..H+1): # create auntocorr 2D point set
g[n] := pointplot([q],color = col[n],style = line,thickness = 2, wview =
-1..1,xtickmarks = 10); # plot points and connect with lines
od:

displav(seq(g[n],n=a..b)), # superpose the graphs for a through b

For all plots below, we assume A = 1, and we plot curves for p = 1/n for n=0 to 10 giving

0.8
0.6
0.4
0.2

T e T e T
B -2 -4 -3 -2 -1 X 1 2 3 4 5 b 7 B=1 (a)

Since B = A = 1, there is no change whether or not we "hold" or change", so all plots are the same.
"I -
089

e e ———— —

m—
o
e
Lo
o
L
=
-
[
Lo
e
LT
o
-

B=1/2 (b)

B=0 (c)

0.84

B=-12 (d)

218



Chapter 6: Power in Pulse Trains

B=-1 (e¢)
[ label n means p =n/10] Figures 38.3 (a) through (e)

For each set of plots other than the first, as p ranges from 0 to 1/2, the infinite range correlation of having
no change (red curve, p = 0) reduces (underdamped, shall we say), and for p = 1/2 we have a constant
value for |s| > 1 (critically damped). Then for p > 1/2 we have "oscillation" (overdamped). The ultimate
case occurs when p = 1 where there the values A = 1 and B = -1 strictly alternate, so we have a square
wave. As we relatively slide a pair of these square waves to create the autocorrelation function, as
expected correlation jumps between +1 for even symbol shifts and -1 for odd symbol shifts (gray curve).

(e) Power Spectral Density Calculation using the Autocorrelation Method

As outlined in Section 35, we have two methods to find the power spectrum. Here we shall use the
"autocorrelation method" where R"(z) is the Z Transform of rs .

P(®) = Pourse(®) R"(2) z=¢*0T1 (34.14a)

Our task then is to compute R"(z) from the autocorrelation sequence rg given in (38.13)

rs= (1/4)[a's! (A-B)®+ (A+B)?] s#0 a=1-2p
ro = (A%B?)2 . (38.13)
So:
R'@)= 3 raz™ =(A%+B%2 +(1/4) (A-B)? ¥ a'®!z7°+(1/4) (A+B)? ¥ 7® (38.14)
S = -00 s#0 s#0

The two sums have (conveniently) already been computed:

a (cos(oT1)- a)

Isl -s _
%0 a -z 1 +a® -2acos(wT4)
S

al<1 (=2 Re[ﬁ ) (37.10) and (37.11)
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0]
z%-1= Y 2n8(0Ty - 2mm) - 1 z=¢*"T1 (13.2) with k = Ty

-00 m = -0

M8

Y i -

s#0 s

Thus
a (cos(wTq)- a)
1 +a* -2acos(wT1)

1+ (1/4) (A+B)3[ § 2n8(wTy - 2nm) - 1]

m = -0

R"(z) = (A%+B?)2 + (1/4) (A-B)? [2

a (cos(wTq)- a)
1 +a* -2acos(wTy)

1+ (1/4) (A+B)? § 2n8(w Ty - 2mm)

m = -0

(1/4) (A-B)? + (1/4) (A-B)? 2

a (cos(oT1)- a)
1 +a® -2acos(wT1) 1+

(1/4) (A+B)? § 2n8(wTy - 27tm)

m = -0

(1/4) (A-B)? [1+2

(1-a%)
a® - 2acos(wT1)

+ (1/4) (A+B)? §2n6(mT1—2nm) (38.15)

m = -0

(1/4) (A-B)* 77

Installing this result into (34.14a) which says P(0) = Ppuise(®) R"(z), we get a final result for the power
spectral density of the Change/Hold line code:

A-B 1-a? A+B i
F(©) = Foursa() { [P 127 +a2—(2acaos)(o)T1) (BB 2 Y orsemi2em ) (816)

m = -0

a=(1-2p) (1-a%) = 4p(1-p)

(f) Summary, Limits and Plot of the Change/Hold Spectral Power Density

We shall now investigate various limits of our final result which was (38.16),

A- 1-a® A ®
9(@) = Fpursa(o) | [B52 Prrscds + (5B 2§ onariznm) ) G817

m = -0

Limit A — B: Setting A =B in (38.17) gives

P(0) = Pourse(®) { A2 § 2n (@T1-2mm) b . (38.18)

m = -0
In the case that the pulse is a box of unit height we use (34.22),
Ppuise(®) = (1/w1) sinc®(@T1/2) (38.19)

to get
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P(®) = A% Pourse(®) Y 27 §(0T1-2mm)

m = -0

A% Y 21 8(wT1-21m) (1/@1) sinc®(nm) = A? 27 §(0T1) (1/o01)

m = -0

A? §(o) . (38.20)
This is exactly what we expect when A = B, since the pulse train is then just a constant value A !
Limit p—1 (a—-1):

In this limit we expect to get a square-wave pulse train with alternating values A and B. We make use of
this limit from Appendix A with 2k = ©Tj,

(1-a%)
T7aZ 2acos(@Ty) " > 8(wT1/2-mn/2) = D, 2m &(wTy1-mm) (A.25b)
m = +odd m = +odd

lima_>_ 1

and then the Change/Hold spectral power density (38.17) becomes

P(®) = Ppurse(®) { [ﬁAzéB2 ? Y 2n8(wTi-mn) + [ﬁAzLB2 12 § 21 8(0T1-2mm) } .
m = +odd m = -0

Installing from (34.22) the unit-height box pulse shape Ppuise(®w) = (1/w1) sinc®(0T1/2) and using

(A+B)

(38.20) the second term becomes just [ > 12 8(w) while the first term is

(A-B)

[ P X 2n3(@T1-mm) (1/w1) sinc*(mm/2)
m = +odd
= [ﬁ%l 1?2z 3 8(0Ti-mn) (l/o1) (mr/2)~?

m = +odd

= (A-B? (I/n®) Y (1/m?) (o - mo1/2)

m = +odd
giving a final result,
- +
9(03):[5%2 Y (Um®) §(o - moi/2) +[%l 12 8(w) . (38.21)

m = +odd
Comparing the first term with (34.23), we see that it is the spectrum of a square wave whose peak-to-peak

amplitude is (A-B), which is exactly what it should be since every pulse is a "change". The second term
then correctly accounts for the expected average DC level of (A+B)/2.
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Limitp—0 (a— +1):

In this case for a square wave we expect to get a result appropriate for an ensemble of pulse trains half of
which have constant value A and the other have constant value B, since all pulse trains are in a permanent
hold state with p = 0; nothing changes. This time we use this limit (A.23¢) with 2k = ©Tj,

. (1-a%) z z

lima 41 7% 2acos(@Ty) ™ > 3(wT1/2-mn) = Y 2nd(wTy - m27w) (A.23¢c)
m = -0 m = -0

to get from (38.21),
A-B & A+B Z

9(0) = Fpmrselo) { [Y52 X 2nd0T-20m) + (P52 P X andoTs2mm) |

m = -00 m = -00
A%+B? ®
= 75 Ppuise(0) > 2nd(wTy - 2mm) . (38.22)
m= -

Ignoring the leading factor, this agrees with the first line of (33.25) which was developed for a simple
pulse train with unit amplitudes y, = 1. This result then describes the average spectral power of an
ensemble in which 50% of the pulse trains have amplitude A and the rest amplitude B.

Installing the square pulse spectrum (34.22) Ppuise(®) = (1/01) sinc®(0T1/2) gives

2+ 2 0
Po) =~ (Vo) sinc®(@T1/2) ¥ 27 3(wTy - 2mn)
2+ 2 me A2+B2
=~ (Vo) 218(0T) = —5 — (T101)" 21 3(0)
A2%+B?
=—5 o)

which describes an ensemble of constant pulse trains 50% of which are x(t) = A and the rest x(t) = B.

Limit p—1/2 (a—0)

Recall again the general result (38.17),

A-B 1-a® A+B ©
#0) = Foaano) 1 152 P iy < 195 F T edoTizam | @807

m = -0

The big ratio becomes unity so the spectral power density is then

9) = Fpueel@) { [P + (AP 25 2n 50T 2mm) ) (38.23)

m = -0
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Box-Shaped Pulse for general p: Start as just above with (38.171) and insert Ppu1se(®) for the box
o0
Y. 2n8(wT1-2nm) }

A-B (1-a%) A+B
70) = Fpurse) { 52 P ooty (2 P
m = -0
Ppurse(®) = (1/@1) sinc®(©T1/2) .
As usual, the second term becomes [@ 1° 6(w) , so the resultis [ a=1-2p, x = 0/w; = fTq ]
A-B . 1-a% A+B
P(0) = [ng 1° (1/w1) 51n02(0)T1/2) 1122 -(2acoz((oT1) [( ) ] o(m) (38.24)
gA B) ., (1-a%) (A+B)
P(h) =[5 I Tasin® (T 52 Daoosmty. * L2 100 (38.24)
Box-Shaped Pulse forp=1/2 (a=0):
I 3()
(38.25)

[KA;l 12 (1/®1) sinc®(@T1/2) + [L2
O 25§ x= =T
(38.25)

P(o)

gA—Bl] sinc (nx) + [

— oo { [
P sin(nTs) + [P35

(A-B)

2
Ignoring the factor (1/w1) in (38.25), we make this plot of #(®) , which is the same as for unipolar NRZ

P(f) = T1 [
but with different scaling factors for the two terms
M
951 |
1 lII
(A-B*4 Jog] | (AB)Y4
IIII |
] D d_ I||
) I|I
{ i
! \
/ 0.21 \
—— T e /jlf \.l-\ e ———
-2 -1 u 1 ) 3 .
Fig 38.4
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Example 1: Unipolar NRZI line code

Coding: This is a special case of Change/Hold encoding where A =1 and B = 0.

data = [1 0 1 1 0o o0 1]
encode = [ 1 0 O 1 O 0 0 1]
1 0 1 1 0 0 1

VY Y Y YOVYY

1 1 ]

Il
J Pobd Fig 38.5

NRZI means NRZ Invert-on-1, where NRZ means non-return to zero (see comments at the start of
Section 36). NRZI does not mean "NRZ inverted". Some other sources use A = 0 and B = 1 so then
transitions happen on 0 instead of 1, as in the standard for USB (Universal Serial Bus). The Change/Hold
spectra are symmetric in A«<»B, so the NRZI spectra are the same for either convention.

Expectation Values

<ymyn>= (1/4)[a™™ (A-B)? + (A+B)?] = (1/4)[a!™™ + 1]
<yn2>=(A%+B?)2 =112 (38.26)
Spectrum: From (38.17), and with a = (1-2p),

A-B 1-a° A+B ©
P(©) = Fpurse(®) { [( 2 : I 1+a® —(2a§02(03T1) " [( —2i_ : X om 8(wTy-2nm)

m = -0

-9 1 (-2) LS o s(oT2mm) } 3827
= Fpurse(®) { 4 1+a® -2acos(wT4) 4 - m o(@Ty-2nm) § . (38.27)

00

Box-Shaped Pulse for general p: From (38.24),

1 . (1-a%) 1
P(0) =4 (Vo) sinc*(@T1/2) T2 Dacos@Ty 3 9@ - (38.28)
Box-Shaped Pulse forp=1/2 (a=0): From (38.25),
P(o) = (1/o1) { 1 sinc®(nx) + 1 8(x) ) X=— = fT (38.29)
1 4 4 o1 1 )
P(f) = T i sinc®(nx) + i 3(f) . (38.29)'

The plot is that of Fig 38.3, but with each factor being 1/4.
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The spectrum (38.29) is exactly the same as that for unipolar NRZ shown in (36.3) with V = 1. One way
to understand this fact is that for every NRZ sequence yy, there is an NRZI sequence y'y, ,

Yn=Yn—Yn-1 . // mod-2 math
This equation can be solved for y,, in terms of y', (assume yo= 0),
Yn=Zp=1"yn n=123..

Consider the space of all random sequences of 1's and 0's ( random pulse trains p = 1/2). Since we just
showed that the relation {yn} <> {y'n} is one-to-one, the mapping f: {yn}—{y'n} just reorders the set of
random sequences in the ensemble used to compute the spectral power density, so that density cannot
change.

In contrast, for p # 1/2, the NRZI power spectrum (38.28) is quite different from the NRZ power
spectrum (36.3),

2
P(o) =% (1/w1) [ sincz(nx) 1722 -(2121_:02(@T1) + 3(x)] // unipolar NRZI (38.28)
a=(2p-1)
P(0) = i (1/w1) [sinc®(nx) (1-a%) + (2p)? 8(x)] // unipolar NRZ (36.3)
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Example 2: Bipolar NRZI line code

[1 0 1 1 0o o0 1]
[1 -1 -1 1 -1 -1 -1 1]

data
encode

1T o0 1 1 0 0 1
- ]
Fig 38.6
In this case A =1 and B = -1 so the general Change/Hold spectrum (38.17) becomes
i i (1-a%) .
P(0) = Ppuise(®) 17aZ -2acos(wTy) a=(2p-1) // bipolar NRZI (38.30)
and for p = 1/2 (a=0) we obtain,
P(0) = Ppuise(®) . // = (1/2x) Ty sinc®(wT1/2) for the box pulse (36.1) (38.31)
In contrast, the Bipolar NRZ spectrum is the general result shown in box (35.37)
o0
P(®) = Ppurse(®) [6° +p® Y 218(wTy - 2nm)] (35.28)
m = -0
with (as shown below Fig 36.5) 6 = 4p(1-p) = (1-a%) and p® = (1-2p)® =a?, so
P(0) = Pourse(®) [ (1-a®) +a% Y 218(wT; - 21m)] // bipolar NRZ (38.32)
m = -00
If p=1/2 (a = 0) then the Bipolar NRZ spectrum becomes
P(0) = Ppurse(w) (38.33)

which is the same as for Bipolar NRZI.
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Appendix A: Delta Function Technology

The delta function is a mathematical tool that simplifies the description of mathematical relationships and
allows one to consider certain idealized situations which cannot really exist in practice. The down side is
that delta functions also serve to confuse readers who are not used to working with them. As later sections
of this monograph were written, it became apparent that much of the development leans fairly heavily on
"delta function technology", and one must understand delta functions at a somewhat deeper level than
presented in Section 1. Of particular importance for spectral power density is our special meaning for the
symbol 6(0) which appears in Chapter 6.

Early authors were squeamish about using the Dirac delta function (for example, Smythe). The theory
of distributions was made rigorous in the 1935-1940 era by Sobolev and then Schwartz. The theory makes
use of a class of extremely smooth functions and operators called linear functionals, and the reader can
find a good presentation in Stakgold Chapters 1 and 5.

In brief, a functional T is just a mapping from some Hilbert Space to the real numbers. Usually that
Hilbert Space is a set of reasonable functions defined on some interval. One can write a functional T in
this notation: <T,f> = real number, some function of T and f. A functional is linear if it does the usual
things like <T,f;+f,> = <T,f1> + <T,f>.

A distribution t is any linear functional which acts on a certain subset of all possible functions f. It
acts (theoretically) only on the subset of smooth functions ¢ called test functions. Thus, a distribution t is
represented as <t,¢> = real number, a function of t and ¢.

For example, every reasonable real function f defines a linear functional and thus a distribution in this
manner, where we happen to use the interval (-00,00),

<fo>= [ _°° dx fx)p(x) .

Obviously the integral of real functions is some real number. The function f(x) must be reasonable
enough so that the integral is well behaved (it is "locally integrable™).

In this context, the linear functional which defines the distribution known as the delta function is
given as

<0g,0> = 0(&) special case:  <§,0> = ¢(0)
or

f ‘: dx 8(x-£)p(x) = (&) f z dx 3(x)e(x) = ¢(0)

which we normally think of as the sifting property (2.3). The thing 8¢ is the distribution (the linear
functional name), while the thing written as d(x-§) is a "symbolic function" or "generalized function"
associated with the distribution dg. But loosely speaking, one refers to (x-&) as the distribution.

The general idea is that functions like 6(x) or 6'(x) have a meaning only when they are inside an
integral. When they appear standing alone, they are "symbolic functions", such as in (4.6)
[ RC d/dt + 1] g(t) = 6(t). This is a symbolic or distributional equation which acquires meaning when both
sides are placed inside the same integration. Formally that integration should be against a test function,
but we can think of it as being against any reasonable function; the main idea is that everything must
converge.
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Although the above discussion is expressed in terms of one dimensional integrals, the concept applies
in any number of dimensions. For example, o ) (r - a) is a delta function in 3D space.

The reader does not have to go learn the theory of distributions in order to follow this appendix, but it
is good to know that such a theory exists and justifies the manipulations done all the time with delta
functions.

(a) Models for Delta Functions and two derivations of (2.1)
By "model" we mean a sequence of smooth functions which all have unit area and which in some limit

become isolated about a certain point on the real axis. The essential requirements for a delta function
candidate are these:

lime—0 f ‘ dk d(k) =1 d(k) = 0 for any k>0 and for any k<0 (A1)
-€

These equations say that the area under d(k) is 1 and the function o(k) is isolated to an infinitely small
neighborhood of k = 0. There are an infinite number of possible delta function models, and we shall
consider several in this appendix, many of which are used in the main text.

Our first candidate delta function model is the pulse shown in (9.1) with 1/2 set to 1/(2A),

1 1
31k A) = A [0k +35) -0k -55)]

(A.2)
A
areal= 1
-1/(2A) 12A) —»
1A Fig A.1
In the limit A—oo, the box becomes very tall and very localized and maintains area 1, so
lima_,o 61(k,A) =06(k) . (A.3)

Here are two candidates d2(k,A) and d2:(k,A) for which we just show engineering drawings and no
equations,
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<1/A>-«1/Ap-<1/Ap 62(k,A) A2 41;A;‘”A**”A} 82 ' (k-;A)
: k—> T K=
f 1/(2A) |
AT 2A 3/(2A)
1/A
Fig A2

Both these candidates meet our requirements (A.1). Notice that both have unit area, and both get
horizontally compressed around k = 0 as A— oo and both get "tall". Thus we can say

limae 82(k,A) = 5(k) (A.4)
limaw 821 (,A) =8(k) . (A.5)

For our first model 6; we get 8(0) = +oo while for the last two models we get 6(0) = -0 and 6(0) = 0. It is
in fact possible to construct a model in which 8(0) comes out being any desired real number. This number
d(0) has no significance because the point k = 0 is singular and the limit of (k) approaching this point
from either direction does not exist. This is a much more serious matter than both limits existing and
being different, which is the case for the Heaviside 0 function which has a simple discontinuity at t =0,

0(t) 1

®1/2 Heaviside Step Function

t—» Fig A3

From the left, the limit is 0, from the right, the limit is 1, and the Fourier-correct value at the
discontinuous point is 6(0) = 1/2 (as shown in Section 8 (c)).

Our next model of interest is this,

83(k,A) = \/417I—A exp( -k?/4A) (A.6)

which is a Gaussian centered at k = 0. This function has area = 1 for any A > 0,

int (exp(-k"2/(4*%A)) /sqrt(4*Pi*A), k = —-infinity..infinity) ;
1

The half-width of (A.6) occurs roughly when k%/4A = 1, so the full width is then Ak ~ 4\/X .Here is a
plot with A = .05 for which Ak = 44/.05 =0.9,
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= ! 2 Fig A.4
As A—0, the Gaussian becomes taller and narrower and we then have
. . 1 2
limp 9 03(k,A) =1limp_,0 77— -k“/4A) = 5(k). A7
ima,0 63(k,A) 1Ma0 \/m exp( ) (k) (A7)
Now consider this standard integral ( GR 3.323.2 where a=p? andb=q),
[ dx exp[-(ax®+bx)] = \E exp[ (b%/4a) | . (A.8)
-00
Settinga= A, b =-ik gives
[ dx e™™ exp(-Ax?) = \/E exp(-k?/4A) = 2m { — exp( -k%/4A) }
- A \/4nA
or
[7 dx e* exp(-Ax?) =21 83(k,A). (A.9)
Taking the limit A—0 of both sides gives
0 ikx
[ dx e™** = 2m3(k) . (A.10)
This then is our first distribution theory derivation of (2.1).
Here is another candidate delta function model :
sin(Bk B sin(Bk B .
d4(k,B) = Ank_l =T 4}31(_2 =T sinc(Bk) (A.11)

The area under (B/r) sinc(Bk) is unity,
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int((B/Pi)*sin(B*k)/(B*k), k = -infinity..infinity);
1

The half-width of (A.11) is determined roughly by the first zero of sin(Bk) = 0 so Bk = 7.
The full width of the peak is then Ak = 2n/B. Here is a plot for B = 10 with Ak = 2n/10 = 0.6.

Fig A.5

As B gets large, the function shrinks in around k = 0, and we then have

in(Bk B
limpo 84(k,B) = limp_ Mnnk—l = limg_,, = sinc(Bk) = 3(k). (A.12)

Now consider this simple integral

sin(kB)
nk

B . B sin(kB)
dx e*** =2 d kx) =2 =
f 5 dxe fo x cos(kx) K

on = 21 84(k,B) (A.13)

Taking the limit as B—0 we find

foo dx e*** =2 f

000 dx cos(kx) = 2m d(k) (A.14)
-00

and we have a second derivation of (2.1).

(b) Models for Periodic Delta Functions

We start here with the following delta function model,

_ 1 sin[(N+1/2)k
35(k.N) = 2n  sin (k/2) (A.15)

and we shall be interested in the limit N—oo. This particular candidate is periodic in k with period 2m, as
we now show:
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sin[(N+1/2)(k+2m)] = sin [(N+1/2)k +2n(N+1/2) ] =sin [(N+1/2)k + 7] =- sin [(N+1/2)k]
sin[(k+2m)/2] = sin(k/2 + m) = -sin(k/2)

sin[(N+1/2)(k+2m)]  sin[(N+1/2)k]
sin[(k+2m)/2] sin (k/2)

> 3s(k+2mN) = 85(k,N) (A.16)

Looking at the peak at k = 0 for large N, the half width occurs at the first zero of sin[(N+1/2)k] so Nk = .
The full width is then Ak = 27t/N. Here is a plot of the central peak for N = 60 for which Ak = 0.1

S ™ ARV 7 B LI T VAR T R

-4 Fig A.6

The periodicity of 35 is apparent if we plot 2w ds5(k,N) for N = 60,

_[121]
sin| —— &
2
s3]
sm| — &
2
H := 60:

plot{(f, k = -10..10, numpoints = 1000} ;

f :

sin{ (N+1/2)*k) /sin(k/2) ;

1209
100
B0

B0

404

Fig A7
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where the peaks are separated by 2w. We are going to show that

limye 85(k,N) = 8(k) + 8(k-27) + (k+2m) + ... = § 8(k - 27tm) . (A.17)

m=-o

As N gets large, each red region of activity becomes isolated more and more to the location of the
putative delta function peak. The function approaches 0 anywhere between the peaks in the following
sense (which has a very distributional flavor). As N — oo, the numerator of d5(k,N) oscillates faster and
faster. When averaged over any tiny region of width €, we can make N large enough to make this average
be arbitrarily small. For example, when averaged over 1 nanometer of the above plot near k = 2, we can
find a sufficiently large N to make this average be smaller than 1071°°. This is the basic idea of
something "washing out". Thus, we realize our delta function requirement that 5(k) = 0 for k # n2n. The
other requirement is that we must show that the area under each delta peak is unity.

Consider a close neighborhood of the central peak in Fig A.7. For large N, only a small region of k near
the central peak |k| < Ak = /N contributes to &5 as the Figures above show, since sin[(N+1/2)k] oscillates
so fast beyond this region. In this region we can approximate sin(k/2) by (k/2) so that

1 sin[(NFL2K] 1 sinfNFU2K] (NFL2)k
0skN) = 2r Tin2) T 2n (W2) - 2a(k) Snel(NF12)K]
- %1/22 Sinc[(N+1/2)k] = 84(k,N+1/2) // using (A.11)

We already know that the area under d4 is 1, and that it is a viable delta function model. But since 05 is
periodic, all its peaks must look like 64. Broadening our scope to the entire k axis, we conclude that

o0
8s5(k,N) = D 84(k - 2mm, N+1/2) for large N (A.18)

m = -0

As N — oo we then get

. . 1 sin[(N+1/2)k i
limy—oo 85(k,N) = limye 5 _[sm(ﬁ)Ll = Y 3&(k-2mm) (A.19)
m = -0

Our next multi-peak delta function candidate is the following,

C 1 Rmdsk NP 1 sin®[(NF1/2)K]
0(kN)= 20 TONTI) T 2NT1  2nsin(k2)

(A.20)

This d¢ has the same periodicity of ds so has identical peaks spaced by 2m in k. Here is the central peak
for N=20
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o

4 08 0B 04 02 02 04,06 08

Fig A.8

and the width is Ak = 2n/N, the same as for 8s. In the region of contribution, we again set sin(k/2) = k/2
so that

.2 2
1 sin?[(N+1/2)k] — [(N+1/2)k] z sinc?[(N+1/2)k] _ ) sinc?[(N+1/2)k]

S6(kN)=INTT ~ 2n (k22 ~ 2n(2N+1)(K2) o
= (B/n) sinc®(Bk) B =N+1/2
The area under §¢ for any N is unity,
int( (B/Pi)*(sin(B*k)/(B*k))"2, k=-infinity..infinity),
1
Since ¢ has the same periodicity as s, it has the same limit as N—o
, , sin?[(N+1/2)K] ©
limy o0 86(k,N) = limy_,o ONth2r (k22 > 8(k-2mm) (A.21)
m = -0

Our interest in &g is that it is a delta function model formed by squaring another delta function model.

Consider next the following candidate delta function model,

(1-a%) [cos?(K)]

o7(k, a) = (1/m) m (A.22)

We are interested in this model as a — -1. Here is a motivating plot of 7 fora=-0.9 :
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d7 := (1/Pi)*(l-a"2)*cos(k)"2 / ( l+a"2+2*a*cos(2*k) ),
2 2
1—a cos(k
P : ) cosk)
T(l+a +2acos(2i))
a := -0.9: plot(d7, k = -4..4);
6_
5
4
3_
4 3 2 1 U 1 2 3

4
K Fig A.9

First of all, we can see that 97 is periodic in k having period =, since both cosz(k) and cos(2k) have period
7. Near a = -1, the denominator approaches 2 -2cos(2k) = 2(1-cos(2k)) = 4sin®(k) which vanishes at k =
mn for m integer. As long as we avoid these points, we can see that lima—,-1 d7(k, a) = 0 for k # mmn due
to the (1-a®) factor in the numerator. We need only show that the integral if 87 is 1 when taken in a small
region around one of the delta peaks. As before we consider the peak at k = 0 and compute the integral

. - . . e (1-a%) [cos* (k)]
lime 0 f_s dk [lima—-107(k, a)] = lime_, lima—,-1 f_s dk {(1/m) m

(1-a%) [cos?(K)]

. . 3 . -
= lima_,-1 limg_ .0 f_s dk {(1/m) T+a2+2acos(2k) } // interchange limit order

1
= lima_,-1 lime_0{(1-a%) fi dk TraZ2acos(2K) ) // cos(k) = 1 for e << 1

. . £ 1 . o .
= (I/m) limg_,0 lima_,-1 {(1-a%) f_s dkm } // interchanged limit order again

In passing, note that the cos?(k) numerator factor really plays no role in things and we could have set it to
1 in &7, but we kept it since it appears there in our AMI application. We now have Maple do the integral

as follows,
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assume(a<0,a>-1) ;
Int(1l/(1+a"2+2*a*cos(2*k)) ,k=—epsilon..epsilon)

g
1

i

l+a2+2a cos( 2 k)
-
int(1/(1+a"2+2*a*cos(2*k)) ,k=—epsilon. .epsilon): simplify(%)

[(a— 1)tan(€)]
arctan| ——————————

a+1
2
az -1
We now continue the above evaluation,
= (1/m) limg_o I 1-2) [2 2 tan"Y( -
= (1) lime o limy -3 {(1-0) [2 27 tan™( 77 tane) ]
- 2/ li I -1 &l
= -(2/m) limg_ lima—,—1 { tan™~( At tang ) }
. - R O |
= - (2/m) limg_,o { tan"(- o0) } // argument of tan™" is (Jr—0 tang) = (-o0)

=-(2/m)lime—o {-12} = -2/m)(-w/2) =1 .
In this model, the area under 67 is not unity for any value of a, so we have to deal with both limits in our
evaluation. There are Moore-Osgood theorem subtleties involving the limit order interchanges which
could be reviewed, but we omit that level of detail.
Therefore we have shown that in the region of the central peak.

lima—,-167(k, a) =d(k) -n<k<m

Since 67 is periodic with period t, we know that the full result for all k is this

. . (1-a) [eos®®)] 2
limg—,-1067(k, a) = lima—-1 (1/7) m = > 8(k - mm) (A.23a)
m = -00

If we remove [cos?(k)] from the limit and then divide both sides of the right equation above by this value,
we get on the right that [cosz(k)] = cosz(mn) =1, so the following is also true

. (1-a%) z
limas-y (/M) T35 Dacos2k) m:z_of(k - mmn) (A.23Db)

which is really a more fundamental result. Changing a—-a this can also be written

. (1-a%) z
limasr (/) T35 Zacos2k) m§ OoS(k - mmn) (A.23c¢)
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Going back to (A.23a), if we change from k to k' =k + 7/2, then

cos(k) = cos(k'-n/2) = sin(k")
cos(2k) = cos(2k'-m) = - cos(2k") .

Then 67 may be written

1- 2 2 Kk 1- 2 -2 k'
da(k, a)= (1/m) ﬁ% = kw2, a)= (/m) 1(+aa2—)2FaS:<l>sgzlz'])

Then from (A.23a)

o0 e
limas_187(k-m/2,2) = ¥ d(k-w2-mm) = 3 (k- [m+1/2]n).

m = -0 m=-o0

Change the summation index to n = 2m+1, so that m+1/2 = n/2. The n sum then includes only odd
integers from -oo to o, s0

lima-187(k-/2,2) = Y d(k'nm/2) .

n ==+odd
Thus we have arrived at a new multi-delta function model dg(k',a) = d7(k'-n/2, a) to get

(1-a2) [sin?(k)]

dg(k, a) = (1/m) TtaZ2acos(2K) “2acos(2k) (A.24)

. . (1-a%) [sin®(K)]

lima—-1 0g(k, a) =lima—,-1 (1/7) m = > 8(k-mmn/2) (A.25a)
m = +odd

This is the delta model needed to take the p— 1 limit of our AMI spectrum in Section 37.
If we extract [sin?(k)] from the limit and divide both sides of the rightmost equation by this quantity
and note that sin®(mn/2) = 1 for all odd values of m, we get these alternate forms:

. (1-a%)
lima—, -1 (1/7) Tra%2acos(2k) _ :Zi‘,o j}d(k—mn/2) (A.25D)
. (1-a%)
lima4a (1/m) 755 Dacos(2k) . :Zi:O (?d(k—mn/2) (A.25¢)
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(c) Derivation of (13.2) and (13.3)

The first goal here is to derive this equation,

> ™= Y 2nd(k - 27m) o <k<owo . (13.2)

n = -o0o m = -0

Consider this finite version of the sum appearing on the left side of (13.2). We add and subtract 1 to
obtain the sum as the these three terms,

N
Y oettR o+ttt L+t + 1 +e R +e
n=-N

TRk et (A.26)

The following is the standard formula for summing N terms of a geometric series,
1+x+x2 +..+x"= (1-x"Y/(1-x), (A.27)

Using this formula first for x = ¢** and then for x = ¢"**¥, we may write (A.26) as

N
Z e:.nk _ (1 _ elk(N+1))/(1_elk) + (1 _ e—lk (N+1))/(1_e—lk) _ 1 (A.28)
n=-N
In the first term multiply top and bottom by iR/ 2 get
ﬁI’St term = (e—lk/z _ eik (N+1/2))/ ( e-ik/2_ elk/2) — (e-lk/z _ eik (N+1/2)) / [-21811’1(1(/2)]

Since the second term is the complex conjugate of the first, we get

second term = (eik/ 2 grik(N+l/ 2)) / [2isin(k/2)]

Therefore
N -
3 '™ = second term + first term - 1
n=-N
— [eik/z _ e—ik (N+1/2) _e—ik/2 + eik(N+1/2)] / [2181n(k/2)] _ 1
= [ 2i sin(k/2) + 2isin[k(N+1)/2] ]/ [2isin(k/2)] -1
= [sin(k/2) + sin[k(N+1)/2] ]/ [sin(k/2)] - 1
= sin[k(N+1)/2] / sin(k/2) // see also Gradshteyn and Ryzhik, p 37, 1.342.2
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and we arrive at this result (valid for any positive integer N):

N .
Z oink e Sln!N-i-l/Z!kl ) (A.29)

N 2m sin(k/2)

From (A.15) we recognize {...} in (A.29) as 65(k,N), so (A.29) says
N -
> e = 285k, N) . (A.30)
n=-N
We have thus derived equation (13.3).

We then take the limit N—oo of both sides of this equation. The right side is given by (A.19) so we
get

> et = Y 2n8(k - 27m) -0 <k <o (A.31)

n=-owo m = -00
and we have derived (13.2) as promised. Both sides are visibly periodic with period 2.
(d) Undoing the limit N— o : the meaning of 6(0)

Go back now to (A.29) and evaluate both sides at k = 0:

N . .
. sin[(N+1/2)k] . sin[(N+1/2)k]
ZNI =27 limg_,0{ 2 sin(k/2) = limy_,0{ 2) } (A.32)
n=-

= (2N+1) limg_,o sinc[ (N+1/2)k] = (2N+1).
But this is exactly the sum shown on the left, so we find that our k = 0 limit of (A.29) happily says
(2N+1) = (2N+1).
Taking the limit N— oo of (A.30) and then the limit k — 0 we find that
o0
> 1 =[2r8(0)] . (A.33)
n = -

We noted earlier that 5(0) is model dependent and for this model 35 we get 8(0) = +oo. There are times
when we want to "undo the limit" N—oo, to get

N

Z 1 =1 271:6(0)]undone = (2N+1) . (A34)
n=-N
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In this "undoing" we have to be careful not to use the delta function property d(x/a) = a 6(x) since this is
not valid in the "pre-limit".

Example 1

When we deal with pulse trains, we will be adding exponentials of the form exp(inwT1). From (A.31) we
therefore have,

o0 o0
> T = Y 21 §(wT1- 2nm) . (A.35)
n=-0o m = -0
If we evaluate the above formula at © = 0, we get
o0
> 1 = > 2nd(- 2nm)
n= - m = -0

We now observe that §(-2mm) = g, 0 6(0), so we then get, as in (A.33),

§ 1 =[2n8(0)] (A.36)

n = -oo

We understand this as a symbolic limit. We can now undo the limit by replacing the sum endpoints with -
N and N, and replace 2n6(0) with (2N+1), and the result is consistent. Had we rescaled the delta function
by saying for example 6(-2tm) = (1/2x) d(-m), we would end up with a contradiction when we tried to
"undo the limit".

Example 2
Consider the square of the sum shown in Example 1,
o0 i o0
{3 ™12 = Y 27 §(0Ty- 2nm) } 2 (A.37)

n = - m = -00

We write the RHS using m and k for our two summation indices, then we move both summations to the
left. Inside this double sum we get

O(0T1- 2am)d(wTs- 27k) .

Since the first delta function will "pin" oT; to the values 2mm, we can replace @T1 with 2nm in the
second delta function and not change a thing, obtaining

3(@T1- 2mm)d(2nm- 27k) = 8(wT1- 2nm) 3 o 5(0) . (A.38)
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The Kronecker delta 6y, n now removes one of the summations, and we end up with this result:

{ § ™1 12 = 218(0) ] { §2n 8(0T1-2mm) } . (A.39)

n=-o0 m= -0

Evaluating the above at © = 0 yields

{ § 112 =[2n8(0)] [2n3(0)] . (A.40)

n = -0o
And if we now undo the limit, we get this self-consistent result,

N
£ 132 =[213(0) ] [27(0) ] = (2N+1)2. (A.41)
n=-N

Once again, 8(0) is really undefined and model dependent, but for our 85 model we use 2nd(0) just as a
shorthand for the limit of (2N+1) as N— co. The number (2N+1) will be the number of pulses in a pulse
train and that pulse train becomes infinitely long as N—oo. In such a limit, quantities like average energy
per pulse remain finite.

(e) The function @(a < x <b) and related sums

In equation (2.2) we noted that [ 6(x) is the Heaviside step function of Fig 1, sometimes written as H(x) ]
[ ¥ ax 8100 = 1)000-)05-2) a<b 22
which we write here as
fab dx' 6(x'-x)f(x") = f(x)0(b-x)0(x-a) a<b (A.42)

The theta functions just set the result to 0 if the delta function hit lies outside the interval (a,b).

Function 6(x) is the Heaviside step function having these properties:

1 if x>0
0x)=9 172 ifx=0 . (A.43)
0 if x<1

These theta functions are always a bit confusing, and sometimes things are clearer using a different
notation. Suppose we define the following new function,
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1 if a<x<b
®@@<x<b) = Oa,x,b)= | 112 ifx=aorx=b a<b (A.44)
0 if x<a or x>b

The notation ®(a < x <b) is merely a suggestive way to write the function ®(a,x,b).
We shall now state and prove a few simple "theorem" regarding this function ®.
Fact: ®(a<x<b) =0(b-x)0(x-a) a<b (A.45)

Proof. We just exhaust all cases:

x<a: 0(b-x)0(x-a) = O(b-x) *0 =0

X =a: 0(b-x)0(x-a) =0(b-a)b(a-a) =1*1/2=1/2
a<x<b: 0O(b-x)0(x-a) =1*1=1

x=b: 0(b-x)0(x-a) = 6(b-b)0(b-a) =1/2 * 1 =1/2
X >b: 0(b-x)0(x-a) = 0* O(x-a) =0

Therefore, we may write (A.42) in this more friendly manner,
b
f dx' d(x'-x)f(x") = f(x) ®(a <x <b) a<b (A.46)
a

Fact: O(a<xtc<b) =0(a-c <x <b-c) (A.47)

Proof: The inequality notation makes this fact seem completely obvious, but we will just make sure by
writing out both sides of the equation:

1 if a<x+c <b
O(a<x+c<b) = O(ax+c,b) = { 172 if x+c =a or x+c =b a<b
0 if x+c <a or x+c >b
1 if a-c <x<b-c
O(a-c <x <b-c) = O(a-c,x,b-c) = { 1/2  if x=a-c or x=b-c a-c <b-c
0 if x<a-c or x>b-c

The next fact is not quite so obvious but is very useful:

e8]
Fact: > O(ma-0/2 <x<moto/2) =1 a>0 -0 <X <00 (A.48)

m = -00
Proof: Let's write out some of the terms in this sum. Here we show terms for m = -1, 0, and 1

e T O(-0-0/2 <X < -at+0/2) +O(0-0/2 < x < 0+0a/2) + O(0-0/2 < x < ato/2) + ..
or
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O (-32)a<x<-(12)a) +O(-(12)a<x<(1/2)a) +O((1/2)a<x<(3/2)a)+...

The terms of the m sum therefore partition the real x axis into intervals of width a. If x falls within one
of these intervals, then only the single term covering that interval contributes in the m sum and the sum is
then 1. If x happens to fall exactly on the boundary between two intervals, then each of those intervals
contributes 1/2 to the sum, and the sum is again 1. For example, if x = (1/2)a, then each of the rightmost
two terms shown above contributes 1/2. Therefore the sum is 1 for all possible values of x.

[e 0]
Fact: ) O(-0/2<x-ma<+0/2) =1 a>0 -0 < X <00 (A.49)

m = -00
Proof: Apply (A.47) to the ® function shown in the sum :
O(a <xtc <b) = O( awc <x < bc ) a=-w/2, c=-ma, b=0a/2

O(-0/2 <x-ma<o/2) = O(-0/2+ma

AN

X < o/2+ma)

Therefore, summing both sides and using (A.48),

> 0O(-02<x-mo<a?2) = Y O-o2+ma < x < 0/2+ma) =1

m= -0 m = -o0

o0
Corollary: > 0OG-02<x+ma<+a?2) =1 a>0 -0 <X <0 (A.50)

m = -0

Proof: For any summand f(m) it is clear that >, f{m)= D f(-m), so (A.50) is the same as (A.49).

m = -00 m = -00
(f) The product of two delta functions and more on 6(0)
This subsection is a sort of coda on the subject of 6(0) where we further attempt to justify the use of 6(0)
even though 9(0) is formally undefined. We continue the distribution discussion begun at the start of this

Appendix.

Consider a voltage pulse v(t) with a shape corresponding to one our delta function models. If this voltage
is placed across a resistor of value R = 1, the energy in the pulse is given by

E= f ” dt VA(t) . energy = time integral of power
-00
If we take the limit v(t)—0(t), what happens? One is tempted to say

E= [T ateqt = [ dts®)s)=50) [~ dts) =50)* 1 =5(0)=+oo
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and one concludes (correctly) that the energy in a delta function pulse is infinite and positive. There are
several problems with the this analysis.

First, we have already seen that with different & models, we can get 8(0) to be any number we want,
including +o0. -c0 and 0. Very embarrassing.

Second, the distribution <8§2, ©> = 8(&)(&) is not a sensible distribution since this linear functional
maps into a real number which is undefined at £ = 0. In general the product of two distributions (in the
sense we use it here) is not even defined in the realm of distribution theory, unless one or both
distributions are regular functions. In that case we could have, for example,

<fd, 0>=<d fo>= [ _°° dx 3(x-E)f(x)e(x) = f(E)e(E) = well defined .

Some people have tried to incorporate products of singular distributions into distribution theory, but it is
not clear how their results apply in our current context (see for example Colombeau 1990).

Note that there are other meanings of the product of two distributions. One is called a convolution
product which is like f(g(x)) for functions, while the other involves multiple variables like 83 (r-r') =

3(x-x")6(y-y"). Neither of these products involves products of symbolic functions in the same variable such
as o(t)o(t).

So, how might we compute the energy in a delta function voltage pulse? The only reasonable thing to do
is to back d(t) off to one of its models and see what happens. For example, suppose we take d1(t,A) as

stated in (A.2), which is the simple box model of height A and width 1/A. Then
. © 2
E=lima o { |~ dt [82(tA) }

Now [81(‘£,A)]2 is a box of width 1/A and height A? 50 its area is A. Then
E=limaw {A } =+ // recall 6(0) = +oo

Suppose we take our deviant delta function model (A.4) d2(k,A) shown in Fig A.2 left. We get
E=limace { J  dt [52(tA)? }
-00

Since the pulse is squared, the area under [62(t,A)]2 is 3A and we then get
E=1lima» { 3A} =+ // recall 8(0) = -0

Finally, for the our second deviant model (A.5) 62 (k,A) shown in Fig A.2 right we get
E=lima»{ A/2 } =+ // recall 5(0) =0

Thus, we get E = +oo regardless of the value of 6(0) in the model.
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Despite this discussion which shows that 8(0) is undefined, we nevertheless use 6(0) with a particular
model in mind because it allows us to avoid dealing with specific boundaries in equations.

In Example 2 of the previous subsection, we saw the use of 276(0) as meaning 2N+1 for a very long
pulse train starting at -N in the distant past and ending at +N in far future. We would rather think in terms
of an infinite pulse train and 2xd(0), but the physical meaning is a very long pulse train and 2N+1. It is
just a convenient notation.

Another common example has to do with "box normalization" which in one dimension is the model
presented as (A.13),

L/2 ; in(kL/2
[ dx e = 21 ﬂk—/l = 21 3a(k,L2)
-L/2 T

J‘ L/z dX eiOx

L = 275(0) .
-L/2 m(0)

In this case, we use 2nd(0) to represent the length of a box which is some very large L. Rather than carry
the large but finite L along in all equations, we can use 215(0) as needed represent this long length.

The conclusion here is that we can use 27(0) as a notational device provided we are very careful as to the

meaning of that device. We must always know how to undo the limit, and that implies a specific delta
function model for a specific application.
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Appendix B: Derivation of a Certain Identity

Theorem: For N and s both integers (N > 0)

Z

0
e+J.ms(21'l/N) =N z 85,mN . (Bl)

0 m= -0

m
This identity is used in Section 27 (b) on the Discrete Fourier Transform.
To prove this relation, we shall first show that each side is periodic in s with period N, then we shall
verify that the relation is true for s = 0,1,2...N-1. We will have then shown that the relation is true for all

integer values of s.

First, give names to the two sides of (B.1)

N-1 . 0
fis) = > etimsn/m g8)=N Y 8s,mn.
m=0

m = -0

Function f(s) is periodic as claimed because

Z

N-1 N-1
f(S+kN) _ z e+:|.m(s+kN) (2n/N) _ e+:|.ms(2n/N) e:LrnkN(21':/N) _ Z e+:|.ms(21'l/N) :f(S)
0 m=0

m=0 m

Function g(s) is periodic as claimed because (m'=m-k)

0] 0] [ee]
g(stkN) =N > Os+kn,my = N > Os, (m-k)n =N > Os, (m")n = &(8)

m = -0 m = -0 m' = -0

Thus, each side of (B.1) is periodic in s with period N.

Now, consider the proposed equality:

N-1 . 0
Z etims (2n/N) _ N z Ss,mN ) (BU
m=0 m = -0

For s = 0, the above claims

Z

[e 0]
1 =N Y 8o,my =N 80,0=N.

0 m= -0

m

But this is true since the left side sum is obviously N as well. Thus, (B.4) is valid for s = 0.
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For s =1,2,3....N-1, we claim that on the left side of (B.1) we are adding N equally spaced points around a
circle in the complex phasor plane, and therefore the sum on the left side is zero. Meanwhile, the right
side is also zero because for any of these s values, there is no integer m such that s = mN hence dg,my = 0.
Thus, if one accepts the circle argument, one finds that for all these s values both sides of (B.1) vanish.

To avoid the circle construction, we can simply compute the left side of (B.1) using the formula

7

etims (2n/N) — x4+ x2 + L+ XM =N Dix-1) with x = g*is (2n/N)
0

m

For s = 1,2,3...N-1 the phasor x = ¢**™* (2r/N) 4 150 denominator (x-1) # 0. Meanwhile,

XN _ e+is(21'l/N)N _ e+is2rx -1

for any integer s
Therefore numerator (x"- 1) = 0 and the sum thus vanishes for these values of s.

Thus we have shown that (B.1) is valid for s =0,1,2...N-1, and since both sides of (B.1) are periodic in s
with period N, it must be that (B.1) is valid for all integers s.
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Appendix C: The Fourier Transform and its relation to the Hilbert Transform

In this Appendix we refer to the Fourier Integral Transform simply as the Fourier transform. We develop
more "facts" about Fourier transforms, including new notations, and present a set of closely related
examples. The pf pseudofunction and principal part integrals are introduced in the context of what we call
"the pole avoidance rule". The connection between the Fourier and Hilbert transforms is then used as an
exercise in applying the developed methods.

(a) Fourier Transform Notations

Recall from Section 1 the statement of the Fourier transform, derived in Section 2,

X(w) = f_: dt x(t) e 29t projection = transform (1.1)

x(t) = (1/2m) f ” do X(w) et expansion = inverse transform (1.2)
-0

We used lower case for a function of time like x(t), and upper case for the spectral components X(m).
Although convenient in many situations, this notation is a bit limiting for more general use, so we replace
X(w) with (). The above can then be written as,

xMw) = k f ©dt x(t) e 2ot projection = transform
-00

_ @© A +iot . __
x(t) = (1/27k) f do xNw) e expansion = inverse transform
-00

Here we have added an arbitrary constant k to allow for other scalings of the Fourier Transform. The
projection has k, the inversion has k™* as shown. For us, k = 1, but other sources might have k = (21)"* or

perhaps k = 1/A/2n to make the two equations symmetric.
The first line defines the Fourier transform of some arbitrary function x(t), but the second line acts only
on a function x*(®) which is already a Fourier transform. We would like to have the second line act on an

arbitrary function as well. To do this, we replace x"(®) by f(®) and treat the second line as an operation
one applies to some arbitrary function f(®),

71(t) = (1/27k) f ” do flw) e**et inverse transform

This then defines an operation performed on f(®) to generate f’\_l(t) which is, by definition, the inverse
Fourier transform of f(®). So changing the dummy integration variable names both to u we get

Nw) =k f ® du f(u) ™o Fourier transform of f(u)
-0

7(t) = (1/27k) f ® du f(u) e*ut inverse Fourier transform of f(u) (C.1
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We think of both these equations as defining certain operations on an arbitrary function f(u). The function
f(u) must be in the class of functions described in Section 1(b) in order that the integral converge to a
function, though the class rules may be violated if one allows the transform and/or its inverse to be a
distribution.

From the first line of (C.1) we find that

o) =k [ dufw) e =k [ duf(-u) e = [f(-w)] (o)

from which we obtain
Fact 0: [(f(-w)](-0) = (®) (C.2)

From the second line of (C.1) we find
P w) =(1/2nk) [ ? du fu) e = (1/21k?) k | * du fu) e = (1/21k?) ()
=00 =00

We are dealing here with three distinct functions: f(u), f(u) and fA'l(u), but we just showed that
Fact 1: 77 1(w) = (1/2nk?) f(-u) (C.3)

so two of these three functions have a simple relationship.

Notice in Fact 1 that one cannot simply suppress the argument u on both sides since u appears on the
left and —u appears on the right. When an argument is the same on both sides of an equation, or when an
argument is not needed, it can be suppressed to reduce clutter.

The fact that the Fourier transform is valid means that the inverse Fourier transform of the Fourier
transform of a function is that function. Similarly, the Fourier transform of the inverse Fourier transform
of a function is that function. This was clear in (1.1) and (1.2) and in the new notation this becomes
Fact 2: [PN@IHO) = [T @)]®) =)

or

[ =[ =f (C.4)

This provides an example of suppressing arguments to declutter a simple equation. Notice that the
constant k does not appear in Fact 2. Consider then this statement of Fact 2,

YY) = (1)
Fact 1 applied to f—1" says
Y H) = (1720k3) (FHN-D)

so that
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(127k?) (PYN(-t) = £(t)
or
(EINt) =27k f(-t)

which then gives
Fact 3: (1) = 2mk? f(-t) (C.5)
FT of f(t) = f(t) & FTof f\(t)=2nk>f(-t)

The first line says that applying the Fourier transform twice to a function gives 2nk? times the function of
negated argument (see Stakgold Vol II (5.55) with k = 1). Nothing new is happening here, it is all just
notation. When k = 14|27 the factor 21k? = 1 on the second line which is a strong motivation for that

scaling, but we had other motivations for k = 1 as outlined in Section 5.
The three Facts just stated are independent of the sign of the phase in the Fourier transform definition.

Operator Notation. An alternative notation similar to that used for Laplace transforms is the following:

o) = F[f(u),0] = Ff,0]=F f(0)
or
" =5f (C.6)

and for the inverse Fourier transform,

7L(t) = FTHf(u),t] = F L] = F ()
or
ml=g1f . (C.7)

The idea here is that § f = g is a new function obtained by acting upon function f with the Fourier
transform operator ¥. Similarly f =h is a new function obtained by acting upon function f with the
inverse Fourier transform operator  *. The three facts stated above can then be translated into this new

notation.
Fact1: 7 Y(u) = (1/2nk?) f\(-u) — Ff(s),u] = (1/27k?) F[f(s),-u]

FUfu] = (1/21k?) F[f-u]

F )  =1/21k%) F f(-u) (C.3)
Fact2: [PN)NH) =[P Ho)l®) =) —  F[FRw).slt] = FF [fo)slt] =)

[f/\]/\‘l — [f/\‘l]/\ =f — f;_lf; f = f;f;_lf =f (C4)

Fact3: {M\(t) = 2k f(-t) — FF[f().s],t] = 2nk>f(-t)

FIF[£s]t] = 2nk>f(-t)

F2f(t) = 2nk>3f(-t) (C.5)
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1 1

The last line of Fact 2 has a particular appeal, since ¥ “F = FF -~ =1, the identity operator.

(b) Principal Value Integrals and the Tick Notation

Consider the following integral,

o0 1
f . dx a f(x) .

If f(x) is non-vanishing at x = a, and if a is real, this integral runs right through a pole at x = a. If a were
complex, then the integral would run above or below the pole and one would be less concerned. If the
intention really is to run the integration right through the pole, it is useful to make that fact very clear
using some kind of notation. One defines the notion of "going through the pole" as the following limiting
operation,

0 1 . a-g © 1 1
| Cdx 3 00 = limeno [ | Tk ] I el R % ax — ). (C.8)

Such an integration is referred to as a Cauchy Principal Value (or Principal Part) Integral. We defer to
section (d) below the pf notation which formalizes the above definition as

- ! N S w1
| _dxpf(y ) o) = 2 ax — f(x) = limgo [ T ) N Bl O
As an example, consider this case where a =0 and f(x) =1,
2
[Pax L =0
2 X

Although 1/x "blows up" at x = 0, this integral as defined above is exactly 0. All contributions to this
integral are real, since 1/x is real, so the integral has no imaginary part. A simple argument for result zero
is that the integration range is even while the integrand is odd under x — -X, so contributions from the left
side of x=0 exactly cancel those from the right side of x=0. If the integrand contained some f(x) which
was even under X — -X, the same argument would apply and the integral would be 0, but for general f(x)
the integral would not be 0.

. . . - - 2
Comment: If one tries to evaluate the integral using In(x), one gets a pre-limit result ln[:Ti] + ln[z ].

After the limit, the first term gives In[1] = 0 while the second term seems to give In[-1] which one thinks
of as +im and we get a contradictory result that the real integral of a real integrand has an imaginary part.
The problem is that this is a singular integral and the normal rules do not apply. The +in reflects the fact
that the integral is trying to avoid the pole by going above it or below it, whereas we really want to go
right through it. Stakgold Vol. I Exercise 1.23 shows how this contradiction is resolved using a redefined
log function, and the subject reappears below in our Pole Avoidance Rule discussion.
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Here then are two notations used for integrals intended to run through poles,
£ 0 L g = I N e 1
o dX ~a f(x) = P.V. f-w dx ~a f(x) = limg—o [ f_oo dx + fa+s dx] ~a f(x) . (C.9)

The tick mark on the integration symbol suggests the idea of running through the pole as the ¢ limit from
the two sides, but is not easy to typeset, so one often sees the letters P.V, PV, p.v., v.p. , P or some other
set of letters to indicate the principle part integration. We shall use the tick mark notation. Our example is
then

|
flax s =o0. (C.10)

In the next several sections we shall examine some closely related examples of Fourier transforms, some
of which require use of the Principal Value integral. The examples are later summarized in section (g).

(c) Example: f(u)=1/u

Projection/Transform:

Let f(u) = 1/u. Using the regular Fourier transform requires that the integral go right through the pole, so
we have

(1) = k [ © du(l/w) e =k JC_ZZ du(l/u) ™ . (C.11)
-0
For ® # 0 we can evaluate the integral this way,

f 2 qumy e = § 2 qu(i/) [Hisin(ow)] = () 2 [ 0°° du sin(ou)/u

= (-1) 2 sign(w) { fow du sin(jo[u)/u } = (-1) 2 sign(®) { fooo dx sinc(x) } // x = |ou

= (-1) 2 sign(®) { /2 }
= -ix sign(®) . (C.12)
In the first step cos(wu) was discarded since (1/u) cos(mu) is an odd function of u. Once that is done, since

sinc(x) = 1 at x = 0, there is no longer a pole at u = 0 so we have just a regular integral. The residual
integral is half of (10.3).

If o = 0, the integral is just jFZZ du(1/u) = 0 based on the discussion of the previous section. One can

combine these results by writing

f 2 du(iu) e = -ix sgn(o) (C.13)
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where
+1 ©>0
sgn(w)=) 0 =0 // sometimes called signum(®) (C.14)
-1 <0

This sgn(w) function is related to the Heaviside step function by

sgn(®) =26(w) — 1 (C.15)
where in particular sgn(0) = 26(0) — 1 =2(1/2)-1 =0.
Our conclusion is that the Fourier transform of 1/u is given by

(1)) = -ink sgn(o) . (C.16)
If we treat sgn(w) like any other function, we can suppress the ® argument to write

(1/a)~ = -ink sgn . (C.17)
In the general case of f*(u) — " we could suppress the u, but once the function is stated (such as 1/u), it
is difficult to suppress the u and still know what the function is. Note that the u in 1/u is just a dummy

variable and we could just as well write

(1)) = -ink sgn(w)
(1/t)" = -imk sgn . (C.18)

Inversion/Recovery:

How does the recovery work?

(1/2mk) [ _°° do (1) eH°F = (1/2nk) [ _°° do [-inksgn(m)] ™ot
= (1/2m)(-im) f_oo do sgn(m) etiot = (-1/2) f_oo do sgn(o) [i sin(wt]

= (-i/2)1 2 f(;o do sin(wt) = f(;o do sin(ot) = -(1/t)cos(ot)| o = -(1/t) [ cos(oot) - cos(0)]

= (171 (C.19)
The distributional trick is to set cos(eot) = 0. In more detail,

0 . . © . - . t 1
fO do sin(ot) = limg_q [ fO do sin(ot) e % ] = limeoZ 2 =7 ) (C.20)
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Interchange:

We have just shown that
(1)) = -ink sgn(w) .
We can Fourier transform both sides to get
[(L/w)N@)]N(1) = -ink [sgn(w) (1)
so that
[sgn(@)](t) = (1/-imk) [(1/w)N(@)]"(1) .
But according to Fact 3,
[(L/u)N@)]N() = [()AAE) = (L) () = 2nk? (1/-t) = -2ak?/t .
Therefore
[sen(@)]N(t) = (1/-imk) (-2mk?/t) = 2k/(it) = -2ik(1/t) . (C.21)

Thus we have learned the Fourier transform of the function sgn(w). We could have computed this directly
as follows:

[sen(@)](t) = k f_°° du sgn(u) e =k f_°° du sgn(u) [-i sin(tw)] = (-i) 2k [ 0°° du sin(tu)

= (-2ik)(-1/t)cos(tu)|“o = (2ik/t)(0 - 1) = -2ik(1/t) .
(d) The Pole Avoidance Rule of Complex Integration

The upper picture on the left shows a real-axis integration contour in the m-plane which passes just below
a pole located at @ = +ie. We are interested in what happens as € — 0. The upper picture on the right
shows the contour passing just above a pole at @ = -ie and we have a similar interest there as ¢ — 0. The
lower contour pictures show a certain contour deformation, and the pair of equations under each pair of
drawings will be discussed below.
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ey Ii _ Ii 5
> -i{_—: >
the same the same
w
o \ 1 [0~
07’ - 0 -
[ do flo) ——= = do o) (o) + i f0) [ do o) ——== 7 do f(o)(1/o) - i {0
" do o) = = F 5 dofio) (Vo) +inf0) [ do o) = F % do Re)(1/e) - in 70)
L _ f(1/0) + ind L__ f(1/0) - ind
— - pi(1/w) + ind(0) —= - pi1/0) — ind()

Fig C.1

We assume that f(w) is such that the integrals converge and f(w) is well defined at ® = 0. We are
interested only in the limit e— 0.

Left Side. Consider the top left red arrow contour. If we try to take £—0, the pole moves down and hits
the contour, which is a poorly defined concept in complex integration. To prevent this from happening,
we first make a tiny semi-circular deformation of the contour so it goes around ® = 0. One is certainly
allowed to deform a contour and not change an integral, as long as the deformation hits no singularities.
After doing this "for free" deformation, we then let the e—0 so the pole moves down to the real axis. If
we now evaluate the integral, we get two famous pieces: The first piece is the principle value integral
discussed in section (b) above, namely,

% do f(o) (/o)

. -0 o]
limeso [ | + [ 1do flw) (Vo).
-00 o
The second piece is a half-circle counterclockwise contour around the pole which gives one half the pole
residue which result is then (1/2) 2zi f(0) = inf(0). In general, if a contour goes some percentage around a
pole, it picks up that percentage of the reside, which we now demonstrate, letting » = Re*® ,

Re*®ido
gﬁ%‘” = ¢zm =i [ :12 d0 =i(0,-01). // partial residue rule

If we go half way around the pole, then i(02-01) = in. So we have now derived the top left equation in Fig
C.1.

Recall now from Appendix A that a distributional equation is one which gains its meaning when
placed inside an integral. So consider

L_ _°° do f(o) [ pf(l/) +ind@)] = [ _°° do f(o) pf(1/®) + ir f(0) .

f_oo do f(o) o—ic
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Here both pf(1/w) and &(w) are symbolic functions as discussed in Appendix A. The meaning of d(w)
seems clear (sifting property) while the meaning of pf(1/w) is precisely this:

% do f(o) (/o) .

[ do flo) pf(1/)

The letters pf stand for pseudofunction. Officially f(w) should be a distribution theory "test function", but
we just take it to be any reasonable function as described above. So we have now derived both equations
on the left of Fig C.1.

Right Side. This is the same idea, but the required contour deformation is different, and since the
semicircle then goes clockwise around the pole, we pick up minus half the residue which is — inf(0). Now

both equations on the right are derived. We have then proven the following distributional equation:

The Pole Avoidance Rule:

lime—0 ﬁ =pf(l/w) *+ ind(w) (C.22)

Notice that this rule has no connection with phase sign conventions of the Fourier transform. It really has
nothing at all to do with the Fourier transform in fact. This "rule" seems to have no official name, so we
have made one up. For more discussion of this subject see Stakgold Vol. I page 50 (1.27) and previous

pages.
(e) Example: f(u) = 1/(uzig)
Here we always imply the limit e— 0.

Projection/Transform:

Using the Pole Avoidance Rule (C.21) above, we may compute the Fourier transform of this f(u) as
follows:

1 oo 1 -ieu © -iou —
G V@ =k [ dugms et =k 2 quimy e T ink

The principal value integral was found in (C.13) to be -iz sgn(w) , so we find that

(i )(@) = itk sgn(o) T ik = -intk (sgn(v) + 1).

Assume first the upper signs,

1
utie

( (o) = —ink sgn(w) - ink = -ink (sgn(w) + 1)
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If ® > 0, the result is -2zik, and if @ < 0 the result is 0. So

1
(u+is

o) = -2wikO(®) .
Now assume the lower signs
1 . . .
(E (o) = —ink sgn(w) + itk = -ink (sgn(w) - 1)

If ® > 0, the result is 0. If ® <0, the result is +2mik. So

1

(o5 (@) = 2miko(-o) .

. . 1
Combining these results we get the Fourier transform of e

|
(uiis

YN©) = T 2nik 0(*m) . (C.23)

Inversion/Recovery:

(1/2nk) [ _°° do (uilig o) et = (1/2m) [ _°° do [F27i 0(xw)] ™ot

= (1/20)(F2i) f_: do 0(w) et = (T i) [ Z do 0(=0) etiot
First take the upper sign
=(-1) J.Ooo do et
If t has a small positive imaginary part, the integral converges to (-1/it) to give
= (-1 (-1/it)y=1/t

but we write t as t+ig to show that it has this small positive imaginary part, so the result is

1
utie

; 1
+iot _ -
(@) e =

(a2m [ 7 do(

as desired. Now we look at the lower sign
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0 ; .
(+1) f dw e**°t = (+i) IOOO dw et
-00
If t has a small negative imaginary part, the integral converges to (+1/it) to give

. N O
=(+1) (+1/it) =1/t = “ic

which is again the desired result.
Interchange:
We have just shown that

|
(uiis

YN ©) = T 2nik 0(+m)

where it is understood that € — 0 on the left side, and either set of signs is valid.

We can Fourier transform both sides to get

(= YN@)]A(0) = F 2nik [0E)IAD) .

utig

But according to Fact 3,

1 1 1 1
[ NN = [ 1N = (g (0 =21k

Therefore

L 1 k1 k
[N = (F 2mik) ™ 27k* o= — T = Tire

= +ik ﬁ =ik [ pf(-1/t) T ind(-t) ] = =ik [ -pf(1/t) T ind(t)] = T ik pf(1/t) + mk 8(t)

and so we learn the Fourier transform of the Heaviside step function with either sign argument. The result
with the + sign is verified immediately below. A more standard naming of the arguments yields

1
-m=Eig

[0(E)] (@) =ik = F ik pf(l/o) + 1k 8(w) =k pf( ﬁ) + 1k 8(0) . (C.24)
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(f) Example: f(u) = 0(u) using the Generalized Fourier Transform
We include this example only because it is related to the previous examples.

Projection/Transform:

From the first line of (C.1) the projection (Fourier transform) is given by
W@ =k [ dubu) e =k fow dy oo
-00

The generalized Fourier transform was defined in Section 6. Recall that the recovery contour in the
inversion formula passes below all singularities of f(u), so for this example that contour runs just below
the real axis so as to put the pole at u = 0 above the contour. Thus, we are really interested in the
projection evaluated at m-ig, so we then have a convergent integral,

1
1o+e

B erie) =k [ 7 duert@rion —ic [ Ty etieron —
Taking the limit e— 0 we obtain the generalized Fourier transform of 6(u) valid for general complex o,
T = C.25

W) =i .

Inversion/Recovery:

We now evaluate the generalized Fourier inversion formula using the above projection,

00-i . 00-i k -
(a2mk) [ do fo) et = (121k) [T dot-etier
-00-1€

-o-ig 10

i 1 .. )
7 o P etot = o(t) as explained below :
t

= (1/2zi) [

-00-i

For t <0, we close the contour down and pick up nothing giving 0.
For t > 0, we close the contour up and pick up the full pole residue to get (1/2xi)2mi= 1.
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(g) Summary of Examples

Our convention uses k = 1, but see (C.1) for other conventions.

Function/Distribution Fourier transform Comment
x(t) X(w) main text notation (k=1)
f(t) fh(oo) Appendix C notation
1/t -ink sgn(m) (C.16)
2k
sgn(t) ™ (C.21)
1
lime_0 e pf(1/t) F imd(t) F 2mik 0(xw) (C.23)
. 1 1
0(xt) k hme_,om =k pf( m) + 7k d(w) (C.24)
k
0(t) o (generalized FT) (C.25)

Comment: Looking back at (C.11) in light of the pf notation, the formally correct version of (C.11)
would be this

[pf(1/w)[N o) = k f_°° dupf(l/u) e =k §% du(l/u) e " (C.11)

and then one would have this version of (C.18).

[pf(1/)]Nw) = -ink sgn(o) . (C.18)
Most tables of Fourier transforms omit the pf formality since things are clear without such notation.
(h) The Hilbert Transform and its relation to the Fourier Transform

The Hilbert Transform is defined as follows

£y = (Un) § 2 do %—2 = [ f(x),t] = H[L1] . (C.26)

(O]
-0

Again we show several different notations, though we shall mainly use 2(1). Changing the integration
variable from o to t' gives

fiy= §2° df%l fity = [ Z dt pf(%l)f(t') (C.27)

where we use the pf symbolic function introduced earlier. We recognize this as having the usual
convolution form (3.1),

260



Appendix C: The Fourier Transform

a(t) = f © at b(t-t')c(t')  sometimes written a=b*c (3.1)
where a = b * ¢ becomes,
= f(i)*f (C.28)
PInt ’ :
The Convolution Theorem was stated in (3.6)
o0
a(t) = f dt' b(t-t")c(t") = A(o) = B(n) C(o) (3.6)
or in our new notation, where for example a"(®) = kA(w),
a(t) = f © g b(t-t"e(t') = aN(o) =k bN(w) o) . (3.6)
-00
Therefore we obtain this diagonalized form of (C.27) in w-space,
1
[F1@) =k (5 ) () P (0) (C.29)
But from (C.16) we know that (see Comment at the end of section g above)
L. .
(a () = -1k sgn(m) (C.30)

Therefore (C.29) becomes (the scaling factor is now gone since both sides are Fourier transforms),

(YN) = -i sgn(o) o) . (C.31)
This well-known result relates the Fourier transform of the Hilbert transform of a function directly to the
Fourier transform of that function. We now make immediate use of this equation.

Since (C.31) can be applied to any function f (always assuming the Hilbert integral converges), we
apply it first to g,

[()"N(®) = -i sgn(o) (2)\(®) (C.32)
and then we set g = f* to get

()] () = -i sgn(w) (FN©) . (C.33)
Installing (C.31) into the right side gives

[f*PN @) = -i sgn(o) [ -i sgn(w) )] = - o). (C.34)
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Applying the inverse Fourier transform to both sides then gives

£R(t) = -f(t)

P =_f (C.35)
or in operator notation,

FEFHAt=-1 . (C.36)

This says that application of the Hilbert transform twice to a function gives that function preceded by a
minus sign (compare to Fact 3). We can apply #€* to both sides to get

Ff=-gf (C.37)

and, in so doing, we have discovered the formula for the inverse Hilbert transform,
w . 1
e = - () £ do %%1 = ) . (C.38)

We can then apply this last equation to f* instead of f to get

F) = - (1/n) }_Zj dmm = (™" (1) =1(t) (C.39)

t-o

which gives us this Hilbert transform pair (in which the two members differ only by a sign),

o . flo)
f(ty=(1/n) jF_OO do t-Oo)) // projection = transform
() . :
f(t) = - (1/n) j’:_w do . // inversion = recovery . (C.40)

We now make these replacements o—o', f — X, f 5 Xp, too to get

B X(o'
Xn(@)= (1/n) jF_OO do' (o-(;))' // projection = transform
. © . Xn(®") . .
X(w) = - (1/m) :F_OO do -0 // inversion = recovery (C41)

and this is a more familiar statement of the Hilbert transform pair. We have proved that this transform is
valid by making use of its connection to the Fourier transform shown in (C.31).

About 13 pages of Hilbert transforms appear in Erdélyi ET2.
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Example 1: Compute the Hilbert Transform of f(®) = ¢*P® :

o0 1 5 o0 1 - f
- — _JiPe _ _ r— LJip(e'+t)
(1) (1/m) jc_oo do ot © (1/m) jF_OO do o ©

— (Un) Pt £ dco’% e’ — (1/m) ettt 7 dm'é (i) sin(Bo')  // x = B’

= -(i/n) *P* 2sgn(p) [ 0°° dx sinc(x) = -(i/m) e*P* 2 sgn(B) {n/2} // as in (C.12)
= -1 sgn(P) eiPt
Therefore
flo) = e*P® = 2(t) = -i sgn(B)e*P* (C.42)

or in the notation of the main text
X(w) = e*P® =N Xn(®) = -i sgn(B)e*P® (C.43)

Example 2: Equation (C.42) is valid for any B, so it is valid for -p. Since the Hilbert transform is linear
we can then superpose exponentials to get the following correspondences,

flo) =k Zg gp e *P° S (1) = -ik Zp sgn(-B) gg e *P*

=k [ de@e™® o =ik [ dpsencp) e e
The last line can be written
flw) = g™(w) < (0 =+ [sgn(B)e(B) ')
which then says
[gN(@)]P(t) = +i [ sgn(B)g(B) 1'(®) -
If we suppress w, then change t to o, then [ to t, and replace function name g by f, this says
(F)(0) =+ [ sgn()f(t) () (C.44)
which we can compare with (C.31) which has the transforms in the reverse order

(YN 0) = i sgn(e) N 0) . (C.31)
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Alternate derivation of (C.44).

Start with (C.26) applied to

PO = (1) § 2 do 2

or
(P =Pl * 1
The diagonalized version is then, using (C.30),
a™N0) =k bN ) N o)
or
(Y =k [-i k sgn(0)] () =-i sgn(o) FY(0) .
Use Fact 3 that f*(@) = 27k? f(-o) to get
(PYP)Nw) = -i sgn(w) 2nk* f-0) = 27k? i sgn(-o) f(-0)
Now take the Fourier transform of both sides
(P (@) =27k [sgn(-s) f(-5)]N(®)
Use Fact 3 that (f))®)™() = 21k%((fY)")(-0) to get
2k (FY)(-0) = 2nk®i [sgn(-s) f(-s)]" ()
) (PY)(-0) = i[sgn(-s) f(-s)]()
) (PY™)(@) = i [sgn(-s) f(-5)]"(-0)
Finally we get to use Fact 0 that [f(-u)]*(-®) = () to obtain the final result

((FY)() = i [sgn(s) f(s)]"()

which is (C.44).
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Appendix D: Calculation of a Sum which appears in (35.17)

We want to show that (k= T, z= etk

o= N ON+1-s| s 1 sin’[(N+1/2)k] .
S o f TN sin(2) (D.1)

where the right side is 2md¢(k,N) of (A.20). There are no doubt elegant ways to verify this identity, but
we shall use the tried and true brute force method. We start off:

2N 2N 2N
2N+1 - |s| _ _ 1 _ 1
S= NI 1 z’% = ) Zs-zNJrl > Is|z7® =S1-5N41 Sz - (D.2)
s=-2N s=-2N s=-2N

The sum S; we know from (A.30) and (A.15) is

2N .
_s sin[(N+1/2)k]
S1= ZQNZ =27 05(k,2N) = sin (k/2) . (D.3)
s=-

So we work then on S5 :

2N -1 2N
So= D sz’ %= 2 Is|z7°+ X Is|z®+0
s=-2N s=-2N s=1

-1 2N 2N 2N 2N
= Y O =Y OFF X7 = X sE@ )
s=-2N s=1 s=1 s=1 s=
2N
=2 Y scos(ks). (D.4)

s=1

Suppose we define

2N
Sz3= > sin(ks) . (D.5)
s=1
Then (here 0x means d/dk)
Sz =2 ak S3. (D6)

So we now work on S3 :
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2N 2N 2N
S3= Y sin(ks) =(122i) X [2°-27] = (12)[ 3 Z° - cc.]

s=1 s=1 s=1
=(1/21)) [ Sq -c.c. ] (D.7)

where c.c means complex conjugate. We next work on

Sa= 2, 2°= 2 2°-1. (D.8)

z5-1 =2" 2n85(k,N) - 1 (D.9)
N

w2
[~y
I
Il Mz
N
o)
+
z
|
N
2
Il MZ

Then

[Sq -cc.] ={Z" 2nd5(k,N) - 1} - { z™N 2w 85(k,N) - 1}
= (2" -z 21 85(k,N) . (D.10)

Backtracking now we find for (D.7) that
Sz3= (1120)[Sa -c.c.] = (1/2i) (2N - z7V) 21 85(k,N) = sin(Nk) 2x 85(k,N) . (D.11)

which gives a result we could have looked up (see Comment below),

AN , in[(N+1/2)k
Y. sin(ks) = sin(Nk) % . (D.11)

s=1
It remains to compute Sz according to (D.6),
S2 =20k S3 = 2 Ok[sin(Nk) 27 55(k,N)] . (D.12)

Backing up more we then have from (D.2),

S=S; —ﬁ S2
=27 85(k,2N) — 577 2 Ox[sin(Nk) 27 85(k,N)] (D.13)
so that
(2N+1)S = (2N+1) 27 85(k,2N) — 20x[sin(Nk) 27 35(k,N)] . (D.14)
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Anticipating denominators of powers up to sinz(k/Z) we rewrite this as

sin®(k/2) 2N+1)S = (2N+1) sin®(k/2)[ 27 85(k,2N)] — 2 sin®(k/2) Sx[sin(NK) 27 85(k,N)]

= T1 — T2
Then let

D5(k,N) = 27 85(k,N)] :si_n% (4.15)
to get

T1 = (2N+1) sin?(k/2) D5(k,2N)

T2 = 2 sin?(k/2) dx[sin(Nk) D5(k,N)] . (D.15)

The statement (D.1) which we are trying to prove is now this:

1 sin?[(N+1/2)k]
N+l sin®(k/2)

S = 2nd¢(n,K) = (D.1)

and adding our factors to both sides this becomes
sin?(k/2) 2N+1)S = sin?(k/2) (2N+1) 2784(n,K)

1 sin?[(N+1/2)k]
N+l sin®(k/2)

= sin®(k/2) @N+1) {5

= sin?[(N+1/2)k] . (D.16).
If we then define this last factor as
T3 = sin?[(N+1/2)K] (D.17)

our task is then to show that

T1-T2=T3
or
Q=TI-T2-T3 =0. (D.18)

where
T1 = (2N+1) sin?(k/2) D5(k,2N)
T2 = 2 sin?(k/2) dx[sin(Nk) D5(k,N)]
_ sin[(N+1/2)k]
D3N) =" (k2)
T3 = sin?[(N+1/2)K] . (D.19)
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This is a task for Maple. We enter the quantities T1,T2,T3 and the function D5(k,N) :

Tl := (2*HN+1)*sin(k/2)"2*Dh(k, 2*N) ;
1 2
T :=(2N+1)sin[§3cJ Dack, 2 AN
T2 := 2*sin(k/2)"2*Diff(sin(N*k)*D5(k,N) k) ;
2=z [lﬁcJ2(i NODsk J
=2 zin 5 Bjcsm( 1Ak, M
D5 = (k,H) -> sin((H+1/2)*k)/sin(k/2);
1
sir{(?lf-l-g}k}
D5 :=(k,m—>—1
sin(—kJ
2
T3 := sin((H+1/2)*k)"2,

1 2
Ti= sin[(N—i—EJ }:J
Q := T1-T2-T3;

1
sin{ VK sin((N+—J k}
1 ) 1 (1 32 @ 2 . 1 2
Q=(2N+ 1T sm| —k|am| | 2N+—|k|—2amn| -k - —am| | N+ | &
2 2 2 Ak _(1}%} 2
2

The Maple value command causes the differentiation to be carried out, so we continue :

[> 01 := simplify(value(Q))
1 1 1 1
of =2 sin[gk] sin[g(él N+ 'l)k] N+ sjn(gk} sin(g(dl AN+ l)ﬁs]
1 1 1 1
—2cos(Nﬁc)Nsﬁl[5(2N+l)kJ sin[gﬁc]—i?sm(f‘lf}:) 005[5(2N+1)k]sm[5}:]ﬁ7
. 1 1 ) 1 1 1 2
—am( M) cos 5(2N+1)k sin 5}: + s WV ) sin 5(21‘»’-‘:—1)}: Cos Ek —1+cos 5(2N+1)k
:} Q2 := expand(Ql)
(12 o 1oz 1oz 5 (1 42
g2 =2z Ek Neos(NEY" — 2 s Ek N+ 2 sm Ek cos(N YT — amf Ek
) o (1 32 ) s (1 2 o 1 32 2 1 32
+2an{V L) s 5.35 N+2em{N k)™ sin Ek +an( Vi) cos 5.35 — 1 +cos(NE) cog| -k

2
[> Q03 := simplifv(Q2);

03 =0

Thus we have shown that Q = 0 so (D.1) is then verified. QED
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Comment: Gradshteyn and Ryzhik provide the following summation formulas :

1.342

T

. ,on+1 T T
1. E sin kx = sin rsin — cosec —
2 2 2

k=1

n+1 nr xr
219 3" coskr = cos xsin — cosec = + 1
2 2 2 +
nr . n+1 & 1 sin (n + %) T
= cos — sin reosec — = = [ 14 ———7=—
2 2 2 2 sin 5
1.352
1
- sinnr  ncos (2-1r)
1. E ksinkr = - - D uin £ :
Pt 4sin? 2 sin 5
n—1 2?1 1
1 8in r) 1 —cosnr
211 E keos kr = g( - —5
— dsmﬁ 4 81n 5

An alternate method of verifying (D.1) would be to use two of these sums in an approach that begins this
way

e . S IRy ZM

IN+1 IN+1 aN+1 cosiks)
s=-2N s=-2N s=-2

2N 2N 1- 2N 2N
=1+2 Z NI cos(ks) =1+ 2 Y cos(ks)—2 > scos(ks)

s=1 s=1
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Appendix E: Table of Transforms
The following transforms appear in this document:

Fourier Integral Transform: x(t) aperiodic and continuous, X(®) continuous, no image spectra

X(w) = f_: dt x(t) e 29t projection = transform (1.1)

x(t) = (1/2m) f ” do X(w) et*et expansion = inverse transform (1.2)
=00
Generalized Fourier Integral Transform: recovery contour passes below all singularities of X(w)

X(@)= [ *dtx(t) et jection = transf
(0) = o tx(t) e projection = transform (6.4)

~Citoo +iet : :
x(t) = (1/2m) f . doX(w)e expansion = inverse transform (6.5)
-Cl-00
Fourier Cosine Transform:

Xe(w)=2 J.Ooo dt x(t) cos(mt) projection = transform

x(t) = (1/m) fooo do Xc(®) cos(mt) expansion = inverse transform (1.7)
Fourier Sine Transform:

Xs(w)=2 fow dt x(t) sin(omt) projection = transform

x(t) = (1/m) fooo do Xgs(m) sin(wt) expansion = inverse transform (1.8)

Fourier Integral Transform in Appendix C notation: k is an arbitrary convention constant

xMw) =k f ©dt x(t) e 2@t projection = transform
-00
o0 .
x(t) = (1/27k) f do xNw) et*ot expansion = inverse transform
MNw) =k f ” du f(u) e”*o" Fourier transform of f(u)
£71(t) = (1/27k) f ” du f(u) e**ut inverse Fourier transform of f(u) (C.1)
-00
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Fourier Series Transform: x(t) periodic and continuous with period T1, spectrum is discrete

X(t) = 2 Xpuise(t-nTi) (14.1)

n=-o

Complex form:

em =(UT1) |7 dt xpurse(®) e ™16 = (1/Ty) [ OTl dt x(t) e imot (14.16)
CD .
x(t)= Y cpetimert (15.1)
m= -0
cm = o(mo1) = (1/T1)Xpu1se(mos) (14.8) and (14.10)
Real form:
an= (2/T1) foo dt Xpuise(t) cos(mwit) = (2/T1) fOTl dt x(t) cos(mmst) (15.6)
-00
© . T1 .

bn= (2/T1) | dt Xpuise(®) sin(mogt) =(2/T1) [ ) 1 dtx(®) sin(mon) (15.7)
x(t)=ap/2 + D, apcos(mowit) + D, by sin(mo;t) (15.9)

m=1 m=1

Laplace Transform: Right-sided (causal) x(t) vanishes for t < 0, x(t) and &(s) are continuous
© -st N
A(s) = fO dtx(t)e”® projection = transform (6.9)

+ioo i
x(t) = (1/2mi) fcc-i;o ds I(s) e**s expansion = inverse transform (6.10)

Relation to the Fourier Integral Transform:

(s) = X(shi) X(0) = X(io) (6.8)

271



Appendix E: Table of Transforms

Digital Fourier Transform: x(t,) aperiodic, spectrum X'(®) is continuous and contains image spectra

o0
X'(@)= Y Atx(t,) e *9tn projection = transform (22.2)
n = -0
®1/2
1 i . . .
X(ta) = 57 f do X'(o) e**tn expansion = inversion (22.4)
-m1/2
or
w .
X(@) =Ty Y xpe o071 projection = transform Xn = X(tn).
n=-o
®1/2
1 ; . . .
Xn = 5 f do X'(o) e™erT1 expansion = inversion
-01/2
where: T1=At o1 =2n/T1 = 2n/At th= nAt=nT; .

Relation to the Fourier Integral Transform:
o0
X(@)= Y X(o-moi) = [ X(®) + 2 X(o-moi)] // image spectra (23.1)
m = -00 m#0
Z Transform: x(t,) = X, is aperiodic, spectrum X"(z) is continuous and contains image spectra
o0
X"(z)= ) Xnz " projection = transform (24.3)
n=-o0

1

Xn=7 J.C dz X"(z) 71 expansion = inversion (24.4)

where contour C goes once counterclockwise around the unit circle in the z-plane.

Relation to the Digital Fourier Transform and the Fourier Integral Transform:

X"(z) = TLI X'(0) =%1 i X(® - mor) z=¢"T1 (24.1), (24.2)

m = -00
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Discrete Fourier Transform of a Pulse Train : x(t,) periodic, spectrum discrete, m integer

o0
X(tm) = 2. Xpulse(tm - nT1) sampled pulse train, tn = (m/N)Tq
n=-mo
®© -

c¢m = (I/N) 2 Xpuise(tn) g imn (2n/N) projection = transform (27.9)

n=-0o

N-1 _
x(tn) = Clp eimn (2n/N) expansion = inverse transform (27.11), (27.12)
m=0
Discrete Fourier Transform (DFT) : A is an arbitrary convention constant
N-1 ,

cm = (A/N) Y xpe imnn/N) 1 —0.1..N-1 projection = transform

n=0

N-1 _
Xa =(1/A) Y cpetime2n/M -1 N-1 expansion = inverse transform (27.22)

m=0

Hilbert Transform:
X '
Xn(@)= (1/m) jFZZ do' é_%.l projection = transform
Xn(o'

X(w) = - (1/m) :Fz do' (;-Lm') expansion = inverse transform (C41)
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Appendix F: The Spectrum and Power Density for Repeated-Sequence Pulse Trains
Appendix F contents: For infinite pulse trains composed of repeats of some length-P subsequence:

(a) computes X(w) in (F.12)
(b) computes P(®) in (F.23) in terms of | Yp"(z) |°.
(c) computes < P(w)> for an ensemble of pulse trains which respect the special condition
<Ym*yn> =0 form#n
<Ym*yn> =P form=n s < |m-n| (F.25)
The result for <®(w)> is stated in (F.33) in several different forms.
(d) takes the P—o0 limit of the section (c) result for <P(w)>
(e) computes P(w) for a single pulse train which respects the special condition
<ymyn>1 =0 form#n+ NP N = any integer
<ymyn>1 =P form=n + NP (F.43)
where <ynyn>1 is a horizontal average across the single sequence (autocorrelation).
The result for P(w) is stated in (F.52).
It is noted that the results for < #(w)> of (c) and £(w) of (e) are exactly the same in terms of their
respectively defined a and  constants. It is then shown that these two sets of constants are the same.
(f) restates the overall result as the Fact (F.54).
A graphical representation is drawn for the spectrum in general, and then for a box pulse.
It is shown that the MLS sequence is a candidate for application of (F.54).
(g) treats the P = 2 repeated subsequence A,B using the general formulas of (a) and (b)

We start with this collection of equations:

o0
Y"(z) = Y yne torTi Z Transform of yp (24.2) (F.1)
n=-o00
o0 o0 i
Y'@P= ¥ ¥ ya*ync®®H (F.2)

n=-00 m= -0

X(®) = Xpuise(®) Y"(2) (25.3) (F.3)
E " 2

P(©) = FPpuise(®) T | Y"(@)| (34.14) (F.4)

z=¢"T1 w1 =21/Tq (24.1)

In (F.4) T is the duration of the infinite pulse train, as in (33.22). The pulse train amplitudes are the yp.
Since sequence yp, is composed of subsequences of length P that repeat, we have this periodicity property
of the yp,

VYm+IP = ¥m for any integer | (F.5)
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(a) Calculation of X(®) for a Pulse Train with a Repeated Sequence

Consider first the sum in (F.1). Let n =P + n' and write this sum as

o0 ] £e P-1 . . 9 . P-1 o
z Vn e—:.mnT]_ _ z z Vipsn: e—lm(n +IP)T; _ Z e—:.mIPTl z Var e~ion T1
n = - I=-0 n'=0 I[=-0 n'=0
< iwIPT e ionT
=( 2 (X yace ). (F.6)
I=-o n=0

We see that the sum factors into the product of two sums. The first sum we evaluate using
o0 X o0
Y e = Y 2nd(k-2nm) . -0 <k<oo (4.31)
n = -0o m = -0
Setting k = ®PT; we find
o0 i o0
(Y e Ty = Y 2p§(wPTy - 21m) . (F.7)
I=-0 m = -0
The second sum we give the name Yp"(z) which is the Z transform of the subsequence { yo, y1.....yp-1}.
P-1 .
Ye'(2) = X yne ML (F.8)

n=0

Thus we have shown that

Y'z) = 3 yae ™1 = Yp'"(z) 3 2n8(wPT; - 21m) (F.9)

n=-o0o m = -0

and then from (F.3).

X(0) = Xpuise(®) Y"(2z) = Xpuise(®) Yp'"(2) § 2nd(wPT; - 2am) . (F.10)

m = -
It is convenient to write
216(®wPTy - 2tm) = 27r(PT1)'16(0) - 2mm/PT41) = (1/P) o1 8(® - mw1/P) (F.11)

and then
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X(0) = Xpuise(®) 01 (I/P) Yp"(z) Y. 8(o - mo1/P) (F.12)
m = -0
P-1 )
where  Yp"(z) = D yne *o°T1 | (F.8)
n=0

X(w) is the Fourier Transform Spectrum of an infinite pulse train composed of a repeating P-length
subsequence. Since the pulse train is periodic, the spectrum is entirely discrete with lines at

O = (M/P)w1. (F.13)
(b) Calculation of #(®) for a Pulse Train with a Repeated Sequence

In Section 35 [ see below (35.26)' ] it was noted that #(®) can be calculated either by the Autocorrelation
method or the Double Sum method. Here we shall take the latter method based on (F.2) above.

We can reorganize the double sum in (F.2) into a quadruple sum by defining :

n=IP+n'
m=JP+m'.

Then the double sum above becomes,

0 0
Z z ym* Va eiw (m-n)Tq

P-1  P-1

(YJP + m')* (YIP +n')e
=0 m'=0

iwP(I-J)T1 eio.) (m'-n') Ty

I
M8
M8

z (Ym‘)* (Yn') eimP(I—J)Tl eim(m'—n')Tl , (F14)

-on'=0 m=0

where in the last line we have used the periodicity (F.5) of the y,. The following illustration shows how,

in this reorganization, we first sum over a square grid patch with n' and m', and then we sum over an array
of those patches with I and J.
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l FigF.1
In order to regulate things, we shall assume that the I and J sums range from -N to N rather than from -oo

to co. This means we are assuming that the sequence is (2N+1) repeated periods in length and not infinite.
Then of course we can say

T = 2N+1)PT; . (F.15)
As usual, we keep N finite as long as possible, and then take N— oo in the end.

We now rewrite (F.2) by removing the primes from summation indices and reordering the factors

o0 o0

Y'@F = X X yatyae™@WH

n=-00 m=-0

N N . P-1 P-1 .
— [ z Z e:.mP(I-J)Tl] [ Z z Ym* Va e:.m(m-n)Tl]
I=-N J=-N n=0 m=0
N N .
=[ X X IR V() P (F.16)
I=-N J=-N

As happened in (F.6) with a single sum, our double sum factors into a product of two double sums. The
second double sum we recognize from (F.8) as | Yp"(z) |°. The first double sum is

N N N
[y 3 eimP(I-J)Tl] S oI0PIT] |2 (F.17)
[=NJ=-N I=-N

Then apply (A.30)
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N .
in sin[(N+1/2)k]
n=z.Ne k= 21 85(k,N) =271 { 2 sin(k2) }

with k = @PTj to get

N N
[ X X FEIT] = | 2n85(wPTLN) | 2 = ( 2185(wPTL,N) ) ? .

I=-N J=-N
Then from (A.20),
O 1 Rmds(k NP 1 sin®[(NF1/2)K]
06(k.N)= 20 TTONTI) T 2NT1  2msin?(k2)

we can write the first factor of (F.16) as
N N T
[ 3 3 MPEDT1] = 2N+1) 27 §¢(@PT1,N) = (1/P) T, 2m 86(@PT1.N)

where T is from (F.15). At this point we have, looking at (F.16) and (F.19),

" 2 _ N N iwP (I-J)Tq T * i (m-n) Ty
Y'@I" =1 X X e 1LY X Yn*¥yne ]
[=-N J=-N n=0 m=0

T
=[ (I/P) 721 36(@PTLN) ] | Y2'(2) ? .
Now finally we take N—oo using (A.21)

o0
limy— 86(k,N) = 3 (k-2mm)
m = -00
or

o0
limy_, 86(@PT1,N) = > 3(wPT1-2mm)

m = -0

with this result

1Y'(2) [ = [(UP)%zn S 8(0PTy2mm)] | Ye'(@) P

or

% | Y"(z) | =(1/P) OZO: 21 3(wPT1-2mtm) | Yp'"(2) \2

m = -0

(4.30)

(F.18)

(4.20)

(F.19)

(F.20)

(4.21)

(F.21)
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Using (F.11) we can rewrite this as

?1 1Y"(2) | = w1 (1/P)? i 8(o - mo1/P) | Ye"(2) 2. (F.22)

m

Installing this into (F.4) then gives

o0
P(0) = Fpuise(®) 01 (1/P)* ¥ (0 - mor/P) | Ye'"(2) (F.23)
m = -00
P-1 .
where  Yp"(z) = Y yne *O°T1 | (F.8)
n=0

P(w) is the Spectral Power Density of an infinite pulse train composed of a repeating P-length
subsequence. The power density is discrete with lines at oy = (m/P)w;, the same lines observed in the
spectrum X(w) of (F.12).

(c) Calculation for an Ensemble of such Pulse Trains subject to Certain Conditions

We now imagine an ensemble of P-length subsequences s;. We then create a corresponding ensemble of
infinite length sequences S; according to S; = {....... Si, Si, Si, Si, ...}. Lhis just an arbitrary ensemble,
not a random ensemble or any other special kind ensemble.

Then we apply the ensemble average <..> to (F.23) to get (assuming now that the yy, are real ),

PO = Tputaa®) 01 T S0 0P) o T T ayas DT (F.24)
M= o0 n=0 m=0
At this point, suppose it happens that
<YmYn> =0 form#n
<YmYn> =P form=n (F.25)

where a and B are independent of the indices shown. Notice in the (F.24) sum that max(n-m) = P-1, so we
don't have to worry about these indices differing by an integral multiple of P. We have now restricted our
interest to the sequence {yo,y1, ..-yp-1}-

Comment: In Section 35 we showed in (35.11) that if a finite pulse train source has "stationarity", then

<ymyn> =f(n-m) form#n
<ymyn> = f(0) form=n (35.11)
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This is not sufficient to meet the condition (F.25). If in addition we assume that Y, and Yy are

independent, we find from (35.15) that
(35.15)

foomy < Y5, MED J/ stationarity and independ d
(n-m) = o2+ u2 m=n stationarity and independence assume

This does meet condition (F.25), but this assumption is more than we want to assume, so we just leave
condition (F.25) as stated. Notice that if (F.25) is met, then (35.11) is valid so we are in the stationary

realm. The general picture might be illustrated by this Venn diagram,

stationary
(F.25)

independent

iwTq
b

So assuming (F.25) we can write the double sum in (F.24) as, usingz=-¢

-1
=0

P-1 P
DI AR IO

P-1  P-1

2 2 <YmYn> " =a )

n=0 m=0 n=0 m#n n
P-1

=o > 2 72" + BP (F.26)
n=0 m#n

To evaluate the double sum, write it as

P-1 P-1 P-1 P-1 P-1
2 27T =X X XA =X X 1]
n=0 m=0

n=0 m#n n=0 m=0 m=n
P-1 P-1 -1 1-78
=3 P =Y PP = P-P (F.27)
n=0 m=0 n=0
Letting z = e**¥ with k = ®T; one finds,
| 125, (17" (1)  2-2cos(kP) _ I-cos(kP) (F.28)
-z (1-e™*) (1-e*%) 2-2cos(k) 1-cos(k) :
so that
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Appendix F: Repeating Subsequences

128, sin®(Pk/2)

I s O (F.29)

Now recall from (A.20) that

1 sin®[(N+1/2)k]

O6(k.N) = INFT “2x sin?(k2) (4.20)
Setting N = (P-1)/2 we find P = 2N+1 and N+1/2 = P/2 so,
P-1_ 1sin®(kP/2)
2ndg(k, 5~ ) =7 W . (4.20)
and thus
125, sin®(kP/2)
| 1= © = W 27t86(k ) . (F.30)
Therefore from (F.27),
> > " = 2nP 85(k ) P=P [2n86(k ) 1] (F.31)
n=0 m#n
and from (F.26)
P-1 Pl P-1
Z > <yYmyn> 72" =aP [2nd6(k, 5~ )-1]1+BP
=0 m=0
P[(B-0)+ a 27[66(1(: 3 ) ] (F.32)
the power density (F.24) becomes
Z 1 P-1
PO = Foutea©) 01 X 3(@-01m/P) § [(B-0)+a2n86(@T, )] (F.330)

m = -0

where
P-1 1 sin?(PwT1/2)
21 36(0T1, 57) =P "G (0Te/2) -

Evaluating at the delta function hit values ® = ®1m/P ond finds,

o5, L sin*(mm) _{0 mENP
T 06 _PSinz(mn/P) " |P m=NP or N = any 1nteger .
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To get alternate forms for (F.33a), we first express each term as a separate sum,

[(B-a) E 0(o - ®ym/P) + «a OZO‘, O(® - ®1m/P) 2mde(wT1, PT_I) ].

m = -00 m = -00

1
<P(w)> = g)pulse(m) w1 F

Since only those m which are multiples of P contribute to the second sum in (F.33a), we may rewrite that
second sum as follows,

<P(0)> = Ppurse(®) 01 % [(B-a) %O: 0(® - ®@1m/P) + a § d(® - ®1N) P ] // m = NP
m= -0 N = -
~ Ponree®) 01 [(B0) 3 2 3©-0mP) + o Y 5o-0m) ] (F.33b)
= Ppuise(®) ©1 § [ (B-o0) %6(w—w1m/P) + ad(® - wim) ] (F.33¢)

1
= Ppuise(®) 01 [(B-0) p 2 (0 - 01m/P) + o X 8(w-wim) + {(B-0) /P+a}dw)].
m#0 m#0
(F.33d)
If Xpu1se(t) is real, then by (7.5) Ppurse(®) is an even function of w, and we can then reflect the negative

part of the sum to the positive side to get,

2 o0 o0
= Ppuise(®@) 01 [ (B-0) 5 2 (0 - 01m/P) + 20 3, §(w - w1m) + { (B-o) /P +a } §()].
m=1 m=1
(F.33¢)
In all forms of (F.33) we have: 0 = <ymyn> for m#n B = <yn2> .

These slightly different forms of <&(w)> are useful for different purposes. All results are valid for any
finite integer P. Since each sequence in the ensemble is periodic with the same period P, the ensemble
average spectrum is entirely discrete. The m#0 sums include positive and negative integers.

(d) Limit as P — oo of the Ensemble Result

We would now like to take the limit of the above as P—o. Write (F.33b) as

(Dl 0 o0
<P(0)> = Fpurse(0) [(B-0) {3 > 8(w-om/P)} + o a Y dw-wim)] . (F.34)
Then define
W1 ©
fo(0) =7 > 8(w - wym/P) . (F.35)

282



Appendix F: Repeating Subsequences

)
As P—oo, the spacing of the 6 lines becomes closer and closer, while the amplitude ?1 of each 9 line

becomes less and less. Perhaps we can argue that in the limit this becomes some continuous function.

In line with the distribution theory approach to symbolic functions noted in Appendix A, suppose we
integrate this function from some a to a+¢ for small &, where a is an arbitrary real number,

0) o0
[ f@do =5 ¥ [* 8- 0mm/p)
a S |

®1
P

m

M8

B(a <o1m/P < ateg) (F.36)

-00

where we use the notation of Appendix A (e) for the ® function which takes value 1 if the inequality
argument is valid, meaning there is a delta hit. If P is a large integer, how many non-zero terms does this
> have? The inequality argument reads

Pa/w1 <m < Pa/w; + Pe/w; .
Since P is large, we round each term in this equation to the nearest integer, making little error. We select a

very small ¢ first, and then we make sure P is large enough so Pe/w; is still a reasonably large integer
when rounded. Then we have

Pa/w1 + Pe/oy Pa/w1 + Pe/o
atg 1 01
f fe(w) do = 3~ Y O(a<wim/P <atg) = T >
a m =Pa/wq m =Pa/w1
01
=7 (Pe/wy) =¢. (F.37)

+
Since we then have (for very large P) that f e fp(w) do = € for any real a and for ¢ as small as we
a

like, and since the integral over range € is proportional to €, the function fp(®) is equivalent to the
constant function 1. Thus we have shown that,

(QF1 o
limp_o, fp(®) = limp—oo [ 5~ > 8w -wm/P)] = 1. (F.38)

m = -00
We then obtain this P—oo limit of (F.34),

o0

<P(0)> = Fpurse(®) [(B-0) + 01 o X 8(0-w01m) ] (F.39)
= Ppuise(®) [(B-0) + (I/T1) o OZO: 21 §(w - wam) ] /w1 =2m/Ty
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:t(l)pulse(m) [(B-o) + @ i 21 8(0Ty - 2mm) ] .

m = -00

This limit agrees with our result (35.11) for a random ensemble of infinite sequences for which <apan>
does not depend on the values of m and n,

<P(0)> = Ppuise(®) { (B-0) +a § 21 8(wT1- 2mm) } (35.11)

m = -0

In the limit P—oo , the discrete lines 6(® - m1m/P) shown in (F.34) have coalesced into a continuous
function. See Fig F.2 below for a graphical view.

(e) Calculation of P() for a single P-periodic Pulse Train subject to Certain Conditions

We really know ahead of time how this calculation will come out, but we do it nevertheless to convince
the reader that the result is valid. After getting the result, we shall comment on why it is the way it is.

Recall this expression for £(w), which incorporates the discrete Wiener-Khintchine relation,
o, —_ o E " 2 _ o "
P(0) = FPpurse(®) T [Y"(2) " = Ppurse(®) R"(2) (34.14a) (F.40)

where R"(z) is the Z transform of the autocorrelation sequence rg obtained from the yn,.

Our first task is to find rs, which we defined this way,

. 1 N
re = limy— [Ny ZNyn Ynts | = <Yn Yn+s>1 . (32.16) (F.4la)
n

Since yy, is periodic as shown in (F.5), rs may be written in this alternate form:

P-
Z Yn Yn+s = <Yn Yn+s~1 (F.41b)
=0

ol—

Irs =
n

Proof: For large N, we can replace the sum endpoints by -N = -MP and +N = MP = (M+1)P where M is
also large. The sum then has (2M+1)P terms, so

1 1 (M+1)P
Is = llmMHoo [(2M+1) F ZMI?’n Yn+s ] .
n= -

We now let n = IP + n' where n' takes values 0,1..P-1 and I = Int(n/P). Then the single sum above can be
written,
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(M+1)pP M  P-1
Z Yn Yn+s = Z Z Yip+n' YiP+n'+s
n= -MP I=-Mn'=0

where this drawing shows how the sum is now a double sum where I denotes segments containing P
points, and n' counts the points in each segment,

We then process this sum using the periodicity (F.5) to get

M Pl M P-1 Pl
= 2 Yn' Yn'+s = ( 2 (X YnYnts) = M+1) (X Yo Yn+s ) -
I=-M n'=0 I=-M n=0 n=0

Inserting the expression into rg, we get this alternate form for rg

P-1

. | 1 P-1
s = limy o0 [(ZM—H)F { CM+1) ( X

1
Yn Yn+s ) | ] ) Y. YnYn+s QED
0 n=0

From now on we assume that the yp, are real. Back in (F.25) we made the assumption that

<YmYn> =0 form#n s <|m-n |
<Ymyn> =P form=n (F.25)

where <..> were ensemble averages. Here we are going to make a completely different assumption, and
this assumption applies to a single sequence:

<YmYn>1 =0 form#n s <|m-n |
<YmYn>1 =P form=n (F.42)

Comment: If we imagine drawing each sequence of an ensemble as a row in a set of rows

* * ¥n * Vnt2 . sequence #1
* * ¥'n * V'nt2 o sequence #2
* * y'n ¥ Y'nt2 o sequence #3

then any ensemble average like <ynyn+2> is a vertical average through the ensemble, whereas an average
like <ynyn+2>1 is a horizontal average across one particular sequence row and <ynyn+2>1 never depends
on n as (F.41) shows. These two averages are unrelated and (F.42) being true does not imply that (F.25) is
true. As an example, one might take 10 infinite sequences each of which satisfies (F.42) and put them
down as a set of rows, and then each row is shifted horizontally some amount to cause a 0 to be in column
n. For the resulting 10 row ensemble, one would find that <yn2> = 0 for column n, whereas <yn2>1 =B #
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0 . This contrived situation, however, would be a violation of "stationarity" as discussed in (35.10), and in
fact for a very large ensemble of our infinite pulse trains we will argue below that in fact <ypynp+2> =
<YnYn+2>1, but we put that argument on a back burner for the moment and maintain the distinction
between <..> and <..>;.

Since we require rg for arbitrary s in order to compute R"(z), we extend (F.42) in this manner

<YmYn>1 = O form #n + NP N = any integer
<Ymyn>1 =B form=n + NP (F.43)

which is to say, for s being any integer whatsoever,

<Yn Yn+s”1 =0 s # NP
<Yn Yn+s>1 =B s=NP . (F.44)

The reason of course is that {yp} is periodic with period P,
Vm+NP = Ym for any integer N (F.5)
so we must have for example <yp Yn+p>1 = <Yn ¥yn>1 = P.

Thus we have arrived at our characterization of the autocorrelation sequence rs for our specific infinite
periodic sequence with the assumption (F.44),

a s#NP .
Is= <Yn Yn+s>1 = { B s=NP N = any integer (F.45)

Our next step is to compute its Z transform R"(z),

R'"(z) = OZO: mz"=p 2 z" +a D z"

n= -0 n=NP n #NP
00
=B 2Xz" fa( X z" - Xz7)
n=NP n= -0 n=NP
00
—PB-a) Yz"+a Y z* . (F.46)
n=NP n= -0

The first sum is over n = 0, =P, £2P and so on. We can replace summation index n by index N,
Szmr= Y 7%= Y " (F.47)

From (24.1) we know that z lies on the unit circle in the z-plane and is related to @ by
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z=¢c"T1 (24.1)

where T is the duration of a pulse of the pulse train. We then have

z 770 = i (einl)—nP — i e—imTlnP ) (F48)
n=NP n=-00 n=-0w0
According to (A.31),
o0 i o0
> et = Y 2nd(k - 27m) -0 <k <o (4.31)
n= - m = -0
so setting k = -oT1P we get
o0 o0 o0
>z = Y 2n3(-0T1P -2nm) = D 2a8(wT1P +2mm) = D 2n8(wT1P - 27tm) (F.49)
n=NP m = -0 m = -00 m = -00

where we use 6(x) = 8(-x) and in the last step take m— -m.

Meanwhile, our other sum of interest in (F.46) is this one,
o0 o0 o0
z 770 = Z (eimTl)—n — Z e—imTln

n = - n=-oo n=-w

which is just the previous sum without the P. Thus,

>zt = i 2nd(wTy - 2mm) . (F.50)

n = - m = -0

Inserting (F.48) and (F.49) into (F.46) gives

R"(z)=B-a) 2, z " +a §: z"

n =NP n= -

= (B-a) %O: 216(wT1P - 2tm) + o § 210(w T4 - 2tm)

m = -0 m = -oo

= (B-0)) (ToP)™ f 218(e - 2nm/[T1P]) + a(T1) ™ § 213(e - 2nm/T1)

m= -0 m= -o0
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= 2n/Ty) { (B-a) (1/P) i (o - 2nm/[T1P]) + @ § (o - 2nm/T1) }

=1 { (B-a) (1/P) i d(w - mw1/P) + a § O(w - mo1) } (F.51)

and this concludes our calculation of the Z Transform R"(z) of the autocorrelation sequence rs.
It only remains to install this into the Z Transform Wiener-Khintchine relation (34.14a) which says

P(0) = Ppuise(®) R"(2) (34.14a)

so then

2©) = Fouree@ 01 {(B-0)p 2 3©-moyP)ta Y 3o -mor) ]

m = -0 m= -o0

= Ppulse(0) 01 OZO: [ (B-a) %8(0) -01m/P) + o d(®-wim) ] (F.52¢)

m = -0

We may compare this to the ensemble result of the section (¢) above,

<P(0)> = Fpurse(®) o1 § [ (B-a) %S(w-mlm/P) tad(®-wm) ] . (F.33¢)

m = -o0

The expressions are exactly the same ! However, the meaning of the symbols o and f is not the same
according to the definitions given above in (F.25) and (F.42).

Why are the expressions the same? This goes back to the general discussion of Section 35 (h) where it
was shown that, for infinitely long pulse trains, <ymyn>1 = <yYm¥n> (35.24) and <P(0)> = P(®) (35.27)
and all pulse trains in the ensemble are statistical pulse trains having the same statistics and having the
same P(w). Thus, our result (F.52¢) above /ad to come out the same as (F.33c). Moreover, the quantities
a and B are in fact the same values in the two cases.

Since the expressions have the exact same form, we can rewrite (F.52c) in the same alternate ways that
(F.33c) was written:

9(0) = Fpureel0) 01 X 8o -ouP) 5 [(-0) + a2 d6(0Ts, 5] (F.520)
= Ppulse(®) 01 % [(B-a) OZO‘, 0(w - ®ym/P) + « f O(w-w1N) P ] // m= NP

m= -0 N=-o
= Ppuise(®) 01 [(B-a) % 2 do-omP) + o 3 - om) ] (F.52b)
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= FPpuise(®) o1 § [ (B-a) %S(OJ-colm/P) + 0 d(o - wm) ] (F.52c¢)

m = -0

= Pouise(®) 1 [ (B—a)% > 8(w-wm/P) + a Y 8w-wim) + {(B-0)/P+a}d(w)]

m#0 m#0
(F.52d)
(f) Summary and an Example: The MLS Sequence
Fact : For an infinite statistical sequence made of repeated subsequences of length P : (F.54)
if the following is found to be true,
<YmYn>1 =0 form #n + NP N = any integer
<Ymyn>1 =P form=n + NP (F.43)
then the spectral power density is given by : (this is one of several forms shown in (F.52)
& 1
P(©) =FPpurse(®) 01 X [(B-0) (- 01m/P) + ad(w-w1m) ] (F.52¢)
m = -0
The parameters a and § can be interpreted as elements of the autocorrelation sequence
a s#NP .
Is= <Yn Yn+s1 = { B s=NP N = any integer (F.45)

The form shown in (F.52d) is

P(0) = Fpuise(®) o1 [ (B-G)% 2 d(®-omm/P) + a 3 3w-wm) +{(B-a)/P+a}dw)]
m#0 m#0

which has the following graphical representation (drawn for P = 4),

m=1 Puteal) 01 e {(B-o) P~ o}
FYYYFYYY o) /P K
/‘{ﬂ—ﬁ‘ﬂ/ﬂ ﬁ%)\ : M M i / \
spacing = ©,/P ul)1 —p spacing = 01 ul)1 —p0 u|)1 —»n
FigF.2

Each vertical arrow represents a spectral o line. The height of the arrow is the value of the red envelope
curve times the quantity shown. The red curve Ppu1se(®) o1 will in general have an infinite extent, an
example being Ppuise(®) w1 = sinc®(wT1/2) = sinc?(nw/o1) for a box shaped pulse as in (9.2).

As P — oo, we showed in section (d) the spectrum (F.52d) becomes,
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g)pulse(w) o1 [ (B-a) + a Z 3(o - oym) +ad(m) ]
m#0

Regarding the three images of Fig F.2, we see that
o the left set of dense arrows coalesces into the continuous function (B-0)) Ppuise(®) ®1
o the middle set of arrows stays exactly the same
o the amplitude of the DC line becomes o

Once a particular Ppu1se(®) is specified, some of the spectral lines may be quenched. For the box pulse
Ppuise(®) 01 = sinc®(wT1/2) = sinc?(nw/w;) (36.1)

lines are quenched when ® = Nw; for N =+1,£2 .... In this case, all the lines of the central image go away
and the corresponding lines in the left image also vanish, this being every P line in that image:

m=1 2 P

sime(mm/my) C(Ba) P+t
0fE 1 -0 L }

(B-) /P + \

for box pulse shape
Ma b 1 ]

T, 2 3 -3 -2 -1 i . 2 3
ul}l —p @1 —rw

FigF.3
Example: The MLS Sequence

A Maximum Length Sequence (MLS) (Lucht, Polynomial Multipliers... ) which is created by a shift
register generator has the property (F.44), specifically,

<Yn ¥n+s>1 =a = (1/4)(1 + 1/P) s # NP
<Yn¥ars™1 =B = (1/2)(1 + 1/P) s=NP (F.44)

where P must be one of the special values P = 2*-1 for k = 1,2,3.... Therefore, by Fact (F.54) the spectrum
P(w) of an MLS sequence is given by

P(®) = Pourse(®) ©1 2 [(B-o) %S(w—wlm/P) + ad(w-wm) ] . (F.52)
= [Ppurse(®) w1] (1/4)(1 + 1/P) § [ %8(0) -01m/P) + §(® - w1m) | . (F.55)

290



Appendix F: Repeating Subsequences

(g) Results for an A,B repeated sequence

This subject is treated in Section 34 (c¢) using a "brute force" approach and a "Fourier Series" approach.
Here we duplicate the main results of that section by applying our general formulas to a sequence where
the repeated subsequence is just P =2, {yo,y1} = {A,B}, and we allow A and B to be complex. The fact
that the results here agree with Section 34 lends some confidence to all three methods of computation.

Our general expressions for X(®) and #(o) are,

X(0) = Xpuree(®) 01 (UP) Y&'2) Y 30 - moy/P) (F.12)

(@) = Fouree®) 0 (PP Y 8(0-moyP) | Ye'() (F.23)

where  Yp"(z) = D yne *O°T1 | (F.8)
n=0

For a repeated A,B sequence P =2 we have
Yp"(z) =A+Be T2
| Yp"(2) [F=|A+Be T 2 = |AP + B + 2 Re{A*B e 271}

Then,

X(0)as = Xpuise(®) 01 (1/2) [A + B e *°T1] § 3(w - mw1/2)

m = -0

P(0)as = Pourse(®) 01 (1/4) [ |A + B +2Re{A*B e ™M1} | ¥ §(0-mo1/2) .
m = -00

We can slide the square-bracketed factors inside the sum and then use

®T1 = (mo1/2)T; =1 m(w1/21)T1 = 7m = T = ()"

and the results simplify to

X(0)as = Xpulse((’)) o1 (1/2) %O: [A+ B ('1)m] O(® - mw1/2)

m = -0

P(0)as = Ppuise(®) 01 (1/4) § [ |AP + [B]? +2 Re(A*B) (-1)™ ] 8(w - mw1/2)

m = -0

These results agree with (34.18) and (34.20), see just below Fig 34.1 .
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For a box pulse of height 1 and width T; we know that

Xpuise(®) = T1 sinc(0T1/2) = (1/w1) 27 sinc(wT1/2) (9.2)
X ulse () 2
Pourse(®) =|—P211IT% = (/1) sincX(@T1/2) . (33.24)

Then for a square wave with alternating A,B amplitudes we get

X(m)ap = 27 sinc(wT1/2) (1/2) § [A+ B (-1)" §(o - mw1/2)

P(0)as = sinc®(0T1/2) (1/4) § [ |A]2+ |BJ? +2 Re(A*B) (-1)™ ] 8(o - mw1/2)

When the sinc functions are moved inside the sum, ®T1/2 = tm/2, so

X(m)ag =2m (1/2) § [A + B (-1)"] sinc(nm/2) 8(w - mm1/2)

m = -0

P(0)as = (1/4) § [ |A]? + |BJ? +2 Re(A*B) (-1)® ] sinc®(tm/2)8(o - mw1/2) .

m = -0
But
sinc(mm/2) = (2/mm) sin(mm/2) = 1lform=0
= 0 for m even
= (2/mm) (-1) ™ 1/2 for m odd
so we get

X(0)as =27 (1/2) 3 [A— B(-1)™ 2/rm) (-1)™ 172 (0 - mw1/2) + 27 (1/2) [A+B] §(w)
m =odd

P(0)as = (1/4) 3 [ |AP+|B? +2Re(A*B) (-1)™ ] (2/am)? (-1) ™1 §(w - mw1/2)
m =odd
+o1 (1/4) [ |JAP + B + 2 Re(A*B) ] 8(w)
or

X(@as =2 Y [A- B](1/m)(-1)™ /2 §(w - mw/2) +r [A+B] §(w)
m =odd

P(0)as = (1/m®) 3 [ |AP+|B? =2 Re(A*B) ](1/m)® §(o - mm1/2)
m =odd
+ w1 (1/4) [ |AP + |B]* + 2 Re(A*B) ]8(w)
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For a standard-issue square wave with B =- A we have

[A— B] =2A [ |A]?+|BJ? =2 Re(A*B) ] =4 |A]?
[A+ B] =0 [ AP+ B2 +2Re(A*B) ] =0

and therefore

X(0)a,-a = 4A Y (1/m) (-1)™ /25w - moi/2)
m =odd

P(0)a,-a = 4A% (/7?3 (1/m)* §(o - mo1/2)
m =odd

in agreement with (34.23).
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Appendix G: Random Variables, Probability Theory and Pulse Train Amplitudes

This subject always seems a bit slippery. One can find a discussion like the one presented below in every
book on probability theory, but here we wish perhaps to put our own "spin" on the subject with wordy
comments not always appearing in texts.

(a) What is a Random Variable ? Part1

A random variable only exists and has meaning in a certain context. The context is that there is some
experiment that is performed many times, and the random variable is associated with a particular
outcome of that experiment. An experiment is "something one does" or "something that is done" and an
outcome is "something one measures after the experiment is done". A simple example is experiment =
roll one die, outcome = number facing up after the die is rolled = random variable n. The set of all
possible outcomes is called the sample space, often indicated by Q (element = ®) or S (element =s). For
the die experiment, we have Q = {1,2,3,4,5,6} as the sample space. Since this is a set, various concepts
regarding sets can be applied. A set we know has subsets. Each subset of the sample space has a peculiar
name, each subset is called an event. In the die experiment, a possible event would be {2,4,6} which
event is that the die rolled an even number. Another event would be {6} which event is that the die rolled
a 6. For this experiment, the sample space is discrete.

So far we have not defined "random variable" but have said it is "associated with" the outcome of
some experiment. If we assume that the experimental outcome of interest takes real numerical values,
then the "variable" of the random variable is that outcome. The "random" part of random variable means
that the variable does not take a fixed value, but instead takes a range of values as the experiment is
repeated. After the experiment is done many times, one can compute a probability distribution for the
outcome, so there is always a probability distribution associated with a random variable.

A common wrong impression inferred from the word "random" in this context is that the probability
distribution must be "flat". For the die experiment, a flat distribution would mean that the probability of
each face-up value was P, = 1/6. This is not what random means in this context. It just means that there
exists some distribution of outcome values. A better phrase might be "statistical variable" or "probabilistic
variable". If a die is loaded so that Py is different for the 6 faces, n is still a random variable.

If the distribution of outcomes happens to be a Gaussian (normal) distribution, then one might refer to
the variable as a "Gaussian random variable".

Therefore, for an experiment which has a real numerical outcome, the "random variable" is that
outcome and there exists a non-trivial probability distribution for that outcome which can be determined
by doing the experiment many times. In order to say one has a "random variable", one must be able to
state both the experiment that gets done, and the particular outcome of that experiment that is of interest.

Next, consider experiment = one spins a "spinner". This is a traditional (in probability texts) physical
object that one might think of as a horizontal Lazy Susan having an arrow from center to some point on
the rim, or a Roulette Wheel with some point marked on the rim, or just a metal arrow you spin and drop
on a table top. The outcome of this experiment is the direction in which the arrow points in range (0, 2)
perhaps clockwise relative to North. In this example, the sample space is all real numbers in the interval
(0,2m). For this experiment, the sample space is a continuous set which one could regard as the limit of a
discrete set as the number of elements increases.
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We shall now assume that in the die experiment the die was a "loaded" die of some sort, and that in the
spinner experiment, the arrow was perhaps influenced by magnetic fields or by bad bearings on the Lazy
Susan. If we do each experiment many times and each time we observe and write down the outcome, we
can then "bin" these outcomes and create a distribution by dividing each bin count by the total number of
experiments done ( see section (f) below) . Here are possible distributions for our two experiments.

die roll ‘ spinner
pmf(n) | | ‘ | | pdf(0)
t 2 3 4 5 6 0 5 —» 2n
n-—»

Fig G.1
For the spinner, the distribution is continuous and is called a probability density function or pdf. For the
die, the distribution is discrete as is called a probability mass function or pmf. One could in fact write
down a pdf for the left picture assuming n was a continuous variable in this manner,

pdf(n) =X3;-1° pmf(n) 8(i-n) . (G.1)

Both a pmf and pdf must sum to one, since the probability of some outcome is always 1,
6 2n
S=1® pmf(k) =1 fo pdf(x)dx = 1.
Notice that the above equations are consistent in that
2n 2 6 . 6 2n .
1= fﬂ pdf(n)dn = J.O [Zi=1~ pmf(n) 8(i-n)]dn =Z;=1" pmf(n) fO 5(i-n)]dn

=% pmf(n)=1.

The motivation for these names pdf and pmf comes from physics. One can have a continuous distribution
of mass in some compressible fluid, say, where it would be called a mass density p. But in the physics of
idealized point particles of mass m;, the mass is congealed at specific points in space. For a set of
particles of mass m; at spatial locations r; one could still write a mass density p(r) as

p(r) =Xi m; 3(r-ry)
and one sees the analogy with (G.1) above.
Here then we have seen two "random variables" in action. One, n, is the discrete outcome of a die roll, the
other 0 is the continuous outcome of a spinner spin. Each of these is a real parameter and for each there

exists an associated probability distribution, as plotted above. Thus, each of these parameters fulfills the
requirements of our opening definition of a "random variable".

295



Appendix G: Random Variables and Probability

(b) What is a Random Variable ? Part II: the Capital Letter Notation
We shall continue to examine various experiments to see what new concepts appear.

Consider experiment = coin toss with sample space S = {heads,tails} = possible outcomes. The new
feature here is that the outcomes are not real numbers and therefore don't fit our requirement that a
random variable be a real number. This is easily remedied by assigning real numbers to each outcome,
such as heads — 1 and tails — 0. If s is an element of the sample space S = {heads,tails}, then we can
define a little function h = H(s) such that 1 = H(heads) and 0 = H(tails). In general this function is a
mapping from the sample space S to the real numbers, so we can say H:S—R. In this situation, we can
think of h as being a "random variable" as defined above. It is a real parameter and it has an associated
probability distribution which in this case is a pmf since S is discrete. For a "loaded" coin we might have

tails
pmf(h) heads H(s)1
0 '
0 1 heads tails S
h —» Fig G.2

We are now going to slightly alter our definition of a random variable so it is more precise. As a
preliminary, forget probability and just consider some function y = f(x). In this equation, the object f is
clearly a function, while the object y is a value that function can take. Thus, y and f are not the same
thing. They are equal in the sense that y = f(x) for some x, but y and f belong to completely different
classes of objects. Perhaps y is a real variable in R, whereas f is a mapping (function) from R to R. It is
quite useful to have different symbols for y and f. If one were to write y = y(x), the reader would
understand what was meant, but now y has two separate meanings ( function, and value of function). To
maintain precision, it is better that these symbols be different. One choice is to represent the function f(x)
as Y(x), so the function name is now Y, while y is a value the function Y can take. Then y = Y(x) and
things are clear.

Now we return to h = H(s). H is a function or mapping from S to R, whereas h is a real number. We
would not in general say that h and H are the same object. For the coin toss experiment, it is really the
function H that is the random variable, whereas h is a value that random variable can take. In our previous
experiments with die and spinner, it happened that the function H was the identity function, so we didn't
"see it" in the discussion. But still for the spinner, we would write 6 = @(0) and, as we set things up, if an
arrow position s is in the range (0,2m), then we happen to have ®(0) = 6 and ® = 1. The function ® would
have been more visible had we perhaps taken arrow position in degrees and put 0 in radians.

We shall now state a more complete definition of a random variable:
First one must have a specific experiment E in mind which gets run many times, and on each run of the
experiment some outcome S of interest takes a value sg in a sample space Sg of possible outcomes for S.

The random variable Xg s is a function which maps the sample space Sg to the real axis, Xg,s : Sg = R
so that Xg,s(Sg) = Xg,s, where then xg,s is the real value which the random variable Xg, s takes for a
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particular outcome sg in Sg. After the experiment is run many times, one can determine a probability
distribution Pg, s(Xg, s) for this outcome S of this experiment E.

Here we have shown annoying subscripts just to stress that we have a specific experiment E and a
specific outcome set S in mind. We now restate our definition of random variable without these annoying
subscripts:

First one must have a specific experiment in mind which gets run many times, and on each run of the
experiment some outcome of interest takes a value s in a sample space S of possible outcomes. The
random variable X is a function which maps the sample space S to the real axis, X : S — R so that X(s)
= x, where then x is the real value which the random variable X takes for a particular outcome s in S.
After the experiment is run many times, one can determine a probability distribution P(x) for this outcome
of this experiment.

This P(x) may or may not be a "flat" distribution. If one thinks of a flat distribution as being the
definition of a random distribution, one arrives at the famous statement that a random variable is neither a
variable (it is a function) nor is it random (distribution can be non-flat).

What different name might one use for "random variable"? Perhaps a "probabilistic function" which
maps the possibly non-numeric outcomes of an experiment to a real parameter, which parameter has some
non-trivial probability distribution which can be observed by doing the experiment many times. The
problem with this phrase is that it does not focus on that parameter which is the main item of interest, the
variable of random variable. So we just learn to live with the phrase "random variable".

For some general experiment, the outcomes are likely to be non-numerical in nature, and a function like
H(s) will be required to map the outcomes onto the real number axis. For a discrete sample space, we
might represent this situation as follows:

a discrete outcome

}. ” x-=X(s)
L]

X(s1) real axis
—o——o0——— 00— P

s4 @ X(s3) random variable x
Sample Space S
Fig G.3

In this case, an event which is any subset of the outcomes in the sample space will map into some set of
points on the real axis. For a continuous sample space, the picture is a little different,
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Sample Space )
: real axis

| random variable x

Prob(x1 < x < x2)

Fig G4

The new feature here is a certain continuity requirement: every interval of the random variable x (like the
interval shown) must map back into some subset of the sample space. Since subsets are events, this means
that every interval of the x axis must map back to some well-defined event. Going the other way, not
every event (subset) maps into an interval of the x axis. The continuity idea is that if two points are close
together on the real x axis, then they must be close together in the sample space. This in turn means that
the sample space has to have some kind of metric to allow a notion of distance between two points.
Furthermore, as the subset is expanded, the interval it maps to cannot becomes smaller!

Having now discussed random variables, outcomes, experiments, sample spaces, and events, we are in a
good position to review some general probability theory.

(c) Basic Probability Theory

In the above discussion, if we have random variables A,B,C.... , we can write a joint probability density
function in this manner

pdf(A=a, B=b, C=c.....) (G.2)
where now we don't distinguish whether the various sample spaces are continuous or discrete, we just
write anything as a pdf (with the understanding of (G.1) above). The meaning here is that pdfi(...) is the
probability that random variable A has value a, while at the same time (the same experiment) random

variable B has value b, and so on. For the continuous case, pdf(...) da db dc... is the same probability but
for the range da of a and db of b, etc.

If all these random variables are statistically independent (such as A = number of dust particles on your
pillow and B = temperature at some location on Pluto), this joint probability distribution factors,

pdf(A=a,B=b,C=c.....) =pdf(A=a) * pdf(B=b) * pdf(C=c) .... (G.3a)
For two random variables A and B, one would have

pdf(X=x,Y=y) = pdf(X=x) * pdf(Y=y) . (G.4a)
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We shall often use the word independent to mean statistically independent.
We now adopt some shorthand notations:

p(a,b,c....) = pdf(A=a,B=b,C=c.....) =pdfarc...(a,b,c...) =parc..(a,b,c..). (G.5)
When one sees p(2, -4, 0. 4...) one must remember that the arguments correspond to values of specific
random variables, and if things become unclear, one must revert to the fuller notation. One trick is to use
a parameter name that reminds the reader of the random variable name, such as a for A: p(a) = P(A=a).

In the shorthand notation we have

p(a,b,c...) = p(a)p(b)p(c)..... // N statistically independent random variables (G.3b)

p(x,y) = pX)p(y) // 2 statistically independent random variables (G.4b)

Digression: One way to understand the concept of statistical independence is by the use of conditional
probabilities. Consider:

px( X | y ) = probability just for X that X = x given that Y =y
which we compare to

pxy(X,y) = probability for X and Ythat X =xand Y =y .
The connection is given by,

Pxy(X,y) =px(x | Y) px(y) -

If X and Y are independent, then px( x | y ) has no dependence on y, X knows nothing about Y, and in this
case we have px( x | y ) = px(x) . This then yields the factored form

Pxy(X,y) = px(X) px(y) -
For three variables we can define

px( x|y, z ) = probability just for X that X =x given thatY =y and Z =z
and then (start on the right end when reading this)

pxyz(X,y,2) = px(X |y, 2) px(y | 2) pz(2) .

If X,Y,Z are statistically independent, then certainly X knows nothing about Y and Z, and Y knows
nothing about Z, so then px( x |y, z ) = px(x) and py(y | z) = py(y) and then

pxyz(X,y,z) = px(X) px(y) pz(z)
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giving the factored form. Often this discussion appears with the M symbol replace our commas, and one
can verify the various claims with Venn diagrams. We shall not digress more on this subject and shall
take the factored form as our definition of statistical independence.

We return now to

pxy(X,y) = px(X)px(y) // 2 statistically independent random variables (G.4b)

If one regards pxy(X,y) as a function fy(x) for various fixed values of y, (G.4b) says that the shape of this
function is not influenced by the values of y, only the overall scale of fy(x) is affected by y.

After we define the correlation measure corr(X,Y) below, we will see that (G.4b) being true implies that
corr(X,Y) = 0 which means X and Y are uncorrelated. This arrangement works only one way:

X.,Y statistically independent = X,Y uncorrelated.

It is easy to find examples where X,Y are uncorrelated but are not independent, we shall look at an
example below.

Any pdf is normalized to 1 since the probability of all possible outcomes (mapped from sample spaces to
the random variables) is 1. Thus,

[ .. pxy..)dxdy.. =1 of Sy pxy.) =1 . (G.6)

An example is that fp(x)dx =1 or Zgp(x) = 1. If x is discrete and y is continuous, fop(x,y)dy =1, but

we won't bother to show all such "mixed" cases below.

In general, if p(a,b,c...) is some N*® order joint probability, one can find lower order probabilities by
summing over some of the variables:

Fact: To obtain a lower-order joint probability from a higher-order one,
PX.y,Z.) =% a,b,c... P@bc...) (G.7)

Here {x,y,z...} is some subset of {a,b,c....} and the notation £' means that we sum over all variables in
{a,b,c.... } except those in the subset { x,y,z...} . One could state (G.7) in a set notation this way

p(S") =Xs-s' p(S) where S'c S (G.8)
Proof: The proof is merely the observation that if we are only interested in {X,y,z...}, we go ahead and let
all the other variables {a,b,c....} — {X,y,z...} take all possible values and we add up the probability of each

of these cases to get its contribution to p(X,y,z...). This is just a case of adding probabilities of outcomes to
get a total probability of interest.
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Examples:
p(x) = Zy p(xy)
p(x) = Xy,z p(Xy,2)
p(x.y) =Xz p(X.y,2)
p(X,¥y) =Za,b,c...# x,y P@ab,c.....) (G.9)

Before we can continue our little presentation, we need to state and prove an important theorem about
random variables which are functions of other random variables. To this end, we must first digress on a
set of math Lemmas.

Some Math Lemmas

Consider z = f(x,y) = f(r) where r = (x,y). Here f is a "function" which means it is a single-valued
function which means under the mapping f: R2—R, every vector r in the domain lands in some unique
location in the range. It is possible and in fact likely that f will be a many-to-one function, meaning for a
given z in the range, there might be several r; in the domain such that z = f(r;). If the domain is discrete,
then so is the range. We might have this situation:

y‘l ry
=

—

1'2,:'
/ z =f(x,y)
L - , .

e
\
r,®-
domain D¢ range Rg Fig G.5

We could then talk about X,y being the sum of all points r = (x,y) in the domain such that f(x,y) = z for
some z in the range. We can exhaust all points in the range R¢ by doing z; = f(r;) and letting r; exhaust
all (x,y) in the domain Dg¢. This is how we discover the extent of the range Rg.

We now make this claim, where we have in mind some unseen quantity being acted upon by both
sides of the equation (symbol > means "such that")

N
zeRe [xy>flxy) =z Xy € De (G.10)
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Proof: If on the left we first sum over the points (X,y) corresponding to z according to z = f(x,y), and then
we sum over all z in the range of f, our sum includes every point (x,y) in D¢ exactly once. The double
sum is simply a certain ordering of the total sum shown on the right. The same point (x,y) cannot show up
twice in the double sum for two different values of z, because if it did, f(x,y) would map that point into
those two z different values, but f is supposedly single-valued. Nor can any point (x,y) be omitted in the
double sum on the left because the range R¢ for z was created by exhausting all points (x,y) in D¢, so any
(x,y) in D¢ corresponds to some z in the range Re.

Now for a continuous domain D¢, we might have

YA__
S -

=

>z

N

I

=

x

-

S
¢
NV

C
domain Dg¢ range R¢ Fig G.6

where now an entire continuous curve C (red) in the domain maps to some z in R¢. The equation of the
red curve C is z = f(x,y) for some fixed value of z. The heavy curves including this red one are curves of
constant z. We can imagine some other function s = g(x,y) whose curves of constant s form an orthogonal
curvilinear coordinate system (right angles at any point) with the curves of z = f(x,y) = constant. The
parameter s would then vary along each constant-z curve, marking off points along the curve. The
analogous statement to the discrete statement made above is this (only a claim, we shall not prove it)

Ja [ ] ffee

zeRs | C(2) xy € Ds (G.11)

where J is the Jacobian between coordinates (x,y) and (z,s). This is the same Jacobian idea that appears in
taking (x,y) to polar coordinates (r,0) where dxdy = rdrd® with J = r. We shall not pursue this Jacobian
matter further other than to claim it is possible to find a g(x,y) that works and that certain technical issues
arise concerning the reasonableness of the function f(x,y).

Comment: In order for the Jacobian to exist and be well-behaved, function f(x,y) must be continuous
and differentiable (C') in both variables, and the mapping between (x,y) and (z,s) must be essentially
one- to- one (invertible) so that given (z,s) one can compute (X,y) and vice versa.

Example: Suppose z = f(x,y) = 2x3 + 3y2 and we are interested in the curve C(z=2). This curve C is the
intersection of the surfaces z= 2x> + 3y? (red) and z = 2 (gray), as illustrated here:

pl = plot3d(2*x"3+3*%y"2, x=-2..2,yv=-2..2, color=red):
p2 = plot3d(2, =x=-2..2,yv=-2..2, color = gray,style = patchnogrid):
display(pl,p2);
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Fig G.7

If we had z = f(x,y,w) so Z is a function of three random variables X,Y and W, then our two results
above would become

2| X Z}=E

z € Re | x,y,w 3 f(x,y,w) = x,y,w € D¢

fdz _fds J} ffdxdydw

zeRe xy.w € Dg (G.12)

The first line seems straightforward, but the second is more complicated. Inside the square bracket we
now have dS being a differential patch of area, and S(z) is a 2D surface in the (x,y,z) space on which z is
a constant according to z = f(x,y,w). For example, in spherical coordinates we write r = x2+y2+22 and a
surface of constant r is a spherical shell. Now we have to imagine two other coordinates s; = g(x,y,w) and
s2 = g(x,y,w) so that (z,s1,52) form an orthogonal coordinate system and then the new J is the Jacobian
between (x,y,w) and (z,51,52).

In a more economical notation, and changing to z = f(a,b,c) we can write (G.10) and (G.11) as

o [ S, 9] = Zxy (G.13a)

Jaz[ Jew dsi1=J [ dadb (G.13b)
and then for (G.9),

2, [Eza,b,c] :Ea,b,c (G14a)

Jaz[ [ swdsi1=J [ [dadbde (G.14b)

where X%, 1, ¢ indicates that the sum is restricted to those (a,b,c) values for which f(a,b,c) = z.
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Hopefully it is clear how this general idea can be extended to Z = f(A,B,C,D....) where random
variable Z is a function of some arbitrary number N of random variables A,B,C,D... .

Fact: One can organize a total sum/integral over the space of N random variables in this manner:

2z [Eza,b,c... ] = z:a,b,c... (G.lSa)

[ dz s ass1=JJ..[ dadbdc.. (G.15b)

In the first line, £* means the sum is constrained to be only over those a,b,c... such that f(a,b,c...) = z. In
the second line, S(z) is an N-1 dimensional surface located within the N dimensional space of (a,b,c....),
which surface is defined by f(a,b,c....)=z.

With these Lemmas out of the way, we can now resume our basic probability theory review.

Fact: Any reasonable real function of random variables is a random variable. (G.16)
Proof: First consider Z = f(X,Y), where X and Y are random variables. If x is an allowed value of X, and
y of Y, then the allowed values of Z will be z = f(X,y). Since x and y must be real, and since f is a real

function, the allowed values of z are real, one of the requirements for Z to be a random variable. At our
level of rigor, it only remains to find the probability distribution associated with Z. We claim this is given

by,

p(z) =X%,y p(xy) (G.17a)

p@) = J c(zy ds T p(x(s.2)y(5.2)) = [ c(zy TPXY) - (G.17b)

Looking at (G.17a), for a given value of z, in z = f(X,y) only certain x and y values are possible. Thus,
only these values of x and y appearing in p(x,y) can contribute to p(z). Other values of x and y will
contribute to p(z') for some other z'. We can check normalization as follows using (G.13a)

22 p(z) = 22 { [Z%,y] P(X.Y)} = {2z [Z%k,y]} P(Xy) =Zx,y P(Xy) =1.

What is the sample space for Z ? We can select one according to the following plan. Let Ry and Rg be the
total sets of values of parameters a and b. Then Rz = f(Ra,Rp) treated as an equation of sets tells us the set
Rz. We could then just select the sample space for Z to be Sz = Rz which would be a numerical sample
space.

More generally, for Z = f(A,B,C....) with N arguments, the distribution for Z is given by

p(z) =X%a,p,c... p(ab.c,..) (G.18a)

p(z) = fc(z) dS J p(a,b,c....) a=a(z, s1, $2..... SN-1), €tC. (G.18b)
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The function f must be C* in all its arguments (as noted above) and must be such that the Jacobian J is
well behaved (finite and non-zero) over the entire regions of interest in both spaces (a,b,c...) and
(2,81,52...). This is why (G.16) contains the word "reasonable". QED

Definition : The expected value of a random variable X is given by
E(X) = _[X px)dx or EX) = Zx xp(x) = the mean, often called px (G.19)

Comment 1: The expected value is sometimes called the expectation or the expectation value. In quantum
mechanics the phrase expectation value predominates, but elsewhere it is the expected value. In quantum
mechanics, all physical observables are random variables (position, momentum, energy, etc) except in
quantum states which are eigenstates of the observable's quantum operator, in which case the observable
takes a fixed value.

Comment 2: In (G.19) above for the mean (and generally below), we could write E(X) = Z; x; p(Xi)
where the x; are the possible values that random variable X can take. But in this section we use E(X) =
Y« X p(x) where then x itself represents the values X can take. This notation puts the summation form on

a little more equal footing with the integral form fx p(x) dx .

Fact: If Z=f(X,Y), the expected value of Z is given by (G.20)
E(Z) =Z; 7z p(2) = Zx,y f(x,y) p(X,y) discrete

or
E@) =] zp@ dz = [ [ focy) pexy) dx dy continuous

Proof: For the discrete case
E(z)=%; zp(z) // by the definition of an expected value of a random variable
=%, 2[ %%,y P(Y)] //'by (G.17a)
=%, [ 2%, y] f(x,y) p(x,y) // move the x,y sum to the left, and replace z = f(x,y)
=Zx,y (xy) p(x,y) // by (G.13a)

For the continuous case
B2 = 2p@dz = Jdzz[[cmdsIpexy)] 7/ by (G.17b)

= fdz [Ic (z)ds T 1 f(x,y) p(x,y) // move Ids to the left, replace z = f(x,y)

= [ [ daxdy fixy) pxy) // by (G.13b) QED
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We now generalize this fact to obtain:

Theorem: If Q = f(X,Y,Z....) where X,Y,Z... are random variables, and if f is a reasonable real valued
function, then

(1 Q is a random variable and
@) E(OGY,Z)) = Za gz .. XY570) POYSZ.0)

EEGY,Z..) = | | [ . dxdydz.... fxy,2....) p(x.y,z....) (G.21)

Proof: This is a straightforward generalization (G.20) based on (G.18) and (G.15). One just mimics the
proof of (G.20).

Special cases:

E(f(X)) =Zx f(x) p(x)
E(f(X)) = [ dx fx) p(x) (G.22)

E(f(X,Y)) =Zx,y f(xy) p(x.y)
E(RXY)) = [ [ dx dy fxy) pxy) (G23)
Next we define the covariance of X and Y, and evaluate it using (G.23),

COV(X,Y) = E((X'Hx)(Y'“y)) = z:x,y (X'l-lx) (Y'l-ly) p(X,Y)

or [ | (-1t (y-ny) p(x.y) dx dy (G.24a)
Notice that

cov(X,Y) =E(XY) - pxE(Y)- pyE(x) + pxbty = B(XY) - pxbly - Hybat Pxbly = E(XY) - pxpty
so we have this alternate method of computing covariance

cov(X,Y) =E(XY) - uxpy . (G.24b)
In passing, notice that cov(X,-Y) =— cov(X,Y) since E(XY) negates as does ix.
The variance of X is the covariance of X with itself and is the square of the standard deviation 5(X),

var(X) = [0(X)]? = cov(X,X) = E(X-tx)(X-1x)) = E(X-px)?)

= S ()2 p(x) or J (x-pe)? p(x) dx (G.25)
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where we use (G.22) with f(X) = (X-px)>.

Finally, the correlation of X and Y is the covariance normalized by the two standard deviations,
corr(X,Y) = cov(X,Y)/[o(X)o(Y)] . (G.26)

The most correlated that X and Y could possibly be occurs when X = Y in which case corr(X,Y) = +1.

The most anticorrelated they can be occurs when X = -Y in which case corr(X,Y) = -1. For general X and

Y, we have -1 < corr(X,Y) < 1.

Example of uncorrelated but dependent. Let X =Z and Y = 72 Let p(z) = an even function of z, like a

Gaussian. Assume for Z that pu, = 0. It seems fairly clear that X and Y are not independent, they know a
lot about each other, they are dependent and p(z,zz) * p(z)p(zz). Nevertheless, the correlation is 0 as we
now show: (cov=0=>corr=0)

cov(X.Y) = EXY) - pxpty =E(Z%) - p(Z) p(z? =E@Z% = [~ dzp@2® = 0.

Just to get the following delta forms on the table, we now present an alternate derivation (G.25). One can
take the limit of a joint distribution of random variables as two of the variables become the same. For
example, for continuous and discrete (where we now use the alternate indexed notation with x;),

limgy p(x,y) = p(x)5(x-y) limgy p(X1,ys) = p(X1)d1,5 . (G.27)

The reason is that if X and Y are the same random variable, they cannot take different values. If X,Y and
Z are all the same variable, then we would have (dropping the limit notation)

P(x,y,2) = p(x)3(x-y)8(x-2) or  p(X1,¥3,2k) = P(X1) 81,3 84,k (G.28)
Note that S(X-y)S(X-Z) = 8(x-y)8(y-z) = 8(X-z)6(y-z) and 03 .3 01 k= 01 .3 6j k= 01 k 8]' k-

We can apply (G.27) to obtain an alternate evaluation of the variance,

var(X) = [6(X)]2 = limgy cov(X.Y) =limgy[ J | (x-ie) (y-pv) px.y) dx dy ] (G.29)
= [ | x-1) (y-110) p)S(x-y) dx dy

= | (- p(x) dx or  Zj(Xi-Mx)?P(X1) / Zx (X -x)? p(X)

which is the same as (G.25).
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Notice that the variance could in theory vanish if p(x) = d(x - X1) so that the entire pdf is concentrated at a
single value and then px = x3 :

var(X) = | (x-p)? p() dx = J (x-1)? 8(x - x1) dx = (x3-11)? = (x1-x1)2 =0 = 0(X) .

But then X is not a random variable since it's value is precisely determined as x;1. A pdf of this form is not
very interesting and normally one has o(X) > 0.

Fact: var(X) =o6%(X) =E(X?) - {EX)}? =  E(X?) - s> (G.30)

Proof: E(X?) - {BX)}? = [x%px) dx - {[xpx)dx} 2 = [x%p(x) dx - 2
var(X) = | (x-m0? p(x) dx = [ x 2p(x) dx 2p f x p(x) dx + w2 | p(x) dx

= _[X 2p(x) dx - 2k P + uxz 1= fx 2p(x) dx - uxz . QED

Fact: If X and Y are statistically independent random variables, then (G.31)
(a) p(x,y) = p(x)p(y)
(b) E(XY) =EX)E(Y)
(c) cov(X,Y)=0
(d) corr(X,Y)=10
(e) X and Y are uncorrelated

Proof:

(a) follows from our definition of statistical independence (G.3a) or (G.3b).

® ExXY)=J | xypexy)dxdy = [ | xypep(y) dxdy =[[xpx) dx1 [y p(y) dy] = BOE(Y) .

(¢) cov(X,Y) =E(XY) - pxpty = E(X)E(Y) - pxlly = Uxly - Hxty =0
(d) corr(X,Y) = cov(X,Y)/[6(X)o(Y)] =0/[c(X)a(Y)]=0
(e) This is the same as (d), just stated in words QED

Fact: If {X,Y} are independent, and if {Y,Z} are independent, {X,Z} may be dependent and therefore be
correlated. (G.32)

Proof: Knowing that p(x,y) = p(x)p(y) and p(y,z) = p(y)p(z) tells us nothing about p(x,z). It is easy to
think of trivial examples of this fact. Maybe X = Z so corr(X,Z) = var(X)/ [cs(X)]2 =1 #£0.
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Fact: If {X,Y} and {Y,Z} and {X,Z} are all independent pairs, X Y and Z might not be independent.
(G.33)

Proof: Knowing about the uncorrelated pairs says nothing about p(x,y,z). That is to say, knowing that
p(x,y) = p(x)p(y) and p(y,z) = p(y)p(2) does not imply that p(x,y,z) = p(x)p(y)p(2).

This concludes our brief review of probability theory, and we now continue in our examination of
experiments associated with random variables.

(d) Ensemble Experiments

We consider now a new kind of "experiment". We acquire N dice which we shall refer to as an ensemble
of dice. We assume they are all "loaded" differently, perhaps with implanted weights. For each die, we
perform the single-roll experiment described above for which the outcome lies in the sample space S =
{1,2,3,4,5,6}. After doing these N experiments, the N dice are left lying on the green felt of a craps table,
each in its final experimental state. We then survey all N dice and take note of each one's face-up number,
and from that data we construct a distribution. Since these dice are all slightly different, the distribution
will likely differ from that shown earlier in Fig G.1. Perhaps we get this:

3 4 5 6
n—» Fig G.8

pmf(n) |

12

As a computer algorithm, here is this new "ensemble experiment":

Acquire an ensemble of N dice (perhaps each is loaded differently)
For each die in the ensemble, carry out the single die experiment with outcome in S = {1,2,3,4,5,6}.
When the experiments are done, survey the resulting data and construct a distribution.

If the dice were identical, then this ensemble experiment would be the same as just sequentially rolling
the same die N times and writing down the outcome of each roll. But the main point is that we assume the
dice are not all the same.

Now we carry out an analogous ensemble experiment :

Acquire an ensemble of N babies (they are likely all different)
For each baby in the ensemble, carry out some experiment with outcome in some sample space S.
When the experiments are done, survey the resulting data and construct a distribution.

The experiment we have in mind is simply to let each baby grow up into an adult and then we treat some
parameter of that adult as our random variable. Adults generally don't have face-up numbers, but they do
have other "parameters" such as mass, height, and number of children. For each adult, the "experiment”
was "growing up", analogous to rolling one die in our previous ensemble experiment. It is convenient to
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let nature do these experiments for us, so in practice we just assemble some group of adults into our
ensemble, and then we are left with just the last item above :

When the experiments are done, survey the resulting data and construct a distribution.

Here for example we carry out three ensemble experiments with the same ensemble of people. Each
ensemble experiment uses a different sample space: weight, height, number of children. and each deals
with a different random variable: W, H and N. For each experiment we obtain a distribution as shown:

odf(w) random variable = W

Experiment #1
e

ensemble weightw —)  sample space

random variable = H Experiment #2

heighth —p  S@mple space

random variable = N
Experiment #3

| ‘ | | | sample space

01234‘56:789
n—»>» children

Fig G.9

In all three experiments, the outcomes are real numbers, so there is no need for any functions to translate
from non-numerical outcomes to real numbers, as we required in for the {heads,tails} sample space.
These experiments are all analyzing historical data, nor current "chance events" like rolling dice.

In the above scenario, sometimes the ensemble of people is called "the sample space" which is then a
totally different meaning of that phrase, so we won't use it.

(e) Experiments rolling two dice at the same time

In the next set of experiments, we roll two differently weighted dice at the same time and examine
particular outcomes (that is to say, we examine particular random variables, each taking real values in its
numerical sample space). These two dice are not only weighted differently, but the embedded weights are
magnets, which cause the two die to interact with each other during a roll. Here we get to apply various
facts from the brief review of probability theory of section (c) above.
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In Experiment #1 we just look at the face up number of the X die and that number is x. The sample
space as usual is S = {1,2,3,4,5,6} and there will be some pmfx(x). Review: In this notation, the subscript
indicates the random variable X, and the argument x is a value that random variable can take. Another
notation is pmf(X = x), and the most compact notation is that of (G.5) which is just p(x) where one must
remember what the random variable is. It is suggested by the letter used as argument: p(x)= pmfx(x) =
pmf(X = x).

In Experiment #2 we do this for the Y die. It has the same sample space, but a different p(y) =
pmify(y).

In Experiment #3 we look at z = x+y with its random variable Z = X + Y. The sum of two random
variables is a random variable according to (G.16) or (G.21). The numerical sample space for this third
experiment is {2,3..., 11,12}, since there are no other possible outcomes for the sum of two face-up
numbers on two dice. According to (G.17a), the probability of Z taking value z in this sample space is
given by pmfz(z) = X%,y pxy(X,y), or in compact notation, p(z) = 2%,y p(x,y), where the sum includes
only those x,y values such that x + y = the z inside p(z) on the left. If the two die were differently
weighted but contained no magnets, we would have p(z) = X%,y px(X)py(y) since the two dice are
"independent" (hence "uncorrelated") as in (G.31). If the two dice were identical, then p(z) = X%,y
px(X)px(y) where the two pmf's are the same. If the two dice are "fair dice" (unloaded), then pmfx(x) =
px(x) = 1/6 for any x and then we find that p(z) = %4,y (1/6)(1/6) = (1/36) X%,y 1. We then have a
classic dice problem where we can enumerate the terms in the sum X% 1 as follows

Ty |

1,1=1
12+2,1=2
1,3+3,1+22=3

.bwt\)|N

7 1,6 +6,1 +52+25+34+43=6
12 6,6 =1

Below, pmfx(x) is for Experiment #1, and pmfz(z) for Experiment #3. In each experiment, we roll a pair
of identical fair dice many times and obtain these distributions.

s
. o
. 6
5 Experiment #2 5 Experiment #3
6 *pmfx(x) g 36 *pmfy(z) g
1 1 | |
I I I I | I I I I I
1T 2 3 4 5 6 2 3 4 5 6 7 8 9 10 11 12
sample space x —» sample space z —p
Fig G.10

We now do a few quick hand calculations to exercise some of our basic probability facts. Notice ahead of
time that
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21 =6
Zex=(1+2+3+4+5+6) =21
T x2=(12+22+32+4%2+52+6%) =91.
The expected value of Z for Experiment #3 is given by (G.23),
E(Z) = B(X+Y) = Zx,y (x+y) p(X,y) -
In the case of Fig G.10 where p(x,y) = [p(x)]? = (1/6)? = (1/36) we have
E(Z) = (1/36) Zx,y(xty) = (1/36) [ (Zx X)(Ey]) + (Zx D(Syy) 1= (1/18) (Sx 0)(Zy1)
= (1/18) (21) (6) = (1/3)21) =7 = g
in agreement with the symmetric distribution on the right in Fig G.10. Next we compute,
E(Z%) = Zx,y (x+y)? p(xy) = (1/36) T,y [ X* +y° +2xy ]
= (1/36) [ 2 (Zx®)(Zyl) + 2 (Zxx)? ] = (1/18) [91* 6+ 217] =329/6 = 54.83.
The variance and standard deviation are then given by (G.30).

var(Z) = B(Z?) - {E(2)}%® =329/6—49 =35/6 =5.833
6(Z) =[35/6 =2.415 (G.34)

This last result seems in line with a visual inspection of Fig G.10.

Finally in Experiment #4 we consider the outcome z = x*y = xy. Things are similar to the above, but
now the notation X%y means the sum over x,y values such that the product of x and y is z. In the context
of (G.23), we now have f = xy whereas in experiment #3 we had f = x+y. We could of course study the
situation with any reasonable function f. For f (x,y) = xy we can write:

pmfz(z) =X%,y pmfxy(X,y) dice are different and weighted with magnets
pmfy(z) =X%,y pmfx(x) * pmfy(y) dice are different but no magnets
pmfy(z) =X%,y pmfx(x) * pmfx(y) dice are identical

pmfy(z) =X%,y (1/6) * (1/6) = (1/36) 2%,y | dice are identical and "fair"

For this Experiment # 4 the sample space is all possible products S = {1, 2, 3......36} with certain values
missing. For "identical and fair" we make our list using our new meaning of %  :
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Z T,y 1

1 I,L1=1

2 1,2+2,1=2

3 1,3+3,1=2

4 1,4+41+22=3

5 1,5+51=2

6 1,6 +6,1+23+32=4
7 =0

8 24+42=2

36 6,6 =1

We ask Maple to create pmfz(z) for this Experiment #4:

for z from 1 to 36 do p(z) :
for z from 1 to 36 do
for x from 1 to 6 do

0 od: # clear counters

for vy from 1 to 6 do
if z = x*y then p(z)
od;
od
od;
print (seq(p(z),z=1..36))
1,2,2,3,2,4,0 21,204 002 1,0 2020002 10000200000

with(stats) :with(stats[statplots]):
datal := [seq(Weight(i..i+0.3,0.3*p(i)),i = 1..36)]:
histogram(datal, color=red,tickmarks = [10,5], wview = [0..37,0..51);

plz) +1 fi;

3]
36 *pmfy(z)
2]

14

|

2 2 % F 30 32 3 k]

Fig G.11
We then repeat the calculations done for Experiment #3:

E(Z) = E(XY) = Zx,y (Xy) p(%y) = (1/36) 2y, y (xy) = (1/36)[ (Zxx)? = 212/36 = 49/4 = 12.25 = g
E(Z%) = Zx,y (xy)? p(%y) = (1/36) Zx,y X2y% = (1/36) [ (Zxx®)?] = (1/36)(91)* = 8281/36 = 230.03
var(Z) = E(Z?%) - [E(Z2)]* = 8281/36 - (49/4)® =11515/144 =79.97

o(Z) =8.942 // standard deviation (G.35)
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(f) Experimental determination of discrete distribution functions

In practice, one has some list of experimental results (outcomes converted to real numbers if not already
real numbers) and one puts the results into "bins" to obtain a distribution. Here we want to be more
explicit about what this means.

For a single variable x which is the face-up value of a die, here is how we would compute p(x) after
collecting data rolling the die J times :

restart; J = 20: roll := rand(l..6):

x = seq( roll(),j=1..J); # roll die J times
x=4,34.6,5 36,3 22,2, 4.4,3 3,2, 1,4,4,6

for n from 1 to 6 do bin[n] := 0 od: # c¢lear bins

for j from 1 to J do
for n from 1 to 6 do

if x[j] = n then bin[n] := bin[n] + 1 fi;
od;
od ;
for n from 1 to 6 do p[n] := bin[n]/J; od:

for n from 1 to 6 do printf("™ pl[%d] = %.3f ,",n,p[n]) od;

p[1] = .050 , ©p[2] = .200 , p[3] = .250 , ©p[4] = .300 , ©p[5] = .050 , p[6] = .150

which we could plot as a bar chart of the type shown in Fig G.1.
Symbolically we might write this as

p(n) = (1/9) 5217 (x3=n) n=123456 . (G.36)
The idea is that for each n, we count the number of times that (x5 =n) is true.

For two variables, things are a bit more complicated. Now we have a set of J pairs {x;,yi} as our

collection of data, so that

p(n,m) = (1/]) Zj=1J( [xi,yi] = [n,m]) nm=1,2,3,4,5,6 (G.37)
where [...] refers to an ordered sequence. Another way to write this would be

p(n,m) = (1/]) Ej=1J [(n=x3) and (m = x5)] nm=1,2,3,4,5,6 (G.38)

Here is a sample Maple program to carry this out
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:} restart; J = 20: roll := rand(l..6):
> x = seq( [roll(),roll{)],j=1..J); # roll two dice J times
x=[4,3],[4 615 21.06,3).12.2],[2. 4. [4.3].[5. 2. (1.4, (4. 6. (1.1, [, 2). (4 21 (1,30, [6. =1,
[6,4L[%6L[LEL[31].[4.6]
‘> for n from 1 to 6 do
for m from 1 to 6 do
cnt = 0;
for j from 1 to J do
if (x[j,1] = n) and (x[j,2] = m) then cnt := cnt + 1; fi
od;
pln,m]l:= cecnt/J;
od;
od ;
for n from 1 to 6 do
for m from 1 to 6 do printf(™ p[%d,%d]=%.3f ,",n,m,p[n,m]) od;
printf{"\n") ;
od ;
p[l,1]1=.050 , p[l,2]=.050 , p[1,3]=.050 , p[l,4]=.050 , p[l,5]=0.000 , p[l,6]=.050 ,
pl2,11=0.000 , p[Z,2]1=.050 , p[Z,3]1=0.000 , p[Z,4]=.0580 , p[Z,5]=0.000 , p[Z,6]=0.000
p[3,1]1=.050 , p[3,2]=.050 , p[3,3]=0.000 , p[3,4]=0.000 , p[%,5]=0.000 , p[3,6]=.050
pl4,1]=0.000 , p[4,2]=.050 , p[4,3]=.100 , p[4,4]=0.000 , p(4,5]=0.000 , p[4,6]=.150 ,
pl5,11=0.000 , p[5,2]1=0.000 , p[5,3]=.050 , p[5,4]=0.000 , p[5,5]=0.000 , p[5,e]=0.000
p[6,1]=0.000 , p[6,2]=0.000 , p[6,3]=.100 , p[6,4]=.050 , p[6,5]=0.000 , p[&,6]=0.000

7

7

x

.

The resulting p(n,m) can be visualized as a 3D bar chart

with(stats):with(stats[statplots]):
for n from 1 to 6 do

data[n] := [seq(Weight(m. m+0.3,0.3*p[n,m]), m = 1..6)]:
od:

histogram(seq(data[n],n=1..6) ,color = red);

Fig G.12

A distribution function like p(a,b,c,d,e) is a 6D bar chart, not easy to display.
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(g) Experiments with Sequences of Pulse Train Amplitudes

Our pulse trains have a set of amplitudes y, which form a sequence. If the sequence has N elements, then
a sequence can be written [y1, y2.....yn]. When many pulse trains are generated in some line code, one
finds that the values of y, in position n of the sequence can vary, and that there is some probability
distribution associated with the parameter y,. Thus, the position n in the pulse train or sequence is
associated with a random variable we must call Y, which takes values yp,.

Here is the Experiment. We have an Apparatus which generates sequences of length N according to
some set of rules implemented within the Apparatus (perhaps these are the rules for generating AMI
linecode sequences, and the AMI encoder inputs random input streams). Every sequence it generates is
"legal" according to its rules. Earlier we discussed an ensemble experiment in which M dice were rolled
one at a time and were left on the craps table for study and from what we saw on the table, we were able
to construct a distribution function. The ensemble was M dice. In our current ensemble experiment, we
let the Apparatus crank away and generate an ensemble of M sequences each of length N, and these M
sequences are left sitting on the same craps table for us to inspect. From this data we could then construct
any desired statistical expected value or distribution function.

The notation Yy, leads to some possible confusion. When we had a random variable H which took
values h, we might have enumerated the set of h values of the sample space as h;. To maintain clarity, if
we have random variable Y, which takes values y,, we should enumerate those values as (yn)i. Here, yn
is the name of a variable, just as h was the name of a variable. Thus, to write down a specific sequence "i"
we really should say

[(Y1)i, (Y2)i-.(YN)i] = sequence "i"
N (G.39)

[y1 @,y ® Ly )] = sequence "i"

where (y2); = y2‘*) is some specific symbol value like "5". We used the latter notation when talking
about an ensemble of pulse trains in Section 35.
In random variable discussions (like ours above in section (c)) one usually reads about "two random

variables X and Y" with equations like these (written in discrete notation)
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Mx = E(X) = Zi X px(xi) = (/D) Ty P x @) =<x>

ty =E(Y)=Zk yk py(yx) = (/D) Zie 'y =<y>

E(XY) = Zij Xk Y3 pxy(Xk,Yj) = (1/1) Zi:lI X (i) y (1) = <xy>
Pxy(Xk,¥3) = Px(Xk) Py(¥3) // independent
E(XY) = E(X)E(Y) . // independent

cov(X,Y) = B([X - pa] [Y - py] ) = TS5 (xk - ) (¥3- Hy) Py (XicY3)
= (D) i’ (xP- ) (- py) = BXY) - ity

var(X) = 0x2 = cov(X,X) = E(X?) - >

corr(X,Y) = cov(X,Y) / [6(X)o(Y)

notation that is unambiguous:

prm = E(Ym) = Zk yn ™ pra(yn™) = (/D) Zima "y = <ym>
byn =E(Yn) =Zk ¥o ™ pya(ya™) = (/D Zica’ ya M = <yn>

E(YnYn) = z"kz:j 'Ym(k) Yn(j) meYn(Ym(k) ,'Yn(j)) = (/1) z"i=1I Ym(i) Yn(i) = <YmYn~
meYn(ym(k) > ¥Yn (J)) = PYm(ym(k)) Pyn(Yn (J)) // independent
E(YnYn) =E(Ym) E(Yn) o <ymyn™> = <ym><Yn> // independent

cov(Ym, Yn)=E( [Ym-Wym] [Yn‘HYn] )= Eij -(Ym(k) - P-Ym) (Yn L HYn) meYn(Ym(k) > ¥Yn (j))
= (/D) Zica” Fa® - pyw) (ya M- pyn) = E(YaYn) - Hym tyn

var(Ym) = 6ym” = coV(Ym, Yu) = E(Ya®) - Hym® = <¥m> > - Hym

cort(Ya, Ya) = cov(Ym, Ya) / [6(Ym)o(Ya)]

For the pulse train application, we have a random variable Y, for each position in a sequence or pulse
train, so the idea is to think of X = Y, and Y = Yy and rewrite equations like those above in some
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Detailed Summary of this Document

A brief summary may be found in the opening section before Chapter 1. The logical flow of the document
is fairly complicated because so many interrelated topics are addressed, and because everything is derived
from scratch for the reader to see. Hopefully this 12-page detailed summary can provide an intermediate
level "map" of what is going on in the document.

Chapter 1: The Fourier Integral Transform and Related Topics ( 34 p)

Chapter 1 develops the basic theory of the Fourier Integral Transform and its Sine and Cosine cousins.
This Chapter forms the underpinning of all subsequent Chapters. The Convolution Theorem receives
special attention. The connection is made between the Laplace Transform and the "generalized" Fourier
Transform applied to causal functions. Various "rules" are derived, and a connection is made between
filter spectra and time-domain Green's Functions.

Section 1 introduces the Fourier Integral Transform, which in our notation appears as

X(w) = f_: dt x(t) e™*® projection = transform (1.1)

x(t) = (1/2m) f ” do X(w) et*ot expansion = inverse transform (1.2)
=00

and discusses restrictions on functions for which the transform applies and is meaningful. The notions of
a "pulse" and a "pulse train" are mentioned in passing. The connection is made between the Fourier
Integral Transform and the Fourier Sine and Cosine Integral Transforms. This relationship provides a
method of using large published tables of Sine and Cosine transforms to obtain Fourier transforms.

Section 2 provides a traditional arm-waving proof of the Fourier Transform, while a more substantial
proof using bare-bones distribution theory is presented in Appendix A. The Fourier Transform is
discussed as a particular instance of Sturm-Liouville theory and the important claim is made that the
exponential functions form a complete orthogonal basis on the interval (-o0,00).

Section 3 derives the Convolution Theorem,

aty= [ _°° dt' bt-t)e(t) & A®) =B(0) C(o) (3.6)

with comments about dimensions of the various functions, integral operators, diagonalization, and the
generalization to Fourier analysis on continuous groups.

Section 4 essentially applies the Convolution Theorem to obtain the theory of filters and their transfer
functions in the @ domain. The connection is made between the time-domain differential equation
describing a filter and the Green's Function or propagator which is seen to be the response of the filter to a
time domain & impulse. A simple RC filter is treated in detail, then a second example is the same filter in
the limit that RC is very large.

Section 5 discusses the set of convention choices we made in stating the Fourier Integral Transform,
and why those choices were made: sign of the exponential phase, i versus j, and allocation of the 2.

Section 6 presents a version of the Fourier Transform and Inversion which we loosely refer to as "the
generalized Fourier Transform". In the inversion formula, the ® contour is displaced in such a way as to
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increase the size of the class of causal functions for which Fourier Transforms exist. The main feature
here is the analytic continuation of a spectrum X(m) off the real axis in the complex ® plane. When the
variable substitution s = i® is made, the generalized Fourier Transform applied to causal functions
becomes the traditional Laplace Transform,

As) = L[x(t), s] = X(s/i) (6.8)
Xs)= [ 0°° dt x(t) e=¢ (6.9)
x(t) = (12mi) [ :t:: ds 2(s) ¢+ (6.10)

Section 7 states various reflection rules involving the Fourier transform and defines a Hermitian
function.

Section 8 presents several simple examples of Fourier transforms which show how violation of the
Fourier requirements causes transforms to be distributions instead of functions. The last example
computes the spectrum of the Heaviside step function 0(t) (a distribution) and briefly introduces the
notions of principal part integration and spectra presented in the form of limits. Details appear in
Appendix C.

Section 9 considers a simple box-shaped x(t) and its Fourier transform X(w). This particular example
plays a major role in many later Sections.

Section 10 derives the various Parseval's Formulas and shows how one of these formulas relates to

the total energy in a pulse.
Section 11 derives the differentiation rule dx(t)/dt <> [i@X(w)] and presents a few examples.

Section 12 derives the time translation rule x(t - t1) < X(o) ¢ ***.
Section 13 derives these two "exponential sum rules",

> et = Y 2n8(k - 27m) -0 <k <o (13.2)
n= -0 m = -00
N .
. N+1/2)k
Z e1nk :271:{ %[Tgmz%l } = 21 65(k’N) -0 <k<oo (133)
n=-N

which are explored in more detail in Appendix A. These rules are important tools used later in processing
expressions involving the power spectra of pulse trains.

Chapter 2: Pulse Trains and the Fourier Series Connection (17 p)

Chapter 2 examines the Fourier Transform spectrum of a simple pulse train formed from a general pulse
shape. Consideration of pulse trains of infinite length leads to a derivation of the Fourier Series
Transform. The chapter concludes with a discussion of sample pulse trains formed from box and bi-phase

pulses.
Section 14 computes the Fourier Transform spectrum of a simple pulse train (y, = 1).

Subsection (a) does this for an infinite pulse train. Although the spectrum of Xpu1se(t) is continuous,
that of the pulse train is entirely discrete and consists of a set of delta function spectral lines.
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Subsection (b) repeats the calculation for a finite simple pulse train, and this time the spectrum is
found to be continuous. One can see exactly how this spectrum approaches the delta function lines as the
length of the pulse train becomes infinite.

Section 15 in effect derives the traditional Fourier Series Transform from the Fourier Integral
Transform of Chapter 1.

Section 16 obtains the spectrum of an infinite simple pulse train constructed from identical box pulses
of width t with rising edges separated by T1. As noted above, the spectrum is entirely discrete.

Section 17 develops some graphical aids to help understand pulse train spectra. The discrete delta
function spikes track a certain envelope function which is in fact the pulse spectrum [Xpuise(®)|. In
certain simple cases, some of the delta spikes are missing because these spikes align with zeros of the
pulse spectrum.

Section 18 discusses superposing a negative DC offset onto a positive box pulse train.

Section 19 constructs pulse trains using a certain "biphase pulse" instead of the box pulse. The
spectra of these two pulse train types are compared. In a certain limit, the two become the same.

Chapter 3: Sampled Signals and Digital Transforms (50 p)

Chapter 3 deals with various digital forms of the Fourier Transform and their corresponding convolution
theorems and applies these concepts to amplitude-modulated pulse trains (PAM signals) and to digital
filters. Topics include image spectra, aliasing and Nyquist rate, group delay, FIR and IIR filters, poles,
and impulse response. The first digital transform is called the Digital Fourier Transform which is an ®-
domain version of the Z Transform whose variable is z = ¢*®** . The Z Transform and Discrete Fourier
Transforms are then addressed for both periodic and aperiodic signals. A recurring example is a simple
RC filter section.

Section 20 considers an amplitude-modulated pulse train x(t) = 2, y(t) T15(t - nT1). The spectrum of the
pulse train is found to be X(®) = £, Y(o - mow1), and image spectra arrive on the scene. The notions of
aliasing and the Nyquist rate are described with some traditional drawings.

Section 21 addresses two filter topics: digital filter image spectra, and analog filter group delay.

Subsection (a) considers a digital filter as an approximation to a standard "LIT" analog filter. What
happens to the convolution theorem in this approximation? The answer is given in (21.13) and we find
that such a digital filter has image spectra. The notion of aliasing is illustrated in Fig 21.1.

Subsection (b) shows that, when a narrow pulse passes through an analog bandpass filter, it
experiences group delay 14 = do/de where ¢ is the filter phase. It then follows that filters with linear
phase have a constant group delay, which is desirable to maintain the fidelity of pulses passing through
the filter. It is claimed that the same notion applies to digital filters.

Section 22 is the first of two sections devoted to what we call the Digital Fourier Transform X'(®). This
transform is stated above (22.6) and is compared side-by-side with the Fourier Integral Transform X(m).
The time domain digital convolution sum a =b * ¢ of (22.6) (a digital filter) is found to have the simple
diagonalized appearance A'(w) = B'(w)C'(®) in the ® domain.
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Section 23 concludes the presentation of the Digital Fourier Transform X'(m).

Subsection (a) shows that the relation between X'(w) and X(w) is X'(®) = X X(®w- mo;), which is
exactly the form of main spectrum plus image spectra which occurred in both Sections 20 and 21. We
then realize that the pulse train spectrum of Section 20 is just X(®) = Y'(w), where Y'(®) is the Digital
Fourier Transform of the signal y(t) whose samples yn are the amplitudes of an amplitude-modulated
pulse train whose pulses are delta functions. Similarly, we realize that A(®w) = B'(0)C(®) is a compact
way to write the frequency domain digital filter equation where B'(w) has image spectra.

Subsection (b) contains a "summary box" for the Digital Fourier Transform.

Section 24 shows that the Digital Fourier Transform is really the Z Transform in disguise. Specifically,
the Z Transform X"(z) = (1/At) X'(») where z = ¢*®**. This last equation defines an analytic mapping
between the o plane and the z plane, as shown in Fig 24.1, which removes the redundancy present in the
o-plane picture. Various aspects of the Z Transform are then considered:

Subsection (a) states the digital convolution theorem in terms of the Z Transform.

Subsection (b) discusses the digital "unit impulse" signal in Z Transform notation.

Subsection (c) expresses time translation in Z Transform language, and here appears the famous
notion that when a time domain signal is delayed one sample period, its Z Transform is multiplied by 2t

Subsection (d) addresses the notion of a digital time derivative and its Z Transform.

Subsection (e) uses this derivative idea to analyze a digital RC filter. The impulse response of such a
filter is compared with that of the analog RC filter studied back in Section 4. The responses are shown to
be the same in the limit At—0.

Subsection (f) considers a general polynomial ratio form for a digital filter transfer function H"(z). It
is shown that, in a certain class of cases, the absence of (non-zero) poles in this ratio results in a filter
whose impulse response decays in a finite amount of digital time. Conversely, the presence of such poles
results in a never-ending impulse response. These are the FIR and IIR filters and it is shown exactly how
these are represented in z space and the time domain, where these filters are implemented with registers,
constant multipliers and adders. When H"(z) has poles, the filter is IIR and has feedback. When H"(z) has
no poles, the filter is FIR and has no feedback. [ FIR/IIR mean Finite/Infinite Impulse Response]

Subsection (g) revisits the digital RC filter considered in (e), and draws the z domain circuit in the
standard IIR form Fig 24.7. An improved version of the digital RC filter is then trivially obtained.

Subsection (h) very briefly connects the idea of FIR and IIR filters with polynomial multipliers and
dividers. Such circuits appear in scramblers and cyclic code error detection and correction algorithms.

Subsection (i) presents a "summary box" for the Z Transform

Section 25 considers the amplitude-modulated pulse train x(t) = Xp yn Xpu1se(t -tn) With an arbitrary pulse
shape. It is shown that the Fourier Transform spectrum of such a pulse train is X(®) = Xpu1se(®) Y"(2)
where Xpu1se(®) is the Fourier Transform spectrum of the pulse, while Y"(z) is the Z Transform of the
sequence of pulse amplitudes yn, where Y"(z) = (1/At) Y'(®). A summary box appears as equation (25.4).

Example 1 is a specific pulse train having a short sequence of amplitudes y, with a box-shaped pulse.
The Digital Fourier Transform |Y'(w)| is plotted using Maple, then [Xpu1se(®)| and [X(w)| are plotted as
well. The amplitudes y, are explicitly recovered from the Digital Fourier Transform inversion formula,
and the entire pulse train x(t) is explicitly recovered from the computed X(w) using (1.2). This Example
shows that the Digital Fourier Transform is more appropriate for making frequency domain plots than the
Z Transform and really does have a role to play in digital signal analysis.
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Example 2 considers a pulse train having just a single box pulse of amplitude yg at t = 0. The formula
Y'(0) = Zp Y(o- mo;) is examined in light of the fact that Y'(w) = yoT1 = a constant. We find an unusual
sum rule for the sinc function which states that X, sinc[n(x-m)] = 1 for any real value of x, and this result
is verified using an obscure summation formula found in Gradshteyn and Ryzhik.

Section 26 considers a y, amplitude-modulated pulse train whose box-shaped pulses fill only a portion t
of the sample time T; , the so called "aperture" of a D/A converter. It is shown that for any finite aperture
size the D/A converter output pulse train spectrum X(m) differs from the desired signal spectrum Y(w) not
just in terms of image spectra (which can be filtered away), but also due to a sinc function distortion of
the spectrum: X(w) ~ sinc(wt/2)Y(w). This sinc distortion must be compensated by implementation of a
"sine x over x" filter somewhere in the system, sometimes in an analog post-filter.

Section 27 gives a derivation of yet another transform, the Discrete Fourier Transform or DTF. The new
feature here is that the pulse Xpu1se(t) used to create a pulse train is approximated by a sequence of N
digital samples. Up to this point, our pulse trains have always been constructed from analog Xpuise(t)
functions having discrete amplitudes ynp.

Subsection (a) first reviews the Fourier Series Transform for an infinite simple pulse train built from
analog pulses, x(t) = X Xpu1se(t-mT1). When this pulse train is considered only at discrete times t, where
there are N values of t, within each T; period, we end up with what we call the Discrete Fourier
Transform of a Simple Pulse Train where the infinite set of Fourier Series cy coefficients are replaced
with a set of c'y coefficients (the DFT coefficients) which have the property c'n+n = ¢'m, which means the
sequence of c'y coefficients is periodic and contains only N distinct values. The two halves of this pulse
train transform are given in equations (27.9) and (27.11),

0
¢n = (I/N) Y Xpuise(ta) 7™ /M) projection = transform (27.9)
n=-oo
N-1 .
X(ty) = 3 cpetimrE/m expansion = inverse transform (27.11)
m=0

Subsection (b) is a proof that the above DFT transform is correct. In this brute-force proof, a rather
strange identity is required which is obtained in Appendix B. A summary box for the Discrete Fourier
Transform of a Simple Pulse Train is then given as (27.16).

Subsection (¢) shows how the results of subsection (a) may be specialized to describe the Discrete
Fourier Transform is a signal which is a single digitized pulse having N samples x, and time duration Tj.
This results in the traditional form of the Discrete Fourier Transform as summarized in box (27.21).
Allowing for an arbitrary convention factor A, this DFT can be stated as

N-1

cm = (AN) Y xpeim@a/N) -0 1..N-1 projection = transform
n=0
N-1 _
xn =(1/A) 3 cpetim /™M -1 N-1 expansion = inverse transform (27.22)
m=0
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Commonly appearing values of A are 1, N and \/ﬁ .
Subsection (d) provides a graphical view of the DFT situation for a pulse train. One can consider the
N pulse sample values as a vector Xpu1se and the N coefficients as another vector ¢', and these vectors are

then related by an NxN symmetric matrix -- just another way to think about the above transform.

Chapter 4: Some Practical Topics (18 p)

Chapter 4 shows that symmetric FIR filters have linear phase and thus constant group delay. A specific
brick wall digital filter is designed and then later used as an oversampling interpolation filter in the design
of a D/A converter output section. This system is then simulated with a simple Maple program.

Section 28 shows that FIR filters have linear phase and thus constant group delay if the filter coefficients
are symmetric. The result is demonstrated by two different methods.

Section 29 describes a specific design for a digital brick-wall filter with a 4x clock rate. A hardware
implementation is shown in some detail, and the filter spectrum is computed and plotted. It is shown how
101 taps gives a better brick wall than 21 taps, though both exhibit the Gibbs phenomenon.

Section 30 considers a set of increasingly complicated D/A converter output section designs.

Subsection (a) describes a very simple D/A converter output section. A certain specific digital signal
yn is assumed in Fig 30.1. Both the Digital Fourier Transform spectrum |Y'(w)| and Fourier Transform
spectrum |X(w)| of the stepwise analog output are computed and plotted. The first plot shows the expected
image spectra, while the second shows a large sinc distortion of the output with the image spectra damped
down significantly.

Subsection (b) clocks the D/A converter of the previous design at a 4x rate. This has no effect on the
analog output waveform, but allows for a reinterpretation of the output in terms of a 4x rate analysis. This
section is mainly an exercise in computing the output spectrum two different ways.

Subsection (c) adds a zero-stuffing input section to the converter design, which results in a new
sampled signal with a 25% aperture as shown in Fig 30.8. Both |Y'(w)| and |X(w)| are computed for this
new signal. The sinc distortion is much reduced, but several image spectra appear in the output spectrum.

Subsection (d) adds the 4x-rate brick-wall filter of Section 29 between the zero-stuffing input circuit
and the D/A converter output circuit. The new X(w) spectrum of the output shows the desirable features
of a reduced sinc distortion and image spectra rejection. The system is then simulated with simple Maple
code and the time-domain output plotted first for a 21-tap filter and then for a 41-tap filter. It is seen why
this kind of filter is called an interpolation filter and an alias-rejection filter.

Chapter 5: Some Theoretical Topics (10 p)

Chapter 5 contains only Section 31 which explores the subject of dispersion relations for the spectral
function X(w) and for other related functions treated as analytic functions of a complex variable.

Subsection (a) derives an integral equation (32.1) which X(w) must satisfy if X(w) is analytic in the
upper half  plane. The integral in this equation is a "principle value" integral which has a tick mark. This
type of integral is described more in Appendix C.
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Subsection (b) derives a similar equation (31.3) for X(w) being analytic in the lower half ® plane.
These two equations are then written in (31.5) as one equation with a parameter ¢ = =1 to distinguish the
cases. The RC filter spectrum G(w) found in Section 4 (b) is shown to satisfy this integral equation.

Subsection (c¢) rewrites the dispersion relation in terms of the real and imaginary parts of X(),
shown in (31.8), so now there are two equations. In the case that X(w) is associated with a real signal x(t)
the negative frequency half of the integral can be folded into the positive half to give a new form (31.9)
which is associated with the names Kramers and Kronig.

Subsection (d) shows how the dispersion relations are also valid for y(®) where X(w) = ¢™Y ), with
certain assumptions. The real and imaginary parts of y(®) = a(w) + 1 B(w) are the attenuation and phase of
the spectrum (or transfer function) X(w). When those assumptions are met, such a filter is a minimal
phase filter. It is shown that the dispersion relations mix together the attenuation and phase, so neither can
be set independently of the other.

Subsection (e) demonstrates that a minimal phase filter has approximate linear phase in any region of
o that is far away from regions where the attenuation a(w) significantly varies.

Subsection (f) applies this idea to a zero resistance coaxial cable and argues that such a cable has
linear phase up to infrared frequencies. Linear phase means constant group delay which means the cable
is non-dispersive. Real cables of course don't have zero resistance and exhibit skin effect.

Subsection (g) rewrites the dispersion relations in terms of the Hilbert Transform. The dispersion
relation becomes roughly the statement that X(®) must be +i times its own Hilbert Transform. It is
emphasized that the dispersion relation is only a condition on X(w) and does not fully determine X(w).

Chapter 6: Power in Pulse Trains (90 p)

Chapter 6 derives expressions for the energy and power, and the spectral energy and power densities of an
amplitude-modulated pulse train. This work is carried out with a moderate amount of mathematical rigor.
Correlation and autocorrelation are mentioned. The notion of a statistical pulse train is presented and the
spectral power density of such pulse trains is established. These results are then applied to various
uncorrelated standard line codes including NRZ, RZ and Manchester. Two examples of correlated pulse
trains are then treated -- AMI and Change/Hold -- and the latter is then used to get results for the NRZI
line code.

Section 32 introduces the autocorrelation function rx(t) of function x(t) and discusses energy and power.

Subsection (a) computes r«(t) for a square pulse.

Subsection (b) defines quantities E, p(t) and &) which are the total energy, instantaneous power,
and spectral energy density of a pulse train.

Subsection (c) shows that the Fourier Integral Transform Rx(®) of r«(t) is directly related to &(w), a
fact known as the Wiener-Khintchine relation.

Subsection (d) verifies this theorem for the square pulse.

Subsection (e) digresses on the subject of cross-correlation and relates this to auto-correlation.

Section 33 computes the power spectral density of a simple pulse train with arbitrary Xpuise(t).
Subsection (a) computes |X((o)|2 for an infinite simple pulse train.
Subsection (b) repeats this calculation for a finite simple pulse train.
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Subsection (c) defines the spectral power density #(®) of a pulse train and displays the result for the
infinite and finite pulse trains based on the [X(w)* computations of the previous two subsections. As
expected, the infinite pulse train has a discrete power spectrum while the finite one has a continuous
spectrum. In the infinite case, #(w) is related to the Fourier Series coefficients ¢y, , ay and by,

Subsection (d) defines the average power P of a pulse train and relates that to ¢y, , ap and by, .

Section 34 computes the spectral power density of a general (PAM) pulse train with arbitrary Xpu1se(t).

Subsection (a) gathers up in a summary box a set of energy and power facts already derived which
apply to general pulse trains, not just simple ones.

Subsection (b) computes the spectral energy density €(®) and power density $(w) for a general pulse
train. The results are stated for infinite pulse trains, with the understanding that all sums are replaced by
finite sums for finite pulse trains.

Subsection (c) uses two methods to compute the spectrum X(w) and power spectral density £(w) of a
general pulse train in which the amplitudes have the form A,B,A,B.... with arbitrary Xpuise(t). The first
method involves a brute force calculation of the result for a finite pulse train, and then takes the limit
N—oo to obtain the result for an infinite pulse train. The second method treats the pair of pulses A,B as a
single pulse of period 2T, and obtains the same results using a Fourier Series analysis. The results are
then applied to a short catalog of standard cases (such as A = 1, B = 0) and displayed in Figures 34.2
through 34.9. At the very end results are stated for repeat sequences A,B,C and Ag,A;1....An-1. The
general case is treated in Appendix F.

Section 35 treats statistical pulse trains in which the amplitudes take "random" values. For example, a
square wave pulse train might have probability p for amplitude 1 and 1-p for amplitude 0.

Subsection (a) defines the notion of a statistical pulse train in terms of an ensemble of pulse trains
which have random variables Y, associated with each position in the pulse train. The horizontal and
vertical averages <>; and <> are defined with a simple example.

Subsection (b) shows the region in (m,s) space for which ypym+s is non-zero for a finite pulse train,
and states the corresponding restriction on the autocorrelation sequence rs.

Subsection (c) expresses the spectral power density $(®) in a variety of ways first for infinite pulse
trains and then for finite ones. These two groups of equations are repeated below with modifications.

Subsection (d) takes the ensemble average of the equation groups of subsection (c).

Subsection (e) shows how the two equation groups simplify if stationarity is assumed.

Subsection (f) shows how the two equation groups further simplify if stationarity and statistical
independence is assumed.

Subsection (g) comments on distinctions between the <>; and <> averages. It then shows that for a
large ensemble of infinite pulse trains one has <>; = <>, so the distinction between the two kinds of
averages goes away. They are approximately equal for very long pulse trains.

Subsection (h) first discusses two general methods for computing the spectral power density $(w).
These are the autocorrelation method and the double-sum method. It is then noted that for a very large
ensemble of very long pulse trains, <#(w0)> = #(w). Finally, various Facts about an infinite uncorrelated
pulse train (stationary and independent) are collected. The Facts are then applied to pulse trains whose
amplitudes take values in the set {A,B}.

Subsection (i) displays a summary box for finite and infinite uncorrelated statistical pulse trains and
then provides a simple example.
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Subsection (j) presents a numerical simulation of an ensemble of random pulse trains. A simple
Maple program computes and plots the average spectral power density <#(w)> of the ensemble, and one
clearly sees the continuous and discrete pieces of the spectrum. <X(w)> is also computed.

Subsection (k) considers and then resolves an interesting paradox: the simulation shows a power
spectrum <&(w)> having a continuous component, whereas the simulated <X(w)> has no continuous
component. This seems strange since P(®) ~ |X(03)|2.

Subsection (£) discusses the role which the autocorrelation function/sequence has played in this
document's presentations.

Section 36 computes the spectral power density for several standard uncorrelated line codes. This
includes unipolar and bipolar versions of the NRZ and RZ lines codes, and the Manchester line code. For
each line code the spectrum is stated and plotted, and the way power partitions into AC (lines and
continuous) and DC components is reviewed. Eye patterns and ISI receive a passing comment.

Section 37 computes the spectral power density for the Alternate Mark Inversion (AMI) line code. In this
line code, the locations in the pulse train are correlated with each other which makes the calculation of
<ymyn> more difficult -- one cannot claim <ypyn> = <yp><yn> . The autocorrelation sequence is
calculated, plotted, and is then used to compute the spectral power density $(®). Results are summarized
in the last subsection, the spectrum is plotted, and various limits of the spectrum are explored.

Section 38 repeats the previous section for what we call the Change/Hold line code. Again there is
correlation among the amplitudes yy,. The autocorrelation sequence is calculated, plotted, and is then used
to compute the spectral power density £(o). Results are summarized in the last subsection, the spectrum
is plotted, and various limits of the spectrum are explored.

Appendix A: Delta Function Technology (19 p)

Appendix A discusses "delta functions" at a someone deeper and more practical level than one commonly
finds in texts and on the web. Delta function models are constructed and many mathematical identities are
developed which find use in the main text. It seemed best to isolate this material into an appendix rather
than derive its results in line.

The opening text gives a very minimalist outline of "distribution theory", with a mention of the
meaning of "symbolic functions" like the delta function.

Subsection (a) develops four different "models" (31 through d4) for the delta function. Each model is
a sequence of functions which approaches the true o in the limit of some parameter. As part of this
development, two different proofs are given for equation (2.1),

[ dx ™% = 2m5(k) 2.1)
)

Subsection (b) develops models s, 8¢ and &7 for what we call "periodic delta functions".
Subsection (¢) derives the following two "exponential sum rules"
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> ™ = Y 2nd(k - 27m) -0 <k<oo (13.2)
n=-00 m = -00
N .
in sin[(N+1/2)k _
n=z.Ne ko= W } = 21 85(k,N) -0 <k <o (13.3)

and it is shown how the first is a limit of the second. Equation (13.2) is then used to derive the Poisson
Sum Formula. Both sum rules are used many times in the main text.

Subsection (d) notes that the number (0) is undefined in distribution theory, but is meaningful for a
specific delta function model. It is just a notation to allow us to handle certain infinite sums that occur
many times in the main text. A related notion is called "undoing the limit", or "backing off". For example,
one can undo the limit of (13.2) above to arrive at (13.3) in which the right side is a perfectly normal
function. Sometimes it is necessary to undo the limit in this way, do some calculations, and then take the
limit N—oo again.

Subsection (e) considers the delta function sifting property (2.2) and pays particular attention to what
happens at the two integration endpoints. A special notation ®(a < x <b) is introduced to incorporate the
endpoint effects. Several properties of the ® "function" are stated.

Subsection (f) addresses the tricky subject of the product of two delta functions of the same variable.
This concept is undefined in distribution theory, but one must face such products when computing objects
like the spectral power density of a pulse train: the spectrum includes delta functions, and the power
density is proportional to the spectrum squared. The solution as mentioned just above is to back off from
the N=co limit, figure out what is happening, and then resume the limit again. It is in this process that the
delta function models 65 and d¢ find their use.

Appendix B: Derivation of a Certain Identity (2 p)

Appendix B derives this rather obscure identity, where N and s are arbitrary integers with N > 0,

z

o0
e+:|.ms(21'l/N) =N z 6s,mN (B.])

0 m = -0

m

Appendix C: The Fourier Transform and its relation to the Hilbert Transform (17 p)

Appendix C further develops Fourier Integral Transform theory beyond the treatment of the main text.
Instead of using the notation f(t) and F(w), here we use f(t) and ().

Subsection (a) introduces this ” notation for the Fourier transform and allows for a general constant k
in the transform definition to allow comparison of results with sources using other conventions. In this
new notation, some "Facts" are derived, such as

[f(-u)]N(-0) = (o) 77 1(w) = (1/2nk?) (-u) (1) = 21k? f(-t) .

An operator notation is introduced which is similar to that commonly used for the Laplace Transform.
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Subsection (b) introduces the notion of a Cauchy Principle Value integral with a preliminary look at

its associated symbolic function pf(x). We use the tick notation :’: for such an integral.

Subsection (¢) computes the "regular" Fourier transform of the function f(u) = 1/u, which is not quite
as simple as it seems. It is shown that (1/u)(®) = -ink sgn(w) where sgn(®) = 26(®) — 1 and where 6(®) is
the Heaviside step function. The inverse Fourier transform is then done to verify that the original function
1/u is recovered. A directly related result is [sgn(w)]*(t) = -2ik(1/t).

Subsection (d) gives a derivation of this fact involving complex integration (w is real) ,

. 1 .

lime_0 P pf(1/®) £ ind(w) (C.22)
which for want of a better name we call The Pole Avoidance Rule. A certain contour avoids hitting a pole
by deflecting one way or the other around the pole. Along the way, pf(x) is defined as a symbolic
function.

Subsection (e) computes the Fourier transform of the function lim._,o [1/(u£i€)] which seems very

close to the function 1/u explored in subsection (c). One finds that (u ilig W) = F 2mik 6(=®). The
original function is then recovered using the inverse Fourier transform. A directly related result is the fact
that [0(£t)]"(®) = k pf( ﬁ) + 7k d(w) (Fourier transform of the Heaviside step function).

Subsection (f) then computes [6(u)](®) using the "generalized" Fourier transform (in which the
recovery contour is vertically shifted). The result is [0(u)]N(w) = % .

Subsection (g) summarizes all the examples considered in this appendix.
Subsection (h) defines the Hilbert Transform f*(t) of a function f(t). This transform has an intimate

connection with the Fourier Transform which is laid out in a series of unusual facts such as
.11 .
[F1M(@) =k (77 (@) P(©) =-isgn(o) () 20 =-f(1).

The inversion formula for the Hilbert transform is derived and the transform is then computed for some
simple examples. The Hilbert Transform appears in the dispersion relations of Section 31 (g).

Appendix D: Calculation of a Sum which appears in (35.17) (5 p)

This identity is derived,

2N 2
N+ - 8| a3 L sin®[(N+1/2)K] B

The sum appears in the power spectrum of a finite pulse train when that spectrum is computed by the
autocorrelation method.
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Appendix E: Table of Transforms (4 p)

Lists all transform pairs which appear in this document and shows how they are related.

Appendix F: The Spectrum and Power Density for Repeated-Sequence Pulse Trains (20 p)

For infinite pulse trains composed of repeats of some length-P subsequence:
Subsection (a) computes the spectrum X(w) in (F.12)
Subsection (b) computes the spectral power density $() in (F.23) in terms of | Yp"(2) [°.
Subsection (¢) computes <P(w)> for an ensemble of pulse trains which respect the special condition

<Ym*yn> =a form#n
<ym*yn> =B form=n (F.25)

The result for <®(w)> is stated in (F.33) in several different forms.
Subsection (d) takes the P—oo limit of the subsection (c) result for <®(w)>.
Subsection (e) computes () for a single pulse train which respects the special condition

<Ymyn>1 =0 form#n+NP N = any integer
<Ymyn>1 =pf form=n + NP (F.43)

where <ymyn>1 is a horizontal average across the single sequence (autocorrelation). The result for () is
stated in (F.52). It is noted that the results for <#(w)> of subsection (c) and #(w) of subsection (e) are
exactly the same in terms of their respectively defined o and B constants and the reason is given.

Subsection (f) summarizes the power spectrum and its conditions as Fact (F.54). A graphical
representation is drawn for the spectrum in general, and for a box pulse in particular. It is shown that the
MLS sequence is a candidate for application of this Fact, and the MLS spectrum is stated.

Subsection (g) treats the P = 2 repeated subsequence A,B using the general formulas of subsections
(a) and (b)

Appendix G: Random Variables, Probability Theory and Pulse Train Amplitudes (24 p)

Subsection (a) provides an opening definition of a "random variable" as being a parameter associated
with a probability distribution. The terms experiment, outcome, sample space and event are defined and
two simple classic experiments considered: rolling a die, and spinning a spinner. The corresponding pdf
and pmf distributions are discussed.

Subsection (b) refines the definition of "random variable" as a mapping from the sample space to the
real numbers, and the coin toss experiment is used as an example. Drawings show examples of discrete
and continuous sample spaces and the random variable mappings.

Subsection (c) contains a brief review of basic probability theory with an emphasis on notation. The
notions of statistical independence, correlation and normalization are discussed. Some Math Lemmas are
presented relating the ordering of terms in a sum Xy in the context of some function z = f(x,y) by first
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summing over a surface of constant z, then over different z values, s0 Xx,y = Xz Zsurface(z), These
lemmas are needed in the following discussion of random variables defined as functions of other random
variables. After this, the usual suspects of probability theory are rolled out for inspection: expected
values, mean, covariance, variance, standard deviation and correlation.

Subsection (d) treats "ensemble experiments" such as rolling N loaded dice, and a transition is then
made to the analysis of random variables associated with an ensemble of people.

Subsection (e) treats the rolling of two weighted, magnetically interacting dice, after which special
cases are considered.

Subsection (f) gives examples of the computation of probability mass density functions from
experimental data.

Subsection (g) applies the notions of random variables and probability theory to the sequences which
are the amplitudes of pulse trains.
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